
Locally analytic vectors in the completed cohomology of
quaternionic Shimura curves

Zhenghui Li∗ Benchao Su† Zhixiang Wu‡

Abstract

We use the methods introduced by Lue Pan to study the locally analytic vectors of the completed
cohomology of Shimura curves associated to an indefinite quaternion algebra D which is ramified at a
prime number p. Let D×

p be the group of units of D at p. Using p-adic uniformization of the quaternionic
Shimura curves, we compute the Hecke eigenspace of the completed cohomology with the Hecke eigenvalues
associated to a classical automorphic form on another quaternion algebra D (switching invariants of D at
p,∞). We present this locally analytic D×

p -representation using the de Rham complex of the Lubin–
Tate tower of dimension 1. This is analogous to the Breuil–Strauch conjecture for the group GL2(Qp).
We show that the locally analytic D×

p -representation does not detect the Hodge filtration of the local de
Rham Galois representation at p in the crystalline case, and also give applications for the locally analytic
Jacquet–Langlands correspondence for GL2(Qp) and D×

p .
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1 Introduction
Let p be a prime number. Let E be a sufficiently large finite extension of Qp. The p-adic local Langlands

correspondence for GL2(Qp) constructs a correspondence between certain 2-dimensional p-adic representations
of Gal(Qp/Qp) and certain p-adic representations of GL2(Qp) over E [Bre10, Col10, CDP14]. There have been
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recent developments of the interactions between p-adic or mod-p representations of GL2(Qp) and D×
p , with Dp

a non-split quaternion algebra over Qp, known as the p-adic Jacquet–Langlands correspondence. For a non-
exhaustive list of relevant works, see, e.g., [Sch18, Lud17, Paš22, HM22, HW24a, HW24b, DC24]. While the
GL2(Qp) side is more or less well understood, the representations of D×

p arising from the p-adic correspondences
remain largely mysterious.

This paper gives a first complete description of the internal structure of the locally analytic representations
of D×

p associated to de Rham representations of Gal(Qp/Qp) with global origins, in terms of the (compactly
supported) coherent cohomology groups of the 1-dimensional Lubin–Tate tower. This establishes the quater-
nionic analogue of the Breuil–Strauch conjecture first proved by Dospinescu–Le Bras [DLB17], which describes
GL2(Qp)-representations using the de Rham complexes of the 1-dimensional Drinfeld tower. Our description
for the D×

p -representations exhibits several features of the p-adic Jacquet–Langlands correspondence.
Our work is based on the study of the locally analytic vectors in the completed cohomology of quaternionic

Shimura curves using the methods introduced by Lue Pan [Pan22, Pan26]. Let D be an indefinite quaternion
algebra over Q which is ramified at p, and let G be the group of units of D, considered as an algebraic
group over Q. For K ⊂ G(Af ) a neat open compact subgroup, the compact Riemann surface SK(C) :=
G(Q)\((C\R) × G(Af )/K) admits a canonical model SK , which is a proper smooth algebraic curve over Q.
Fix a neat open compact subgroup Kp ⊂ G(Ap

f ), where Ap
f denotes the ring of finite adeles away from p. As

Kp varies in open compact subgroups of D×
p = G(Qp), we consider Emerton’s completed cohomology group

[Eme06]

H̃1(Kp, E) := E⊗Zp
(lim←−

n

lim−→
Kp

H1(SKpKp
(C),Z/pnZ)),

which is a Banach space over E, carrying a continuous E-linear action of Gal(Q/Q)×D×
p . It is expected, as in

the local-global compatibility of the p-adic Langlands correspondence in the GL2(Qp)-case [Eme11, Pan26], that
if ρ : Gal(Q/Q)→ GL2(E) is an absolutely irreducible Galois representation such that the D×

p -representation

Π̌(ρ) := HomGal(Q/Q)(ρ, H̃
1(Kp, E))

is non-zero, then its subspace of locally analytic vectors Π̌(ρ)la should be a finite number of copies of the
conjectural locally analytic D×

p -representation τ(ρp) attached to ρp = ρ|Gal(Qp/Qp)
in the p-adic Langlands

program.
On the other hand, we can give a direct construction of a locally analytic D×

p -representation τ(ρp) for a
2-dimensional de Rham representation ρp of Gal(Qp/Qp) using the de Rham complexes of Lubin–Tate spaces.
Let {MLT,n}n≥0 be the Lubin–Tate tower arising from a 1-dimensional formal p-divisible group over Fp of
height 2. They are 1-dimensional rigid analytic Stein spaces over Cp := Q̂p, and the whole tower carries an
action of GL2(Qp) × D×

p [HG94, RZ96]. For each fixed level n ≥ 0, the compactly supported cohomology
groups H1

c (MLT,n,OMLT,n
) and H1

c (MLT,n,Ω
1
MLT,n

) (with Ω1
MLT,n

the sheaf of differentials) carry locally
analytic D×

p -actions in the sense of Schneider–Teitelbaum [ST02] (see also the work [She20]). The colimits
lim−→n

H1
c (MLT,n,OMLT,n) and lim−→n

H1
c (MLT,n,Ω

1
MLT,n

) are also smooth representations of GL2(Qp), thus are
naturally modules over the smooth Hecke algebra H(G) (the convolution algebra of compactly supported
smooth functions on G after fixing a Haar measure on G) with G = GL2(Qp).

We fix ρp : Gal(Qp/Qp)→ GL2(E) to be de Rham with Hodge–Tate weights 0, 1. By Fontaine’s theory, we
can associate to ρp a 2-dimensional filtered E-vector space DdR(ρp), equipped with the Hodge filtration, and
a Weil–Deligne representation rp over E. We can then associate to rp a smooth representation πp of GL2(Qp)
and a smooth representation τp of D×

p (with coefficients in Cp) by the local Langlands correspondence1 and the
Jacquet–Langlands correspondence. Here, we set τp = 0 if πp is an irreducible principal series representation.
From πp, we can define the following locally analytic representations of D×

p using the Lubin–Tate tower:

τ̃ := (lim−→
n

H1
c (MLT,n,OMLT,n))⊗H(G) πp,

τc := (lim−→
n

H1
c (MLT,n,Ω

1
MLT,n

))⊗H(G) πp.

1We use the version in [Eme11, §4.2] and we only consider ρp such that πp is irreducible and infinite-dimensional.
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We will show that the de Rham complexes of the Lubin–Tate spaces and the classical Jacquet–Langlands
correspondence induce a short exact sequence of locally analytic D×

p -representations (see §3.1):

0→ τ⊕2
p → τ̃ → τc → 0

which depends only on πp and equivalently rp.
We define the locally analytic D×

p -representation τ(ρp) associated to ρp as the quotient representation

τ(ρp) := τ̃ /iρp
(τp),

where the map iρp : τp ↪→ τ⊕2
p ⊂ τ̃ is induced by a canonical isomorphism τ⊕2

p ' τp ⊗ DdR(ρp) and the
1-dimensional subspace of DdR(ρp) given by the Hodge filtration. Then τ(ρp) sits in an exact sequence

0→ τp → τ(ρp)→ τc → 0. (1)

The following main theorem establishes the local-global compatibility for the D×
p -representation τ(ρp).

Theorem 1.1 (Theorem 3.13, Corollary 3.16). Let ρp be a 2-dimensional de Rham representation of Gal(Qp/Qp)
over E with Hodge–Tate weights 0, 1. Suppose that there exists an absolutely irreducible Galois representation
ρ of Gal(Q/Q) over E such that ρ|Gal(Qp/Qp)

' ρp.

(1) Assume that ρ appears in H̃1(Kp, E), i.e. Π̌(ρ) = HomGal(Q/Q)(ρ, H̃
1(Kp, E)) 6= 0. Then there exists

some m ≥ 1, such that there is a D×
p -equivariant and topological isomorphism2

Π̌(ρ)la⊗̂ECp
∼= τ(ρp)

⊕m.

Moreover, the representation τ(ρp) and the above isomorphism can be defined over E. And with the
E-structure τ(ρp) is an infinite-dimensional admissible locally analytic representation of D×

p in the sense
of Schneider–Teitelbaum [ST03].

(2) The representation ρ appears in H̃1(Kp, E) if and only if ρ is the Galois representation associated to some
classical automorphic form of tame level Kp on the group G, the algebraic group of the units of the definite
quaternion algebra D over Q obtained from D by switching the Hasse invariants at p,∞.

Remark 1.2. (i) Theorem 1.1 also holds when ρp is de Rham of arbitrary regular Hodge–Tate weights.
Moreover, following the methods of [QS25], similar results for locally L-analytic representations of D×

L

also hold, with L a finite extension of Qp, DL a non-split quaternion algebra over L, by using some
Shimura curves with D×

L being a local factor of the group at p.

(ii) The second part of Theorem 1.1 proves the classicality for the de Rham Galois representations that
appear in H̃1(Kp, E). This is essentially known by the proof of the Fontaine-Mazur conjecture for GL2/Q
[Eme11, Pan26] and the global Jacquet–Langlands correspondence. The more interesting part is the
non-vanishing of Π̌(ρ) when τp = 0. In this case there is no classical automorphic form on G associated
to ρ while τ(ρp) 6= 0. Such a non-vanishing result in the p-adic Jacquet–Langlands correspondence was
previously known by Paškūnas [Paš22, Theorem 1.4] (see also [How22, §1.3]) using very different methods.

The structure of τ(ρp) illustrates similarities and differences between the groups D×
p and GL2(Qp) under

the p-adic local Langlands correspondences:

• When the associated Weil–Deligne representation rp is absolutely irreducible, the presentation of τ(ρp)
is similar to that of the locally analytic representation π(ρp) of GL2(Qp) attached to ρp via the p-adic
local Langlands correspondence. In that case, by the Breuil–Strauch conjecture proved by Dospinescu-Le
Bras [DLB17] and reproved by Lue Pan [Pan26, Theorem 7.3.2], π(ρp) admits a presentation

π(ρp) ∼= (lim−→
n

H1
c (MDr,n,OMDr,n)⊗H(Ǧ) τp)/iρp(πp) (2)

where {MDr,n}n≥0 is the Drinfeld tower [Dri76], with Ǧ = D×
p , and the map iρp is determined by the

Hodge filtration of DdR(ρp). However, if the Weil–Deligne representation rp is reducible, for example if
ρp is crystalline, then the GL2(Qp)-representation π(ρp) can not be described using the Drinfeld tower
in a similar way.

2Here we fix an embedding E → Cp.
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• In contrast, the D×
p -representation τ(ρp) is always (only) related to the Lubin–Tate tower, regardless

of whether the Weil–Deligne representation rp is irreducible or not. Moreover, unlike the classical non-
abelian Lubin-Tate theory and the Jacquet–Langlands correspondence, e.g. [Car90, Dat07], we will show
directly in Theorem 1.5 that (lim−→n

H1
c (MLT,n,Ω

1
MLT,n

))⊗H(G) πp 6= 0 and consequently τ(ρp) is never
zero even if the Jacquet–Langlands transfer τp of πp is 0. This will enable us to prove the appearance of
ρ in H̃1(Kp, E) when ρp is crystalline in (2) of Theorem 1.1.

• Suppose that ρp is crystalline where τp = 0. Then τ(ρp), as well as Π̌(ρ)la up to a multiplicity, is inde-
pendent of the Hodge filtration of DdR(ρp) (and thus depends only on the Weil–Deligne representation
rp attached to ρp). Hence the locally analytic representation τ(ρp) can lose some information about ρp
(see Remark 3.18 for examples). This is a new phenomenon in the p-adic Langlands program for the
group D×

p , which is different from the GL2(Qp)-case where π(ρp) always determines ρp. Note that in the
mod p setting, a similar result was obtained by Hu–Wang [HW24a, Theorem 1.3(ii)(a)].

Our proof of Theorem 1.1 is based on the machinery developed by Lue Pan [Pan22, Pan26] on the description
of the locally analytic vectors in the completed cohomology. Let SK be the adic space associated to SK ×QCp.
Let SKp ∼ lim←−Kp

SKpKp
be the perfectoid quaternionic Shimura curve, together with the Hodge–Tate period

map πHT : SKp → F̌ ` (cf. [Sch15]). Here, F̌ ` is (the base change to Cp of) the Brauer–Severi variety
associated to the quaternion algebra Dp. Recall that H̃1(Kp, E) is the E-valued completed cohomology group
of the quaternionic Shimura curve. Let H̃1(Kp, E)la be the subspace of locally analytic vectors in H̃1(Kp, E) for
the D×

p -actions. By the primitive comparison theorem [Sch13b] and the geometric Sen theory [Pan22, Cam22],
we have the following natural isomorphism

H̃1(Kp, E)la⊗̂Qp
Cp
∼= H1(F̌ `,Ola

Kp)⊗Qp
E,

where Ola
Kp := (πHT,∗OSKp )la and OSKp is the completed structure sheaf of SKp . Then we can study the

completed cohomology group by studying the equivariant sheaf Ola
Kp on F̌ `. As in [Pan26], the “de Rham

part” of the completed cohomology is killed by the Fontaine operator, which can be representation-theoretically
expressed as some differential operators along the tower of Shimura curves and the flag variety. For example,
there is a differential operator dKp on the weight (0, 0)-part (for the horizontal action of the Cartan subalgebra)
of Ola

Kp which induces a “de Rham” complex (see §2.2.4 for more details)

dKp : Ola,(0,0)
Kp → Ola,(0,0)

Kp ⊗Osm
Kp

Ω1,sm
Kp .

The above complex extends the classical de Rham complexes of Shimura curves of finite levels and its coho-
mology contributes to the “de Rham part” of the completed cohomology.

The cohomology of these differential operators, such as dKp above, can be analysed using the p-adic
uniformization of the quaternionic Shimura curves, which expresses the tower of quaternionic Shimura curves
as a finite disjoint union of quotients of the Drinfeld tower by some discrete cocompact subgroups of GL2(Qp)
(see §2.1.2). Let D be the quaternion algebra over Q obtained from D by switching invariants at p and∞, and
let G be the associated algebraic group over Q as in Theorem 1.1. We view Kp as an open compact subgroup
of G(Ap

f ) under the isomorphism G(Ap
f )
∼= G(Ap

f ). Let AKp

G,0
be the space of smooth functions on the Shimura

set G(Q)\G(Af )/K
p (of infinite level at p). Then AKp

G,0
can be viewed as the space of classical algebraic

automorphic forms on G with the trivial weight and tame level Kp, and is naturally a smooth representation
for the action of G(Qp) ' GL2(Qp). Both H̃1(Kp, E) and AKp

G,0
carry an action of the spherical Hecke algebra

TS away from a finite set S of prime numbers including p. We have the following typical product formula
obtained from the p-adic uniformization.

Proposition 1.3 (Proposition 2.25). There exists a TS-equivariant isomorphism of D×
p -representations

RΓ(F̌ `, ker dKp)[1] ∼= (lim−→
n

H1
c (MLT,n,OMLT,n

))⊗L
H(G)A

Kp

G,0
.

To obtain such a product formula, we first do the computation on the local Shimura variety (as in [Pan26,
§5.2, 5.3]) and then descend the results along the quotients by discrete cocompact subgroups in GL2(Qp).
Here, the key point is that we need to do descent for some huge sheaves (e.g. sheaves related to ker dKp)
along some infinite-sheeted coverings. For this reason, in Appendix A, we developed a general theory of the
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compactly supported cohomology group with coefficients in some (possibly solid) abelian sheaves (like Ola
SKp )

on partially proper adic spaces, and we also developed some relevant descent theory. While the theory is not
general enough (we do not establish a full 6-functor formalism), it suffices for our purpose.

Remark 1.4. Using the p-adic uniformization, we can also establish similar product formulae relating the
coherent cohomology of Shimura curves with that of the Drinfeld tower of dimension 1 and the completed
(co)homology of Shimura sets, see Remark 2.27. Such uniformization results for coherent cohomology of
(infinite or finite level) Shimura varieties seem to be new and very useful. For example, formula (36) will allow
us to calculate some higher extension groups for certain locally analytic representations of GL2(Qp) arising
from the coherent cohomology of Drinfeld spaces in [DLB17] (e.g. (2)), which will be treated in future work.

Another key ingredient towards Theorem 1.1 is the following non-vanishing result of the D×
p -representations

τc and τ̃ defined before Theorem 1.1.

Theorem 1.5 (Theorem 3.9). The D×
p -representation

τc = (lim−→
n

H1
c (MLT,n,Ω

1
MLT,n

))⊗H(G) πp

is infinite-dimensional. In particular, it is non-zero.

The proof for the theorem is mostly local (with some global input to understand the de Rham cohomology
of the Lubin–Tate tower). We use some explicit formulae for the action of the Lie algebra of D×

p on equivariant
sheaves on the Lubin–Tate spaces (deduced from the Lie algebra action formula on F̌ ` via the Gross–Hopkins
period map) in [HG94, §25]. We refer the reader to §3.2.1 for more details.

Remark 1.6. (1) If πp is a local component of a regular algebraic cuspidal automorphic representation of G,
in Proposition 2.38, we also prove that for all i > 0,

Tor
H(G)
i (lim−→

n

H1
c (MLT,n,OMLT,n

), πp) = 0.

(2) We can also establish some representation-theoretic properties of τc when πp has global origins as in (1).
The representation τc admits a natural E-structure denoted by τc,E . It is an admissible locally analytic
D×

p -representation over E (by Theorem 1.1). Then we show that τc,E has Gelfand–Kirillov dimension 1
(see Theorem 3.11, which is based on the work [DPS23]), and it is pure in the sense of [ST03, §8] (see
Lemma 3.22).

Remark 1.7. We expect that when the Weil–Deligne representation rp is absolutely irreducible, the represen-
tation τ(ρp) we constructed should still determine ρp as in the GL2(Qp) case; see, for example, [Din22]. Using
the methods in [QS25, Su25] and our geometric description of τc using the Lubin–Tate spaces, we can show that
dimExt1

D×
p
(τc, τp) = 2. Hence the extension class (1) given by τ(ρp) should determine the Hodge filtration

in the 2-dimensional space DdR(ρp). However, to show that the representations τ(ρp) are mutually non-
isomorphic for distinct ρp associated with the same rp, further input is required (e.g. dimHomD×

p
(τc, τc) = 1).

This will be left to future work.

Remark 1.8. We conclude the introduction with a brief discussion on the relation of our results to the local-
global compatibility conjecture for definite quaternion algebras proposed by Sean Howe [How17, Conjecture
8.0.1].

Combined with the method comparing the completed cohomology groups of different Shimura varieties
sharing the same local group at p (e.g., comparing a zero-dimensional Shimura variety associated to a definite
quaternion algebra ramified at p and ∞ with a Shimura curve associated to an indefinite quaternion algebra
ramified at p and some finite prime ` 6= p) [Mat25, Chapter 6], under some genericity conditions, our explicit
description of Π̌(ρ) verifies the local-global compatibility conjecture of Howe in the de Rham case with regular
Hodge–Tate weights.

Overview
We briefly describe the structure of this article.
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In §2.1, we introduce the perfectoid quaternionic Shimura curve and its p-adic uniformization. In §2.2, we
recall and adapt various constructions and results of Lue Pan to our quaternion setting. In §2.3, we apply
the p-adic uniformization and the descent results developed in Appendix A to establish the product formula
for compactly supported cohomology (Proposition 1.3). In §2.4 and §2.5, we prove the main results on the
“de Rham” part of the locally analytic vectors of the completed cohomology of the Shimura curves (e.g. the
spectral decomposition in Theorem 2.42).

In §3, we study the locally analytic representations of D×
p that appear in the completed cohomology

attached to de Rham Galois representations. In §3.1 and §3.2, we define these representations in terms of the
Lubin–Tate tower (e.g. τc and τ̃) and study various properties of them, including the non-vanishing result
(Theorem 1.5), the admissibility (in Theorem 1.1) and the Gelfand-Kirillov dimension (Theorem 3.11). Then
we apply the results to the completed cohomology and the p-adic Langlands correspondence for D×

p in §3.3.
Finally, in §3.4, we discuss the p-adic Jacquet–Langlands correspondence for GL2(Qp) (i.e. Scholze’s functor).

Notation and conventions
In the whole paper, the field E will be a finite extension of Qp. Let Qur

p be the maximal unramified extension
of Qp in an algebraic closure Qp and let Q̆p be its p-adic completion with the ring of integers Z̆p = W (Fp).
We write C = Cp := Q̂p.

For F = E or C a p-adic field and H a p-adic manifold, write Csm(c)(H,F ), Cla(c)(H,F ) and Ccont(c) (H,F )

respectively for the space of (compactly supported) F -valued locally constant, locally analytic, and continuous
functions on H. If H is a p-adic Lie group, we write LieH for its Lie algebra over Qp.

If g ∈ GLn is a matrix, we write gt for its transpose.
For (a, b) ∈ Z2 with a ≥ b, we write V (a,b) = Syma−bV (1,0)⊗detb or W (a,b) for the algebraic representation

of GL2 or its Lie algebra gl2 (over a field) with highest weight (a, b) (with respect to the Borel subgroup of
upper triangular matrices), where V (1,0),W (1,0) denote the standard 2-dimensional representation of GL2. Let

h be the subalgebra of diagonal matrices in gl2. Then we view (a, b) as a character of h by sending
(
x 0
0 y

)
to

ax+ by.
If X is a space (scheme, adic space, linear space, etc.) with a left (resp. right) action of a group H, then we

also view X as a right (resp. left) H-space via the involution g 7→ g−1 on H. If F is an equivariant sheaf on a
left H-space X, then the global sections (or cohomology groups) of F naturally form a left H-representation
via the usual dual actions.

If M is a vector space over a field F with a linear action of a commutative ring T, and λ : T→ F is a ring
homomorphism, then we write M [λ] for the subspace {m ∈M | tm = 0, ∀t ∈ Ker(λ)} ⊂M .

Our convention is that the Hodge–Tate weight of the p-adic cyclotomic character of Gal(Qp/Qp) is −1.
We normalize the local reciprocity map Q×

ℓ → Gal(Qℓ/Qℓ)
ab by sending ` to a geometric Frobenius element

for any prime number `.
As in [Pan22, Pan26], the sheaves on adic spaces considered in this paper are equipped with natural

topologies (e.g. Ola
Kp is a sheaf of LB-spaces, i.e. countable locally convex inductive limits of Banach spaces)

and the isomorphisms between cohomology groups are topological isomorphisms. The topology and functional
analysis issues have been discussed carefully in loc. cit. and can also be treated using condensed mathematics
as in [Cam24, BCGP25]. Since our setting is similar to these previous works and the different settings are not
essential to the main results, we will generally omit the discussions on topology in this paper. We note that
all completed tensor products −⊗̂− over p-adic fields in this paper can be replaced by solid tensor products.

Acknowledgements
We thank Yiwen Ding, Gabriel Dospinescu, Eugen Hellmann, Yongquan Hu, Yuanyang Jiang, Lue Pan,

Haoran Wang and Liang Xiao for helpful discussions or for their interest in this work. Part of this work was
done when the first author was visiting the Morningside Center of Mathematics (MCM) and when the second
author was visiting the third author at Universität Münster in the summer of 2025. The first author would
like to thank MCM and the second author would like to thank Universität Münster for the hospitality during
their visits.

The first author received funding from the European Union’s Horizon 2020 research and innovation pro-
gramme under the Marie Skłodowska-Curie grant agreement No 945332 and partially funded by the project

6



“Group schemes, root systems, and related representations” founded by the European Union - NextGener-
ationEU through Romania’s National Recovery and Resilience Plan (PNRR) call no. PNRR-III-C9-2023-
I8, Project CF159/31.07.2023. The second author was partially supported by the National Natural Science
Foundation of China under agreement No. NSFC-12231001 and No. NSFC-12321001. The third author was
funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) – Project-ID 427320536
– SFB 1442, as well as under Germany’s Excellence Strategy EXC 2044 390685587, Mathematics Münster:
Dynamics–Geometry–Structure.

2 Locally analytic cohomologies of Shimura curves
2.1 Quaternionic Shimura curve

First, we introduce our perfectoid quaternionic Shimura curve and describe its p-adic uniformization, cf.
[Sch18, §5, §6]. We also recall the Drinfeld and Lubin–Tate spaces (of dimension 1) and the period maps on
them.

2.1.1 The Shimura curve

Let D be a quaternion algebra over Q, which defines a reductive group G over Q by G(R) := (D⊗Q R)×

for any Q-algebra R. Assume that D splits over R. We assume that Dp := D⊗Q Qp is a division algebra (the
unique non-split quaternion algebra over Qp), and then G(Qp) = D×

p .
Let K ⊂ G(Af ) be an open compact subgroup of the finite adelic points of G. Assume that there is a

decomposition K = KpKp, where Kp ⊂ D×
p ,K

p ⊂ G(Ap
f ) are open compact subgroups. We will usually fix Kp

throughout this article and will always assume Kp to be sufficiently small (so that we can avoid problems of
non-representability and to get the desired torsion freeness of some cocompact subgroups of GL2(Qp) defined
by Kp, see for example [BC91, 1.5] and §2.1.2).

Let X = C\R be the union of the usual Poincaré upper and lower half planes, which can be seen as
the G(R)-conjugacy class of h : S = ResC/RGm → GR = (D ⊗Q R)× sending a + bi ∈ C× = S(R) to(

a b
−b a

)
∈ GL2(R) ∼= (D ⊗Q R)×. Hence G(R) acts on X naturally. The compact Riemann surface

SK(C) := G(Q)\(X ×G(Af )/K)

is known to be canonically defined over Q. Let SK be the (projective smooth) Shimura curve over the reflex
field Q associated with the Shimura datum (G,X) and of level K.

Fix an algebraic closure Qp of Qp and denote by C the completion of Qp for the p-adic norm. Let SK be
the adic space over C associated with SK ×Q C. As Kp varies in all open compact subgroups of D×

p , we get a
perfectoid space over C:

SKp ∼ lim←−
Kp

SKpKp

together with the Hodge–Tate period map

πKp,HT : SKp → F̌ `,

where F̌ ` is the adic space associated with P1
C . See [Sch15, CS17, She17, Sch18] for more details. Here F̌ `

carries the natural D×
p -action by viewing P1

C as the base-change of the Brauer-Severi variety over Qp associated
to Dp from Qp to C, and (roughly speaking) the Hodge–Tate period map is defined by considering the Hodge
filtration in the linear dual of the (trivialized) universal Tate module. The Hodge–Tate period map πKp,HT

is D×
p -equivariant, compatible with the Gal(Qp/Qp)-action. It is also compatible with the following Hecke

actions. Let S be a finite set of prime numbers containing p, such that GQℓ
is unramified for ` 6∈ S and

Kp = Kp
SK

S where KS ⊂ G(AS
f ) is a product of hyperspecial compact open subgroups. Let

TS = Z[KS\G(AS
f )/K

S ]

be the abstract Hecke algebra. Then πKp,HT is equivariant for the Hecke action of TS (with the trivial TS-action
on F̌ `).
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2.1.2 Shimura sets, Drinfeld tower and the p-adic uniformization

The p-adic uniformization theorem expresses the Shimura curve SKp in terms of the quotient of the Drinfeld
tower of dimension 1 at infinite level by some discrete cocompact subgroups of GL2(Qp) (see (6) below) which
will be important in our study of the completed cohomology of SKp .

First, we introduce the quaternionic Shimura set. Let D be the quaternion algebra over Q obtained from
D by changing the local invariants exactly at the archimedean place and p. Let G be the reductive group over
Q associated to D. Hence G(R) is compact modulo the center and the p-component Gp := G(Qp) of G(A) is
isomorphic to GL2(Qp) induced by the splitting of D at p. We can and we do fix an isomorphism

G(Ap
f )
∼= G(Ap

f )

so that Kp can be viewed as an open subgroup of G(Ap
f ). The Shimura set

ZKp := G(Q)\G(Af )/K
p (3)

is a profinite set (by finiteness of class numbers [Bor63, Theorem 5.1]) with commuting actions of TS and
Gp = GL2(Qp).

Next, we introduce the Drinfeld tower. The Drinfeld space of dimension 1 over C of level 0 is non-
canonically given by MDr,0 ' th∈ZP1,an

C \ P1(Qp), the base change to C (via Q̆p ↪→ C) of the adic generic
fiber of a formal scheme over Spf OQ̆p

, which is a certain moduli space (Rapoport–Zink space) of p-divisible
special formal ODp

-modules, see [Dri76] or [RZ96, Theorem 3.72]. Let VDr be the dual of the p-adic Tate
module of the universal p-divisible group on MDr,0. The Drinfeld tower (MDr,n)n≥0 consists of étale Galois
coveringsMDr,n ofMDr,0 with the Galois group (ODp/p

nODp)
× = O×

Dp
/(1+ pnODp) trivializing VDr/p

nVDr.
By [SW13, Theorem 6.5.4], there exists a perfectoid space MDr,∞ over C such that

MDr,∞ ∼ lim←−
n

MDr,n

and MDr,∞ is equipped with a natural continuous left action of D×
p × GL2(Qp). The group GL2(Qp) acts

also continuously on each layerMDr,n, n ≥ 0. The Hodge filtration of the covariant Dieudonné module of the
universal p-divisible group defines the Gross–Hopkins/Grothendieck–Messing period map [SW13, Prop. 6.5.5]

πDr,GM :MDr,∞ → F `

where F ` means the adic space associated to P1
C equipped with the natural GL2(Qp)-action and the trivial

action of D×
p . The Hodge filtration of the dual of the rational Tate module of the universal p-divisible group

over MDr,∞ defines the Hodge–Tate period map [SW13, Prop. 7.1.1]

πDr,HT :MDr,∞ → F̌ `.

Note that our normalization for the D×
p -action is different from loc. cit. by the involution of Dp and follows

that of [Pan26], since here the tower MDr,∞ trivializes the dual of the Tate modules (rather than the Tate
modules). See §2.2.1 for relevant discussions. The map πDr,HT is equivariant for the GL2(Qp) × D×

p -action
where GL2(Qp) acts trivially on F̌ `.

The following theorem gives the p-adic uniformization of the perfectoid Shimura curve SKp .
Theorem 2.1 (Čerednik, Drinfeld). We have a D×

p -equivariant isomorphism of adic spaces over C:

SKp ∼= G(Q)\(MDr,∞ ×G(Ap
f )/K

p), (4)

which is compatible with the Q̆p-structure, the (effective) Weil descent data to Qp on both sides and the action
of TS .
Proof. See for example [Dri76], [RZ96, Theorem III], [BZ00, BZ22] or [Sch18, §6] for more details. More
precisely, for each n ≥ 0 there exists an isomorphism

SKp,n
∼= G(Q)\(MDr,n ×G(Ap

f )/K
p)

where SKp,n is the Shimura curve of level Kp(1 + pnODp
). Moreover, after we replace MDr,∞ by its quotient

by a discrete cyclic subgroup of the center of Gp, the Weil descent datum on the right hand side is effective
and the isomorphism is Qp-rational. See [RZ96, Proposition 6.16], [Har97, (A.11)] for example. Then we take
inverse limits over n.
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Remark 2.2. Here, in (4), we note that the action of G(Q) on MDr,∞ is induced from the left action of
GL2(Qp) on MDr,∞ via the map G(Q) ↪→ G(Qp) = GL2(Qp) twisted by the Cartan involution of GL2(Qp)
(the inverse transpose g 7→ (gt)−1) as in [Pan26, Theorem 5.4.2]. The action of G(Q) on G(Ap

f ) is given by
multiplication from the left. The group Kp acts onMDr,∞ trivially, and acts on G(Ap

f ) by multiplication from
the right.

We can rewrite the isomorphism (4) in terms of the Shimura set ZKp = G(Q)\G(Af )/K
p. There is a

canonical isomorphism (cf. [Har97, (A.10)] or [Far04, 4.5.2.1])

G(Q)\(MDr,n ×G(Ap
f )/K

p) ∼= (MDr,n ×G(Q)\G(Af )/K
p)/Gp, [x, yK

p] 7→ [x,G(Q)yKp]

where the right Gp-action onMDr,n×G(Q)\G(Af )/K
p is given by (x, yp, yp)g = (gtx, yp, ypg) for x ∈MDr,n,

yp ∈ G(Ap
f ), yp ∈ Gp

∼= GL2(Qp), and g ∈ Gp. Under the above isomorphism, we rewrite (4) as follows:

SKp ∼= (MDr,∞ × (G(Q)\G(Af )/K
p))/Gp. (5)

This isomorphism is compatible with the Gp-actions on SKp and MDr,∞, the actions of TS on SKp and
G(Q)\G(Af )/K

p.

Remark 2.3. Under the isomorphism (5), the Gp = D×
p -equivariant Hodge–Tate period map πDr,HT :

MDr,∞ → F̌ ` induces a D×
p -equivariant map on SKp , which is exactly the Hodge–Tate period map on

SKp . See [She17, Claim 3.4.2] for more examples and the discussions below.

For further applications, it is convenient to rewrite the D×
p -equivariant isomorphism (5) as

SKp ∼= tx∈ZKp/GL2(Qp)Γx\MDr,∞. (6)

Here, ZKp has finitely many GL2(Qp)-orbits. For every x ∈ ZKp represented by x ∈ G(Af ), we put Γx =
x−1G(Q)x ∩ Kp as the stabilizer of x for the right action of GL2(Qp) on ZKp . The groups Γx are discrete
cocompact subgroups of GL2(Qp) since G(Q) is discrete in G(Af ) by [Gro99, Proposition 1.4], and after
shrinking Kp if necessary, we may assume all these stabilizer groups Γx are torsion-free (cf. [BC91, 5.4] or
take ` 6= p such that the `-component Kℓ of Kp is torsion-free).

Let Γ be one of the above cocompact subgroups Γx for some x. Then SΓ := Γ\MDr,∞ is an adic space over
C (as it is a component of SKp). The projection map prΓ,∞ :MDr,∞ → Γ\MDr,∞ is an analytic Γ-covering
of adic spaces by the following proposition.

Proposition 2.4. Let Γ be a closed discrete cocompact subgroup of GL2(Qp). If Γ is torsion-free, then
the projection map prΓ,∞ : MDr,∞ → Γ\MDr,∞ is a local isomorphism in the following sense: for any
x ∈ Γ\MDr,∞, there exists an affinoid perfectoid open subset U which contains x, such that pr−1

Γ,∞(U) is a
disjoint union tγ∈Γγ(V ), with V ⊂MDr,∞ an affinoid perfectoid open subset, such that prΓ,∞ |V : V → U is
an isomorphism.

Proof. We only need to prove similar statements for MDr,0 (using [CDN20, Proposition 4.2(ii)]). The result
was proved for subgroups of PGL2(Qp) acting on Ω = P1,an

C \ P1(Qp) in [SS91, §5, Theorem 2]. Let B be the
Bruhat-Tits tree for PGL2(Qp). In the proof of loc. cit., there exists an open covering of Ω by open affinoids
Ua
σ constructed by Drinfeld where 0 < a < 1 and σ varies in all simplices of B. Moreover, g(Ua

σ ) = Ua
g(σ) and

Ua
g(σ) ∩U

a
σ = ∅ if g(σ) 6= σ. Let GL2(Qp) act on B×Z via g.(x,m) = (g.x,m+ vp(det(g))) as in [RZ96, §3.68].

By Drinfeld, see [RZ96, §3.71], there exists a GL2(Qp)-equivariant isomorphism MDr,0 ' Ω× Z (defined over
Q̆p). For a simplex σ = (σ′,m) of B × Z, let Ua

σ be the open affinoid Ua
σ′ × {m} ⊂ MDr,0 via the previous

isomorphism. Then (Ua
σ ) form an open covering of MDr,0 when σ varies in all simplices of B × Z. We still

have g(Ua
σ ) = Ua

g(σ) for g ∈ GL2(Qp) and Ua
g(σ) ∩U

a
σ = ∅ if g(σ) 6= σ. The stabilizer of each simplex σ in B×Z

under the action of GL2(Qp) is an open compact subgroup. Thus its intersection with the discrete group Γ,
denoted by Γσ ⊂ Γ, is a finite group, and is furthermore trivial since Γ is torsion-free. Hence Ua

γ′(σ)∩U
a
γ(σ) = ∅

for all γ 6= γ′ ∈ Γ. We can then conclude as in the proof of [SS91, §5, Theorem 2].

Moreover, as Γ acts trivially on F̌ `, the Hodge–Tate period map πDr,HT : MDr,∞ → F̌ ` descends to a
map of adic spaces

πΓ,HT : SΓ → F̌ `

which coincides with the restrictions of πKp,HT via (6).
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Lemma 2.5. There exists a basis BΓ for the analytic topology of F̌ `, such that each U ∈ BΓ is an affinoid
open subset, V∞ = π−1

Γ,HT(U) is an affinoid perfectoid open subset inside SΓ, and there exists a sufficiently large
n such that V∞ = π−1

Γ,n(Vn) for some affinoid open subset Vn ⊂ Γ\MDr,n. Here πΓ,n : Γ\MDr,∞ → Γ\MDr,n

is the projection map.

Proof. This follows from the p-adic uniformization (6) and the similar properties of πKp,HT : SKp → F̌ `; see
[BP21, Proposition 4.4.53].

2.1.3 The two towers

We will also need the perfectoid Lubin–Tate space (cf. [SW13, §6.3])

MLT,∞ ∼ lim←−
n

MLT,n.

The 0-th layer MLT,0 is the base change to C of the adic generic fiber of the formal scheme over Spf(Z̆p)
parametrizing deformations (up to quasi-isogeny) of 1-dimensional formal p-divisible groups of height 2 over
Fq, isomorphic to Z copies of the open unit disk (see [HG94] or [RZ96, §3.78]). Each MLT,n →MLT,0 is an
étale Galois covering with Galois group GL2(Zp/p

nZp). There is a natural continuous (left) action of GL2(Qp)
onMLT,∞. Also D×

p acts on each layerMLT,n, n ≥ 0 (using the moduli description). Similarly as forMDr,∞,
we have the Gross–Hopkins period map πLT,GM : MLT,∞ → F̌ ` [HG94] and the Hodge–Tate period map
πLT,HT :MLT,∞ → F ` [SW13]. Following [Pan26], we twist the usual GL2(Qp)-action (in [SW13]) onMLT,∞
by the Cartan involution g 7→ (g−1)t, which corresponds to the usual GL2(Qp)-action on MDr,∞ under the
following isomorphism. As a consequence of our normalization, the actions of the centers Q×

p of D×
p and

GL2(Qp) coincide on MLT,∞.

Theorem 2.6 ([SW13, Theorem 7.2.3]). There is a GL2(Qp)×D×
p -equivariant isomorphism

MLT,∞ ∼=MDr,∞ (7)

such that under this isomorphism, πLT,GM is identified with πDr,HT, and πLT,HT is identified with πDr,GM.

The period maps πLT,GM = πDr,HT (resp. πLT,HT = πDr,GM) realize MLT,∞ as a proétale GL2(Qp)-torsor
(resp. D×

p -torsor) over F̌ ` (resp. over P1,an
C \ P1(Qp) ⊂ F `) [SW20, Corollary 23.5.3]. Besides, the map

πLT,GM :MLT,∞ → F̌ ` factors through

MLT,∞
πLT,0→ MLT,0

πLT,GM,0→ F̌ `.

where πLT,0 denotes the projection map MLT,∞ ↠ MLT,0. The map πLT,0 is a GL2(Zp)-torsor, and there
exists a basis B of MLT,0 consisting of affinoid open subsets, such that for each U ∈ B, π−1

LT,0(U) is affinoid
perfectoid (cf. [Wei16], [CDN20, Proposition 4.2(i)]). The Gross–Hopkins period map πLT,GM,0 :MLT,0 → F̌ `
is étale, and there exists an open cover {Ui} of F̌ `, such that each Ui is partially proper, and π−1

LT,GM,0(Ui)
is a disjoint union of finite étale coverings of Ui (cf. [DJ95, Proposition 7.2]). Moreover, the map πLT,GM,0

is surjective with local sections [SW13, Lemma 6.1.4]. We note that there are infinitely many components of
π−1
LT,GM,0(Ui), as the geometric fibers of πLT,GM,0 are GL2(Qp)/GL2(Zp). Besides, the Hodge–Tate period map

πDr,HT decomposes as the composition πΓ,HT ◦prΓ,∞, where prΓ,∞ :MDr,∞ → SΓ is a Γ-torsor for the analytic
topology and a local isomorphism in the notation and in the sense of Proposition 2.4, and πΓ,HT : SΓ → F̌ `
is “affinoid” in the sense of Lemma 2.5. We summarize the picture as follows:

MLT,∞ ∼=MDr,∞

MLT,0 SΓ

F̌ `

πLT,0 prΓ,∞

πLT,GM,0
πΓ,HT

.

10



2.2 Locally analytic vectors à la Pan
Let OMDr,∞ ' OMLT,∞ be the completed structure sheaf on the infinite level perfectoid Drinfeld/Lubin–

Tate space under the isomorphism in Theorem 2.6. We recall some basic properties and constructions about
the sheaf of locally analytic sections in OMDr,∞ and OMLT,∞ as in [Pan22, Pan26].

Let ǧ := LieD×
p ⊗Qp

C. We fix a splitting throughout this article

Dp⊗Qp
C ∼= Mat2(C). (8)

Using this splitting of Dp, we get a Lie algebra isomorphism ǧ ∼= g := gl2(C), where g is the Lie algebra of
GL2(C). We will identify them via this isomorphism.

2.2.1 Equivariant line bundles on the flag varieties

The splitting (8) induces an isomorphism F̌ ` = P1
C ' (GL2 /B)C where B is the opposite of the Borel

subgroup of upper triangular matrices B ⊂ GL2 and we will also identify F ` with (GL2 /B)C . For any weight
(a, b) ∈ Z2 of the Cartan subalgebra ȟ ' h of diagonal matrices, we write ω

(a,b)

F̌ℓ
for the GL2-equivariant line

bundle on F̌ ` associated to the character (a, b) : B → C,

(
x 0
y z

)
7→ xazb. And we similarly write ω

(a,b)
Fℓ

for the line bundle on F ` associated to (a, b) (also using the Borel subgroup consisting of lower triangular
matrices). Hence the dualizing sheaves are given by Ω1

F̌ℓ
= ω−2ρ

F̌ℓ
,Ω1

Fℓ = ω−2ρ
Fℓ where 2ρ = (1,−1). In this

normalization, we have (see Remark 2.7 below):

π∗
Dr,HTω

(a,b)

F̌ℓ
' π∗

Dr,GMω
(−a,−b)
Fℓ ⊗OMDr,∞

OMDr,∞(−a) (9)

for (a, b) ∈ Z2, where (−a) denotes the −ath Tate twist.

Remark 2.7. Let V (1,0) be the standard representation over C of GL2. The pullback along πLT,HT of the short
exact sequence of equivariant bundles on F ` induced from the B-sequence 0→ (0, 1)→ V (1,0)|B → (1, 0)→ 0

0→ π∗
LT,HTω

(0,1)
Fℓ → V (1,0)⊗C OMLT,∞ → π∗

LT,HTω
(1,0)
Fℓ → 0 (10)

gives the (dual) Hodge–Tate sequence (cf. (9)):

0→ Lie(G∨)→ Vp(G)∨ ⊗Qp OMLT,∞ → Lie(G)−1(−1)→ 0

on MLT,∞, where we denote by G the universal p-divisible group on MLT,∞, Vp(G) the rational Tate module
and Lie(G) the Lie algebra.

Let W (1,0) denote the standard representation over C of GL2 on which D×
p acts via (8). The B-filtration

on W (1,0)|B together with πLT,GM induces the Grothendieck–Messing sequence on the infinite level MLT,∞,
which is a D×

p -equivariant exact sequence

0→ π∗
LT,GMω

(0,1)

F̌ℓ
→W (1,0)⊗C OMLT,∞ → π∗

LT,GMω
(1,0)

F̌ℓ
→ 0. (11)

The above exact sequence is identified with the pullback of the sequence

0→ Lie(G∨)−1 →M(G)→ Lie(G)→ 0

where M(G) denotes the covariant Dieudonné crystal of G on MLT,0.
Let Ǧ be the universal p-divisible special formal ODp -module over MDr,∞. Let N be the isocrystal over

Q̆p of slope − 1
2 so that Dp = End(N). Under the isomorphism (7), we have (see proof of [SW13, Theorem

7.2.3] or [FF19, §8.1.2, §8.3.2]) Dp-equivariant isomorphisms

M(Ǧ) ' Hom(Vp(G), N ⊗Q̆p
OMDr,∞), Vp(Ǧ)⊗Qp

OMDr,∞ ' Hom(M(G), N ⊗Q̆p
OMDr,∞)

and
Lie(Ǧ) = Hom(Lie(G)(1), N ⊗Q̆p

OMDr,∞).

There are similar Hodge–Tate and Grothendieck–Messing sequences on MDr,∞ for Vp(Ǧ)∨ and M(Ǧ) corre-
sponding to (11) and (10) respectively.
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Let
ω
(a,b)
MDr,∞

:= π∗
Dr,GMω

(a,b)
Fℓ = π∗

LT,HTω
(a,b)
Fℓ

and
ω
(a,b)
MLT,∞

:= π∗
LT,GMω

(a,b)

F̌ℓ
= π∗

Dr,HTω
(a,b)

F̌ℓ

be the pullback of the line bundles on MDr,∞ 'MLT,∞ for any (a, b) ∈ Z2. Then there is a GL2(Qp)×D×
p -

equivariant and Galois equivariant isomorphism

ω
(a,b)
MDr,∞

= ω
(−a,−b)
MLT,∞

(−a)

by (9). The Grothendieck–Messing maps factor through finite levels: MDr,∞
πDr,n→ MDr,n

πDr,GM,n→ F ` and
MLT,∞

πLT,n→ MLT,n
πLT,GM,n→ F̌ `. Let

ω
(a,b)
MDr,n

:= π∗
Dr,GM,nω

(a,b)
Fℓ ,

ω
(a,b)
MLT,n

:= π∗
LT,GM,nω

(a,b)

F̌ℓ

and set

ω
(a,b),sm
MDr,∞

:= colimn π
−1
Dr,nω

(a,b)
MDr,n

,

ω
(a,b),sm
MLT,∞

:= colimn π
−1
LT,nω

(a,b)
MLT,n

.

2.2.2 Locally analytic vectors and geometric Sen theory

Recall that OMDr,∞ = OMLT,∞ denotes the completed structure sheaf of MDr,∞ =MLT,∞. Let Ola
MDr,∞

(resp. Ola
MLT,∞

) be the subsheaf of OMDr,∞ consisting of locally analytic sections for the D×
p -action (resp.

GL2(Qp)-action). By [Pan26, Corollary 5.3.9], [QS25, Proposition 4.3.6] or [DC24, Corollary 5.1.9], we have

Ola
MDr,∞

= Ola
MLT,∞

.

Similarly we define Osm
MDr,∞

(resp. Osm
MLT,∞

) as the subsheaf consisting of D×
p -smooth (resp. GL2(Qp)-

smooth) sections. Also let Olalg
MDr,∞

⊂ Ola
MDr,∞

(resp. Olalg
MLT,∞

⊂ Ola
MLT,∞

) be the subsheaf consisting of locally
algebraic sections for the D×

p -action (resp. GL2(Qp)-action). By [Eme17, Corollary 4.2.7], we know

Olalg
MDr,∞

∼=
⊕
W

OW -lalg
MDr,∞

,

where W varies in the set of irreducible algebraic representations of D×
p over C. A similar decomposition

result also holds for Olalg
MLT,∞

.
For (a, b) ∈ Z2, we also have subsheaves ω

(a,b),lalg
MDr,∞

⊂ ω
(a,b),la
MDr,∞

of the GL2(Qp) × D×
p -equivariant sheaf

ω
(a,b)
MDr,∞

= OMDr,∞ ⊗Osm
MDr,∞

ω
(a,b),sm
MDr,∞

defined similarly as in §2.2.1. We have ω
(a,b),la
MDr,∞

= Ola
MDr,∞

⊗Osm
MDr,∞

ω
(a,b),sm
MDr,∞

. Again, similar results hold on the Lubin–Tate side.
We recall below results from the geometric Sen theory, developed in [Pan22, Pan26, Cam22, DC24]. As

in [Pan22, §4.2.6] and following Beilinson–Bernstein, let ǧ0 := ǧ⊗C OF̌ℓ, g
0 := g⊗C OFℓ, which are Lie

algebroids over OF̌ℓ or OFℓ. Let h ' ȟ ⊂ ǧ ' g = gl2 be the Cartan subalgebra consisting of diagonal
matrices. Let ň0 ⊂ b̌0 ⊂ ǧ0 be the universal nilpotent subalgebra and the universal Borel subalgebra over F̌ `,
with (ň0)∨ the dual of ň0. Similarly, let n0 ⊂ b0 ⊂ g0 be the universal nilpotent subalgebra and the universal
Borel subalgebra over F `. The preimage of these Lie algebroids, e.g. π−1

Dr,HTǧ
0, acts on the locally analytic

vectors Ola
MDr,∞

by derivations.
Let Z(ǧ) be the center of the universal enveloping algebra of ǧ which is isomorphic to S(ȟ)W via the Harish-

Chandra isomorphism, where W is the Weyl group for ǧ and W acts on S(ȟ) via the dot action. Recall that

Z(ǧ) is a C-algebra generated by z =

(
1 0
0 1

)
and the Casimir operator Ω = u+u− + u−u+ + 1

2h
2 ∈ Z(U(ǧ)),
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where u+ =

(
0 1
0 0

)
, u− =

(
0 0
1 0

)
and h =

(
1 0
0 −1

)
. Here we used our fixed isomorphism ǧ ∼= g to define

these elements z and Ω.
As in [Pan22, §5.1.4] or [Cam24, Theorem 6.3.6], there is an action of the arithmetic Sen operator ΘSen on

Ola
Kp . We also have the following relation between the arithmetic Sen operator, the horizontal action θȟ of the

Cartan subalgebra ȟ (defined below), and the action of the center Z(ǧ).

Theorem 2.8. The following statements hold true:

(i) The locally analytic vectors Ola
MDr,∞

' Ola
MLT,∞

are killed by the “geometric Sen operators” π−1
Dr,HTň

0

and π−1
LT,HTn

0.

(ii) Let θȟ (resp. θȟ) be the horizontal action of ȟ ' h on Ola
MDr,∞

(resp. Ola
MLT,∞

) via b̌0/ň0 ' ȟ ⊗C OF̌ℓ

(resp. b0/n0 ' h⊗C OFℓ). Then θȟ = θh.

(iii) The actions of z =

(
1 0
0 1

)
and θȟ(z) on Ola

MDr,∞
are the same.

(iv) We have ΘSen = θȟ

(
1 0
0 0

)
and (2ΘSen − z + 1)2 − 1 = 2Ω as operators on Ola

MDr,∞
.

Proof. The proof is similar to [Pan22, Theorem 5.1.8], [Pan26, Proposition 6.5.4], and the results also follow
by [Cam24, Theorem 5.2.5, Theorem 6.3.6]. Here, we note that in [Pan22] Pan uses the upper triangular
matrices to define the flag variety, and we use the lower triangular matrices. Thus, there is a small difference
about the description of results on horizontal actions of ȟ.

Some of the above results on various operators on Ola
MDr,∞

' Ola
MLT,∞

also generalize to certain twists of
these sheaves. As the nilpotent Lie algebra π−1

Dr,HTň
0 kills ω(a,b),la

MDr,∞
= Ola

MDr,∞
⊗Osm

MDr,∞
ω
(a,b),sm
MDr,∞

, there is also a

horizontal action θȟ of ȟ on ω
(a,b),la
MDr,∞

. For (a, b), (a′, b′) ∈ Z2, let Ola,(a′,b′)
MDr,∞

(resp. ω
(a,b),la,(a′,b′)
MDr,∞

) be the subsheaf
of Ola

MDr,∞
(resp. ω

(a,b),la
MDr,∞

) such that the action of θȟ is given by the weight (a′, b′). Using the fact that θȟ

acts on ω
(a′,b′)

F̌ℓ
via (a′, b′) and (9), we have the following formulae relating these twists:

Ola,(a,b)
MDr,∞

⊗Osm
MDr,∞

ω
(a′,b′),sm
MDr,∞

∼= ω
(a′,b′),la,(a,b)
MDr,∞

, (12)

Ola,(a,b)
MDr,∞

⊗π−1
Dr,HTOF̌ℓ

π−1
Dr,HTω

(a′,b′)

F̌ℓ
∼= ω

(−a′,−b′),la,(a+a′,b+b′)
MDr,∞

(−a′). (13)

Using the above formulae, one can check that

π−1
Dr,HTΩ

1
F̌ℓ
⊗π−1

Dr,HTOF̌ℓ
Ola,(0,0)

MDr,∞
⊗Osm

MDr,∞
Ω1,sm

MDr,∞
∼= Ola,(−1,1)

MDr,∞
(1).

We can compute some W -locally algebraic vectors explicitly for some algebraic representation W of D×
p

over C.

Proposition 2.9. For (a, b) ∈ Z2, a ≥ b, let W (a,b) be the algebraic representation of D×
p ⊂ GL2(C) over C

of highest weight (a, b) (with respect to the Borel subgroup consisting of upper triangular matrices). Then

Olalg,(a,b)
MDr,∞

= OW (a,b)-lalg
MDr,∞

'W (a,b) ⊗C ω
(a,b),sm
MDr,∞

(a).

Proof. See [QS25, §3.4] for example. We briefly illustrate the case when (a, b) = (0,−1). The subsheaf
Olalg,(a,b)

MDr,∞
⊂ Olalg

MDr,∞
is the subsheaf of Ola,(a,b)

MDr,∞
consisting of sections that are locally algebraic for the D×

p -
action. The first equality can be obtained by explicit descriptions of the sheaf Ola,(a,b)

MDr,∞
in terms of certain

power series expansions as in [Pan26, Theorem 3.2.2]. Next, using (11) together with (9), we deduce an exact
sequence

0→ ω
(0,−1)
MDr,∞

→W (1,0) ⊗C OMDr,∞ → ω
(−1,0)
MDr,∞

(−1)→ 0.

Then the term ω
(0,−1),sm
MDr,∞

will contribute to the locally (W (1,0))∗-algebraic part of OMDr,∞ . The general cases
follow similarly.

13



2.2.3 The differential operators

There are various differential operators on

Ola,(0,−k)
MDr,∞

= Ola,(0,−k)
MLT,∞

, k ≥ 0

that are constructed in [Pan26, §4], which extend the connections on the corresponding algebraic parts.
The differential operator (see [Pan26, Remark 5.3.18] or [QS25, Proposition 4.3.10])

dDr : Ola,(0,−k)
MDr,∞

→ Ola,(0,−k)
MDr,∞

⊗ (Ω1,sm
MDr,∞

)⊗k+1

extends the connection on Olalg,(0,−k)
MDr,∞

' W (0,−k) ⊗C ω
(0,−k),sm
MDr,∞

, or more classically the Gauss–Manin connec-
tions

ω
(0,−k)
MDr,n

→ ω
(0,−k)
MDr,n

⊗ (Ω1
MDr,n

)⊗(k+1) ' ω
(−k−1,1)
MDr,n

. (14)

Remark 2.10. These connections are pullbacks of the connections on ω
(0,−k)
Fℓ via the étale mapMDr,n → F `.

We note that we use the Borel subgroup consisting of lower triangular matrices to define the flag variety F `

(in particular ω
(1,0)
Fℓ is ample). When k = 0, it’s clear that dDr is the pullback of the de Rham complex on

F `. For general k, the connection can also be constructed by translations of the de Rham complex as in
[Pan26, Lemma 5.6.6] or as in the usual BGG construction [Fal06]. We use the notation of Remark 2.7. Since
we have trivialized the universal Dieudonné module M(Ǧ) onMDr,0 [RZ96, Proposition 5.15] which coincides
with V (1,0)⊗C OMDr,n

up to a multiplicity space given by a finite-dimensional D×
p -space, the connection on

V (1,0)⊗C OMDr,n
is trivial on V (1,0) (cf. [Van24, Lemma 3.11]). Taking a symmetric power of the dual of the

Dieudonné module, we see the connection

V (0,−k)⊗OMDr,n
→ V (0,−k)⊗Ω1

MDr,n
(15)

is trivial on V (0,−k) and is given by the usual differential map on the structure sheaf OMDr,n . Besides, the
map (15) is equivariant for the GL2(Qp)-action. Taking the part of (15) with infinitesimal character equals
the infinitesimal character of V (0,−k) (i.e. the translation of the usual differential map OMDr,n

→ Ω1
MDr,n

from
the trivial weight to the weight (0,−k)), we obtain the desired map (14), which is quasi-isomorphic to (15)
as complexes by [Pan26, Lemma 5.6.6]. On the other hand, there is a Hodge filtration on V (0,−k)⊗OMDr,n

(given by the dual of the Hodge-de Rham sequence (10) if k = 1) so that the map (15) satisfies the Griffiths
transversality. The induced map given by (15) is an isomorphism on all graded pieces of the Hodge filtration
except the top one ω

(0,−k)
MDr,n

and induces (14) (cf. [Van24, Lemma 9.8]).

The differential operator ([Pan26, §5.3.16])

dDr : Ola,(0,−k)
MDr,∞

→ Ola,(0,−k)
MDr,∞

⊗π−1
Dr,HTOF̌ℓ

(π−1
Dr,HTΩ

1
F̌ℓ

)⊗ k+1

arises from the action of the differential operators on the flag variety F̌ `, extending a twist of the pullback of
the connection

ω
(0,−k)

F̌ℓ
→ ω

(0,−k)

F̌ℓ
⊗ (Ω1

F̌ℓ
)⊗(k+1) ' ω

(−k−1,1)

F̌ℓ
. (16)

There are also twists of these differential operators, which we denote by d′Dr, d
′
Dr. We summarize the results

as follows.

Theorem 2.11. Let k ≥ 0 be an integer. There is a commutative diagram

Ola,(0,−k)
MDr,∞

Ola,(0,−k)
MDr,∞

⊗Osm
MDr,∞

(Ω1,sm
MDr,∞

)⊗ k+1

Ola,(0,−k)
MDr,∞

⊗π−1
Dr,HTOF̌ℓ

(π−1
Dr,HTΩ

1
F̌ℓ

)⊗ k+1 Ola,(−k−1,1)
MDr,∞

(k + 1)

dDr

dDr d
′
Dr

d′
Dr

such that:

14



(i) The operator dDr is π−1
Dr,HTOF̌ℓ-linear, and is given by the Gauss–Manin connection (14) when restricted

to Olalg,(0,−k)
MDr,∞

.

(ii) The operator dDr is Osm
MDr,∞

-linear. If we twist dDr by ω
(0,−k),sm
MDr,∞

, its restriction on π−1
Dr,HTω

(0,−k)

F̌ℓ
is

induced by the differential (16).

(iii) The map dDr is surjective, with kernel Olalg,(0,−k)
MDr,∞

.

(iv) d′Dr is a twist of dDr by π−1
Dr,HT(Ω

1
F̌ℓ

)⊗ k+1, and d
′
Dr is a twist of dDr by (Ω1,sm

MDr,∞
)⊗ k+1.

Proof. This is [Pan26, Theorem 5.2.15, Theorem 5.2.16, Theorem 5.3.17] except that we don’t take the direct
image along the period maps. We note that by (12) and (13) there is an isomorphism

(π−1
Dr,HTΩ

1
F̌ℓ

)⊗ k+1⊗π−1
Dr,HTOF̌ℓ

Ola,(0,−k)
MDr,∞

⊗Osm
MDr,∞

(Ω1,sm
MDr,∞

)⊗ k+1 ' Ola,(−k−1,1)
MDr,∞

(k + 1).

The construction of these differential operators follows by the explicit description of Ola,(0,−k)
MDr,∞

in terms of
power series expansions as in [Pan26, Theorem 3.2.2].

The above theorem also holds mutatis mutandis for the differential operators dLT, dLT on Ola,(0,−k)
MLT,∞

(and
their twists) in [Pan26, §5.2.14], replacing everywhere “Dr” by “LT” and “F̌ `” by “F `”. In particular, we also
have a commutative diagram

Ola,(0,−k)
MLT,∞

Ola,(0,−k)
MLT,∞

⊗Osm
MLT,∞

(Ω1,sm
MLT,∞

)⊗ k+1

Ola,(0,−k)
MLT,∞

⊗π−1
LT,HTOFℓ

(π−1
LT,HTΩ

1
Fℓ)

⊗ k+1 Ola,(−k−1,1)
MLT,∞

(k + 1)

dLT

dLT d
′
LT

d′
LT

where dLT is surjective with kernel Olalg,(0,−k)
MLT,∞

. It turns out that (up to a non-zero constant) dLT coincides
with dDr and dLT coincides with dDr, and the above diagram is essentially the same as the one in Theorem
2.11.
Theorem 2.12. Under the isomorphism Ola,(0,−k)

MDr,∞
= Ola,(0,−k)

MLT,∞
, we have dDr = cdLT, dDr = c′dLT for some

invertible constants c, c′.
Proof. This is [Pan26, Theorem 5.3.20] and [QS25, Theorem 4.3.12].

The identification of these operators allows us to compute the cohomology of the differential operator dDr.

Corollary 2.13. The differential operator dDr : Ola,(0,−k)
MDr,∞

→ Ola,(0,−k)
MDr,∞

⊗Osm
MDr,∞

(Ω1,sm
MDr,∞

)⊗ k+1 is surjective,

with kernel Olalg,(0,−k)
MLT,∞

. Similar results hold for d′Dr.
From the above corollary we obtain a short exact sequence

0→ Olalg,(0,−k)
MLT,∞

→ Ola,(0,−k)
MDr,∞

dDr→ Ola,(0,−k)
MDr,∞

⊗Osm
MDr,∞

(Ω1,sm
MDr,∞

)⊗ k+1 → 0 (17)

which is GL2(Qp) × D×
p -equivariant. This sequence will be crucial for our study of the locally analytic rep-

resentations of D×
p from the compactly supported cohomology groups of these sheaves and the completed

cohomology of the quaternionic Shimura curve.

2.2.4 Passage to the Shimura curve and the flag variety

So far we have discussed some equivariant line bundles on MDr,∞ in §2.2.1, subsheaves of Ola
MDr,∞

in
§2.2.2 and the differential operators in §2.2.3. These objects and constructions are GL2(Qp)-equivariant,
hence descend to the analytic quotients SΓ = Γ\MDr,∞ where Γ ⊂ GL2(Qp) is a closed cocompact subgroup
satisfying the assumption for Proposition 2.4. Via the p-adic uniformization SKp = tx∈ZKp/GL2(Qp)SΓx in the
notation of (6), we can obtain corresponding objects on the Shimura curve SKp . Note that we can make the
same constructions directly on SKp as is done in [Pan26] or [QS25].

Recall that prΓ,∞ :MDr,∞ → SΓ is the quotient map and πKp,HT : SKp → F̌ ` is the Hodge–Tate map for
SKp . Let (a, b) ∈ Z2 and k ≥ 0. In summary, there are
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• automorphic line bundles ω
(a,b)
SKp

= π∗
Kp,HTω

(−a,−b)

F̌ℓ
(−a) and the smooth vectors ω

(a,b),sm
SKp

for (a, b) ∈ Z2

such that
pr−1

Γ,∞(ω
(a,b)
SKp
|SΓ

) = ω
(a,b)
MDr,∞

, pr−1
Γ,∞(ω

(a,b),sm
SKp

|SΓ
) = ω

(a,b),sm
MDr,∞

.

In particular, Ω1,sm
SKp

is naturally identified with ω
(−1,1),sm
SKp

.

• subsheaves of
OW -lalg

SKp
⊂ Olalg

SKp
⊂ Ola

SKp ⊂ OSKp ,

and similarly subsheaves of ω(a,b),la
SKp

, whose pullbacks toMDr,∞ via prΓ,∞ coincide with the corresponding
sheaves on MDr,∞ in §2.2.2. These sheaves are killed by the nilpotent Lie algebra π−1

Kp,HTň
0 and also

admit horizontal actions of ȟ still denoted by θȟ.

• the subsheaves Ola,(a′,b′)
SKp

, ω
(a,b),la,(a′,b′)
SKp

, etc. where ȟ acts via the weight (a′, b′) ∈ Z2 whose pullbacks to
MDr,∞ coincide with Ola,(a′,b′)

MDr,∞
, ω

(a,b),la,(a′,b′)
MDr,∞

, etc.

• the differential operators dSKp , dSKp , d′SKp , d
′
SKp on Ola,(0,−k)

SKp
for k ≥ 0, which satisfy the results of The-

orem 2.11 replacing everywhere “MDr,∞” by “SKp” and “Dr” by “SKp”. All these differential operators
are surjections of sheaves as in (iii) of Theorem 2.11 and Corollary 2.13, which will be discussed in
Proposition 2.15 below.

Remark 2.14. The sheaves ω(a,b),sm
SKp

we constructed above coincide with the usual automorphic vector bundles
on the Shimura varieties constructed using the Grothendieck–Messing period maps. See [DLLZ23, Remark
5.2.11, Corollary 5.3.3].

Finally we can push forward the above sheaves along the “affinoid” map πKp,HT : SKp → F̌ ` to obtain
sheaves on F̌ ` and the corresponding differential operators. We set, exactly as in [Pan22, Pan26] or [QS25],

• OKp := πKp,HT,∗OSKp ,Osm
Kp := πKp,HT,∗Osm

SKp , ω
(a,b)
Kp := πKp,HT,∗ω

(a,b)
SKp

, etc.

• the subsheaf of locally analytic or locally algebraic vectors

OW -lalg
Kp ⊂ Olalg

Kp ⊂ Ola
Kp

of the D×
p -equivariant sheaf OKp . There are similar subsheaves of ω

(a,b),la
Kp . These sheaves are killed

by the nilpotent Lie algebra ň0 and also admit horizontal actions of ȟ still denoted by θȟ, hence are
equivariant twisted D-modules in a suitable sense (e.g. [BCGP25, §3]).

• the subsheaves Ola,(a′,b′)
Kp ⊂ Ola

Kp , ω
(a,b),la,(a′,b′)
Kp ⊂ ω

(a,b),la
Kp , etc. where ȟ acts via the weight (a′, b′) ∈ Z2.

• there are differential operators as in Theorem 2.11

Ola,(0,−k)
Kp Ola,(0,−k)

Kp ⊗Osm
Kp

(Ω1,sm
Kp )⊗ k+1

Ola,(0,−k)
Kp ⊗OF̌ℓ

(Ω1
F̌ℓ

)⊗ k+1 Ola,(−k−1,1)
Kp (k + 1)

dKp

dKp d
′
Kp

d′
Kp

(18)

for integers k ≥ 0.

Proposition 2.15. Let dKp , dKp , d′Kp , d
′
Kp be the differential operators on Ola,(0,−k)

Kp in (18). Then the
following statements hold:

(1) The map dKp : Ola,(0,−k)
Kp → Ola,(0,−k)

Kp ⊗OF̌ℓ
(Ω1

F̌ℓ
)⊗ k+1 is surjective, with kernel

Olalg,(0,−k)
Kp

∼= W (0,−k)⊗C ω
(0,−k),sm
Kp . (19)

Similarly, the map d
′
Kp : Ola,(0,−k)

Kp ⊗Osm
Kp

(Ω1,sm
Kp )⊗ k+1 → Ola,(−k−1,1)

Kp (k + 1) is surjective, with kernel
Olalg,(0,−k)

Kp ⊗Osm
Kp

(Ω1,sm
Kp )⊗ k+1 ∼= W (0,−k)⊗C ω

(−k−1,1),sm
Kp .
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(2) The maps dKp : Ola,(0,−k)
Kp → Ola,(0,−k)

Kp ⊗Osm
Kp

(Ω1,sm
Kp )⊗ k+1 and d′Kp : Ola,(0,−k)

Kp ⊗OF̌ℓ
(Ω1

F̌ℓ
)⊗ k+1 →

Ola,(−k−1,1)
Kp (k + 1) are surjective.

Proof. (1) The statement for dKp can be proved using similar arguments as in [Pan26, Proposition 4.2.9] and
d
′
Kp is a twist of dKp .

(2) Since SKp = tx∈ZKp/GL2(Qp)SΓx
and each map MDr,∞ → SΓx

is a local isomorphism (Proposition
2.4), the differential operator dSKp : Ola,(0,−k)

SKp
→ Ola,(0,−k)

SKp
⊗Osm

SKp
(Ω1,sm

SKp
)⊗ k+1 is surjective. To show that dKp

is surjective, we show that there exists a covering of F̌ ` by affinoid open subsets V ⊂ F̌ ` such that the map

dSΓ
: Ola,(0,−k)

SΓ
(π−1

Γ,HT(V ))→ (Ola,(0,−k)
SΓ

⊗Osm
SΓ
(Ω1,sm

SKp
|SΓ

)⊗ k+1)(π−1
Γ,HT(V )) (20)

is surjective for any Γ satisfying the assumption of Proposition 2.4. Let V ⊂ F̌ ` be an affinoid open subset
such that

π−1
LT,GM(V ) = tg∈GL2(Qp)/GL2(Zp)gU∞,

where πLT,GM :MLT,∞ → F̌ ` is the Gross–Hopkins map discussed at the end of §2.1.3 and U ⊂MLT,0 is an
affinoid open subset mapping isomorphically onto V , with U∞ the pullback of U toMLT,∞. (See the proof of
[SW13, Lemma 7.3.2] for the related construction.) We claim that for such an open subset V the map (20) is
surjective.

By Corollary 2.13, the differential operator dDr is surjective on MDr,∞, with kernel Olalg,(0,−k)
MLT,∞

. For an
affinoid open U∞ ⊂ MDr,∞ ' MLT,∞ that is the pullback of an open affinoid subset of MLT,0, we have
H1(U∞,Olalg,(0,−k)

MLT,∞
) = 0 using Tate’s acyclicity (see the proof of Lemma 2.22 below). We see that the

differential

dDr : Ola,(0,−k)
MDr,∞

(U∞)→ (Ola,(0,−k)
MDr,∞

⊗Osm
MDr,∞

(Ω1,sm
MDr,∞

)⊗ k+1)(U∞) (21)

is still surjective after taking sections on such affinoid open subsets U∞.
Let Γ ⊂ GL2(Qp) be a discrete cocompact torsion-free subgroup. The assumption on Γ implies that

Γ ∩ cGL2(Zp)c
−1 = {1} for any c ∈ GL2(Qp). Hence

π−1
LT,GM(V ) = tg∈GL2(Qp)/GL2(Zp)gU∞ = tγ∈Γ tc∈Γ\GL2(Qp)/GL2(Zp) γcU∞.

Therefore, π−1
Γ,HT(V ) = prΓ,∞ π−1

LT,GM(V ) ∼= tc∈Γ\GL2(Qp)/GL2(Zp)c · U∞ is isomorphic to a finite number of
copies of U∞. As a consequence, the map (20) can be identified with a finite direct sum of copies of the map
(21). In particular, the map (20) is surjective, or equivalently, the map

dKp : Ola,(0,−k)
Kp (V )→ (Ola,(0,−k)

Kp ⊗Osm
Kp

(Ω1,sm
Kp )⊗ k+1)(V )

is surjective.
Since F̌ ` can be covered by such affinoid open subsets V such that (20) is surjective and SKp is a disjoint

union of finitely many components of the form SΓ, we conclude that dKp is a surjective map of sheaves. Finally,
as d′Kp is a twist of dKp , we deduce that d′Kp is also surjective.

2.2.5 The intertwining operator on Ola,(0,−k)
Kp

Let k ≥ 0. We define the intertwining operator on Ola,(0,−k)
Kp as in [Pan26, Definition 4.3.1].

Definition 2.16. We define I := d′Kp ◦dKp = d
′
Kp ◦dKp to be the composition of these operators in (18), and

we call I the intertwining operator.

In the same way as in [Pan26, §6], we can interpret the intertwining operator Galois-theoretically as the
Fontaine operator [Fon04]. We sketch the construction of the Fontaine operator. Let B+

dR,SKp
be the positive

de Rham period sheaf on SKp (we mean the slice of the pro-étale sheaf on the analytic site of SKp). Define
B+
dR := πKp,HT,∗BdR,SKp , which has a decreasing filtration given by Fili B+

dR = πKp,HT,∗ Fil
i BdR,SKp , with

graded pieces gri B+
dR
∼= OKp(i). Here we use RjπKp,HT,∗OSKp = 0 for j ≥ 1. For an integer k ≥ 0, put

B+
dR,k := B+

dR/Fil
k B+

dR. For (a, b) ∈ Z2, let χ̃(a,b) be the character of Z(ǧ) such that Z(ǧ) acts on the Verma
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module U(ǧ)⊗U(b̌)(a, b) via χ̃(a,b). There is an induced filtration on B+,la,χ̃(0,−k)

dR,k+2 from B+
dR and one can show

that B+,la,χ̃(0,−k)

dR,k+2 has i-th graded piece given by Ola,χ̃(0,−k)

Kp (i), where i = 0, 1, ..., k + 1. Besides, the arithmetic
Sen operator ΘSen acts on Ola,χ̃(0,−k)

Kp (i) via i,−k−1+i. In [Pan26, §6], Pan developed a Sen theory for colimits
of Banach spaces which are also B+

dR/Fil
k B+

dR-modules. For an open affinioid U ⊂ F̌ ` as in Lemma 2.5, we
may assume there exists a finite extension K of Qp such that U is defined over K. Let ζpn be a primitive pn-th
root of unity, and let K∞ ⊂ lim−→n

K(ζpn) be the maximal Zp-extension. For W an LB B+
dR/Fil

k B+
dR-module,

let WK ⊂ W be the subspace of Gal(K/K∞)-invariant, Gal(K∞/K)-analytic vectors in W . It turns out
B+,la,χ̃(0,−k)

dR,k+2 (U) satisfies the assumption in [Pan26, 6.1.17], and B+,la,χ̃(0,−k)

dR,k+2 (U)K has i-th graded piece given
by Ola,χ̃(0,−k)

Kp (U)K(i). Then the action of Lie Γ = LieGal(K∞/K) induces a map

Ola,(0,−k)
Kp (U)K → Ola,(−k−1,1)

Kp (U)K(k + 1). (22)

This map is functorial, and after we base change to C it induces a natural sheaf morphism

N : Ola,(0,−k)
Kp → Ola,(−k−1,1)

Kp (k + 1) (23)

which we call the Fontaine operator. Roughly speaking, the Fontaine operator measures the nilpotency of the
arithmetic Sen action on B+,la,χ̃(0,−k)

dR,k+2 . Using the machinery developed in [Pan26, §6], similar arguments as for
[Pan26, Theorem 6.2.6] give the following result.

Theorem 2.17. Up to an invertible constant, the Fontaine operator N equals the intertwining operator I.

2.2.6 Completed cohomology of quaternionic Shimura curves

Recall that SKpKp
is the quaternionic Shimura curve of level KpKp ⊂ G(A∞), which is a complete algebraic

curve over Q. The completed cohomology groups associated to the tower {SKpKp
}Kp⊂D×

p
are given by

H̃i(Kp,Qp) := (lim←−
n

lim−→
Kp⊂D×

p

Hi(SKpKp
(C),Z/pnZ))[

1

p
]

' (lim←−
n

lim−→
Kp⊂D×

p

Hi
ét(SKpKp,Q,Z/p

nZ))[
1

p
]

for i ≥ 0, which carry commuting actions of D×
p , the Galois group Gal(Q/Q) and the Hecke algebra TS . Note

that H̃1(Kp,Qp) = Ĥ1(Kp,Qp) is a unitary Banach representation of D×
p (cf. [Eme06, §4.1]). Given any

Banach space W over Qp, let
H̃i(Kp,W ) := H̃i(Kp,Qp)⊗̂Qp

W.

Recall that OKp = πKp,HT,∗OSKp with OSKp the completed structure sheaf on SKp , and Ola
Kp the subsheaf

consisting of locally analytic sections.

Theorem 2.18. For i ≥ 0, we have D×
p ×Gal(Qp/Qp)× TS-equivariant isomorphisms

H̃i(Kp, C) ∼= Hi(F̌ `,OKp)

H̃i(Kp, C)la ∼= Hi(F̌ `,Ola
Kp).

Proof. The first one is the primitive comparison theorem [Sch13b], cf. [Sch15, §4.2]. The second one follows
from [Pan22, Theorem 4.4.6] or [Cam24, Theorem 1.1.8].

Let E be a finite extension of Qp. For any compact open subgroup Kp ⊂ D×
p , we define T(KpKp) ⊂

EndZp(H
1(SKpKp(C),Zp)) as the image of TS . Then we set

T(Kp) := lim←−
Kp

T(KpKp).
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It acts faithfully on H̃1(Kp, E) and commutes with the action of Gal(Q/Q) ×D×
p . Moreover, the actions of

T(Kp) and Gal(Q/Q) on H̃1(Kp, E) satisfy the usual Eichler-Shimura congruence relation:

Frob2ℓ − Tℓ ◦ Frobℓ + `Sℓ = 0 (24)

where ` /∈ S is a prime number, Frobℓ denotes the geometric Frobenius at ` and

Tℓ = [GL2(Zℓ)

(
` 0
0 1

)
GL2(Zℓ)], Sℓ = [GL2(Zℓ)

(
` 0
0 `

)
GL2(Zℓ)]

are the usual Hecke operators (cf. [Car86, §10.3, Remarque 0.3], while our normalization follows that in
[Eme11, Pan22, Pan26] and the choice of the G(R)-conjugacy class h in §2.1.1, hence the Galois action (the
canonical model), is different from that in [Car86]).

Let ρ be a 2-dimensional continuous E-linear absolutely irreducible representation of Gal(Q/Q). Set

Π̌(ρ) := HomGal(Q/Q)(ρ, H̃
1(Kp, E)). (25)

Suppose that Π̌(ρ) 6= 0. This is a unitary Banach representation of D×
p . To ρ, we can associate a character

λ : T(Kp)→ E using the congruence relation (24), such that (cf. [Eme11, Prop. 6.1.12])

HomGal(Q/Q)(ρ, H̃
1(Kp, E)) = HomGal(Q/Q)(ρ, H̃

1(Kp, E)[λ]).

Moreover, by the main result of [BLR91], as ρ is 2-dimensional and absolutely irreducible, we know that
H̃1(Kp, E)[λ] is ρ-isotypic:

H̃1(Kp, E)[λ] ∼= ρ⊗E Π̌(ρ). (26)

Following the treatment in [Pan26, Theorem 7.2.2] and [QS25, Theorem 5.4.2], we get the following result
on a first step towards the description of the locally analytic part of the isotypic space Π̌(ρ). Let I1 be the
operator induced by the intertwining operator I on the level of cohomology groups:

I1 : H1(F̌ `,Ola,(0,−k)
Kp )→ H1(F̌ `,Ola,(−k−1,1)

Kp (k + 1)).

Theorem 2.19. Let ρ be a 2-dimensional E-linear continuous absolutely irreducible representation of Gal(Q/Q).
Suppose:

(i) ρ appears in H̃1(Kp, E)la, namely HomGal(Q/Q)(ρ, H̃
1(Kp, E)la) 6= 0.

(ii) ρ|Gal(Qp/Qp)
is de Rham of Hodge–Tate weights 0, k + 1 with k ∈ Z≥0.

Then after fixing an embedding E ↪→ C, we have

Π̌(ρ)la⊗̂EC ∼= ker I1[λ],

where λ : TS → C is the Hecke eigensystem associated to ρ.

Proof. The proof is literally the same as in [Pan26, Theorem 7.2.2] or [QS25, Theorem 5.4.2]. Roughly
speaking, the regular de Rhamness condition of ρ and the assumption Π̌(ρ)la 6= 0 ensure that the multiplicity
space Π̌(ρ)la is killed by the Fontaine operator (23), which can be identified with the intertwining operator
using Theorem 2.17.

2.3 A product formula
Motivated by Theorem 2.19, we proceed to study the cohomology of the intertwining operator I on

Ola,(0,−k)
Kp . Let k ≥ 0 and let

dKp : Ola,(0,−k)
Kp → Ola,(0,−k)

Kp ⊗Osm
Kp

(Ω1,sm
Kp )⊗ k+1

be the differential map we constructed in §2.2.4. Since dKp is part of the intertwining operator for which we
need to understand the cohomology, we will need to compute the cohomology of dKp and determine the Hecke
action on it (Proposition 2.25).

The lemma below shows that the cohomology of ker dSKp on SKp is the same as the cohomology of ker dKp

on F̌ `.
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Lemma 2.20. There is a natural isomorphism

RΓ(SKp , ker dSKp ) ∼= RΓ(F̌ `, ker dKp). (27)

Proof. By Proposition 2.15 (2), we know Ola,(0,−k)
Kp

dKp→ Ola,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1 is surjective. Hence the
sheaves ker dSKp , ker dKp admit resolutions:

0→ ker dSKp → Ola,(0,−k)
SKp

dSKp→ Ola,(0,−k)
SKp

⊗Osm
SKp

(Ω1,sm
SKp

)⊗ k+1 → 0,

0→ ker dKp → Ola,(0,−k)
Kp

dKp→ Ola,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1 → 0.

By definition, πKp,HT,∗Ola,(0,−k)
SKp

= Ola,(0,−k)
Kp . Also RjπKp,HT,∗Ola,(0,−k)

SKp
= 0 for j ≥ 1, the proof of which is

similar to the one in [Pan26, Proposition 3.2.8]. Indeed, using explicit power series expansions of Ola,(0,−k)
SKp

, one
can locally exhibitOla,(0,−k)

SKp
as colimits of sheaves isomorphic to “direct products” of ω(0,−k),sm

SKp
. More precisely,

for U ⊂ SKp a good affinoid perfectoid open subset (which comes from the pullback of an affinioid open subset
from finite level and an affinioid open subset from the flag variety along πHT), then Ola,(0,−k)

SKp
(U) can be written

as a filtered colimit (with injective transition maps) lim−→n
An, with each An ∼= (

∏∞
i=0O

+
SKpK′

n

(UK′
n
))⊗Zp Qp

(for some open compact subgroup K ′
n ⊂ D×

p , where UK′
n

is an affinioid open in SKpK′
n

whose preimage is U)
by sending the power series expansion to its coefficients. Then one deduces the desired vanishing result using
Tate’s acyclicity of coherent sheaves on affinioid open subsets. Similar results are valid for the third terms
in the above two exact sequences. Hence RπKp,HT,∗ ker dSKp = ker dKp [0] and the Leray spectral sequence
degenerates, giving the desired isomorphism.

Instead of computing ker dKp directly, using the p-adic uniformization, we first pass these sheaves from
SKp to MDr,∞. Let Γ ⊂ GL2(Qp) be a cocompact torsion-free discrete subgroup appearing in (6). Let
dSΓ := dSKp |SΓ and similarly d′SΓ

:= d′SKp |SΓ where SΓ =MDr,∞/Γ. By the construction and an analogue of
Proposition 2.9, we have

pr−1
Γ,∞ ker dSΓ

= ker dDr = Olalg,(0,−k)
MLT,∞

= V (0,−k) ⊗ ω(0,−k),sm
MLT,∞

. (28)

Then we descend via the Γ-torsor prΓ,∞ : MDr,∞ ↠ SΓ and exhibit the results using Γ-(co)homology for
cocompact torsion-free discrete subgroups Γ ⊂ GL2(Qp) (Lemma 2.21 below). We find that it is better to
descend compactly supported cohomology instead of cohomology of sheaves on MDr,∞, partly because the
cover MDr,∞ → SΓ is an “infinite-sheet” étale covering map. In order to handle the compactly supported
cohomology groups, we develop some results on proper pushforwards of abelian sheaves on adic spaces in
Appendix A.

Lemma 2.21. The Γ-covering MLT,∞ 'MDr,∞ →MDr,∞/Γ induces D×
p -isomorphisms

RΓc(MLT,∞,Olalg,(0,−k)
MLT,∞

)⊗L
Z[Γ] Z ' RΓ(SΓ, ker dSΓ),

RΓc(MLT,∞, ω
(−k−1,k+1),lalg,(0,−k)
MLT,∞

)⊗L
Z[Γ] Z ' RΓ(SΓ, ker d′SΓ

).

Proof. Let ∗/Γ be the classifying stack of the group Γ, let p :MLT,∞/Γ→ ∗/Γ and f : ∗/Γ→ ∗ be the natural
maps. The desired isomorphism for ker dSΓ arises from the fact that the composition of “proper pushforwards”:

Rf!Rp!Olalg,(0,−k)
MLT,∞

= R(f ◦ p)!Olalg,(0,−k)
MLT,∞

.

For a rigorous proof, we apply Proposition A.24 with F = ker dSΓ
, X =MDr,∞, Y =MDr,∞/Γ and g = f ◦ p.

Note that Γ has finite cohomological dimension [BS76, §6.1].
The map d′Dr is a twist of dDr by π−1

Dr,HT(Ω
1
F̌ℓ

)⊗k+1 = π−1
LT,GM(Ω1

F̌ℓ
)⊗k+1 = π−1

LT,GMω
(−k−1,k+1)

F̌ℓ
over

π−1
LT,GMOF̌ℓ by (iv) of Theorem 2.11. Hence

ker d′Dr = O
lalg,(0,−k)
MLT,∞

⊗π−1
LT,GMOF̌ℓ

π−1
LT,GMω

(−k−1,k+1)

F̌ℓ
= ω

(−k−1,k+1),lalg,(0,−k)
MLT,∞

.

The result for ker d′SΓ
follows similarly using Proposition A.24 again.
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When k = 0, we have Olalg,(0,−k)
MLT,∞

= Osm
MLT,∞

and ω
(−k−1,k+1),lalg,(0,−k)
MLT,∞

= ω
(−1,1),sm
MLT,∞

= Ω1,sm
MLT,∞

. The
cohomologies RΓc(MLT,∞,Osm

MLT,∞
) and RΓc(MLT,∞, ω

(−1,1),sm
MLT,∞

) are (derived) smooth representations of G =

GL2(Qp) by Lemma 2.22 below. Hence they are naturally (left) modules over the smooth Hecke algebra
H(G) = lim−→K

H(G,K), where K runs through open compact subgroups of G and H(G,K) = Csmc (K\G/K,C).
See for example [Ren10, II.3.12, III.1.4] or [Man04, §5.1].

For general k ≥ 0, by (28), we have

RΓc(MLT,∞, ker dDr) = RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

)⊗C V (0,−k) (29)

RΓc(MLT,∞, ker d′Dr) = RΓc(MLT,∞, ω
(−k−1,1),sm
MLT,∞

)⊗C V (0,−k). (30)

They are locally V (0,−k)-algebraic representations of G.

Lemma 2.22. For (a, b) ∈ Z2, we have

RΓc(MLT,∞, ω
(a,b),sm
MLT,∞

) ∼= lim−→
n

RΓc(MLT,n, ω
(a,b)
MLT,n

) = lim−→
n

H1
c (MLT,n, ω

(a,b)
MLT,n

)[−1].

Proof. Recall that ω(a,b),sm
MLT,∞

can be equivalently defined as follows: given an affinoid open subset U∞ ⊂MLT,∞,
for which we may assume there is a sufficiently large n such that U∞ is the pre-image of an affinoid open subset
Un ⊂ MLT,n. Then ω

(a,b),sm
MLT,∞

(U∞) = lim−→m≥n
ω
(a,b)
MLT,m

(π−1
m,n(Un)) with πm,n : MLT,m → MLT,n the natural

projection. Let U0 ⊂ MLT,0 be an affinoid open subset, and we denote its pre-image in MLT,n by Un and
its pre-image in MLT,∞ by U∞. By [Sch22, Proposition 14.9] applied to Y0 = Un with Yi’s being the étale
coverings {Um}m≥n and F0 = ω

(a,b)
MLT,n

|Un
, we have

RΓ(U∞, ω
(a,b),sm
MLT,∞

) = RΓ(U∞, lim−→
n

π−1
n ω

(a,b)
MLT,n

) = lim−→
n

RΓ(U∞, π−1
n ω

(a,b)
MLT,n

)

= lim−→
n

lim−→
m≥n

RΓ(Um, π−1
m,nω

(a,b)
MLT,n

) = lim−→
m

lim−→
n≤m

RΓ(Um, π−1
m,nω

(a,b)
MLT,n

) = lim−→
m

RΓ(Um, ω
(a,b)
MLT,m

)

where πn is the natural projection MLT,∞ → MLT,n. In particular, this implies that Rπ0,∗ω
(a,b),sm
MLT,∞

∼=
lim−→n

Rπn,0,∗ω
(a,b)
MLT,n

.
Next we verify the identification of compactly supported cohomologies. By definition and Proposition A.22,

RΓc(MLT,∞, ω
(a,b),sm
MLT,∞

) = RΓ(F̌ `, RπLT,GM,!ω
(a,b),sm
MLT,∞

)

where πLT,GM : MLT,∞ → F̌ ` is the composition of the projection π0 : MLT,∞ → MLT,0 and the Gross–
Hopkins period map πGM,0 :MLT,0 → F̌ `. The map πGM,0 is partially proper, the map π0 is proper, and F̌ `
is proper. Hence

RΓ(F̌ `, RπLT,GM,!ω
(a,b),sm
MLT,∞

) = RΓ(F̌ `, RπGM,0,!Rπ0,∗ω
(a,b),sm
MLT,∞

)

= RΓ(F̌ `, RπGM,0,! lim−→
n

Rπn,0,∗ω
(a,b)
MLT,n

)

= lim−→
n

RΓ(F̌ `, RπGM,0,!Rπn,0,∗ω
(a,b)
MLT,n

)

= lim−→
n

RΓ(F̌ `, RπGM,n,!ω
(a,b)
MLT,n

)

= lim−→
n

RΓc(MLT,n, ω
(a,b)
MLT,n

),

where for the third isomorphism above we used (3) of Lemma A.19. Finally, the last isomorphism in the
statement follows from the higher vanishing of the coherent cohomologies of the Stein spacesMLT,n and Serre
duality.

We now temporarily suspend our discussion on Lubin–Tate spaces and turn our attention to the Shimura set
that arises in the p-adic uniformization theorem. First we introduce the space of classical algebraic automorphic
forms for G in §2.1.2 with fixed weights and of level Kp outside p (cf. [Gro99] and [Loe11, §3]).
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Definition 2.23. Suppose that V is an irreducible algebraic representation of Gp = G = GL2(Qp) over C.
Let AKp

G,V
denote the set of maps

f : ZKp = G(Q)\G(Af )/K
p → V (31)

such that f(zgp) = g−1
p f(z) for any z ∈ ZKp and all gp in some open compact subgroup of Gp. When

V = V (0,−k), we write AKp

G,k
:= AKp

G,V (0,−k) .

If k = 0, AKp

G,0
= Csm(ZKp , C) is the space of C-valued locally constant functions on the p-adic manifold ZKp .

The space AKp

G,k
admits a smooth action of Gp via (gp.f)(z) = gp.f(zgp). Both AKp

G,k
and RΓc(SKp , ker dSKp )

are equipped with the action of the Hecke algebra TS defined in §2.1.1 via the isomorphism G(Ap
f ) ' G(Ap

f )
and the Hecke correspondences.

Remark 2.24. We recall the definition of the action of TS on RΓc(SKp , ker dSKp ). For g ∈ G(AS
f ) and the

Hecke operator [KSgKS ], we consider the Hecke correspondence

SKp∩gKpg−1
×g→ Sg−1Kpg∩Kp

SKp SKp .

h2

h1

Via the p-adic uniformization of SKp (6), the maps h1, h2 are unions of the maps of the form Γ′
x′\MDr,∞ →

Γx\MDr,∞ where (Kp)′ = Kp∩gKpg−1 or g−1Kpg∩Kp, x′ ∈ Z(Kp)′ , x is the image of x′ under the projection
Z(Kp)′ → ZKp , Γx = x−1G(Q)x∩Kp ⊃ Γx′ = x′−1G(Q)x′∩(Kp)′. By Proposition 2.4, both h1, h2 are analytic
finite coverings. We have an isomorphism (×g)−1 ker dSg−1Kpg∩Kp

∼→ ker dSKp∩gKpg−1 . The action of the Hecke
operator [KSgKS ] is the composition

RΓ(SKp , ker dSKp )→ RΓ(SKp , h1,∗ ker dSKp∩gKpg−1 ) = RΓ(SKp∩gKpg−1 , ker dSKp∩gKpg−1 )

∼→ RΓ(Sg−1Kpg∩Kp , ker dSg−1Kpg∩Kp ) = RΓ(SKp , h2,! ker dSg−1Kpg∩Kp )→ RΓ(SKp , ker dSKp ) (32)

where the first and last maps are respectively induced by the natural maps ker dSKp → h1,∗h
−1
1 ker dSKp =

h1,∗ ker dSKp∩gKpg−1 and h2,! ker dSg−1Kpg∩Kp = h2,!h
−1
2 ker dSKp → ker dSKp .

The following proposition is our product formula.

Proposition 2.25. There exist TS-equivariant isomorphisms of D×
p -representations

RΓ(SKp , ker dSKp ) ∼= RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

)⊗L
H(G)A

Kp

G,k
(33)

RΓ(SKp , ker d′SKp ) ∼= RΓc(MLT,∞, ω
(−k−1,1),sm
MLT,∞

)⊗L
H(G)A

Kp

G,k
. (34)

Here the action of G = GL2(Qp) on RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

) or RΓc(MLT,∞, ω
(−k−1,1),sm
MLT,∞

) is induced by the
left G-action on MLT,∞ in §2.1.3 twisted by the inverse transpose of G as in Remark 2.2.

Proof. We will only prove the first isomorphism, and the second one follows similarly.
The Hecke algebra H(G) ' Csmc (G,C) is itself a smooth G × Gop-module, where the action of (g1, g2) ∈

G × Gop on f ∈ Csmc (G,C) is given by (g1, g2).f(x) = f(g2xg1) for x ∈ G. By [Cas81, Lemma A.6(a)], for a
discrete subgroup Γ ⊂ G, Csmc (G,C) ∼= Z[Γ]⊗Z Csmc (Γ\G,C) as Γ-modules where Γ acts on the Z[Γ]-factor of
the tensor product. Hence Csmc (G,C)⊗L

Z[Γ] V = Csmc (G,C)⊗Z[Γ] V for any Z[Γ]-module, i.e. higher Tor groups
vanish.

Let V = V (0,−k) and let Csm(Γ\G,V ) be the space of functions f : Γ\G → V such that f(gk) = k−1f(g)
for any k in some open compact subgroup of G, with a G-action given by (g.f)(z) = gf(zg) for any z, g ∈ G.
There exists a natural map Csmc (G,C) ⊗C V → Csm(Γ\G,V ) : f ⊗ v 7→ (g ∈ G 7→

∑
γ∈Γ f(γg)g

−1γ−1.v).
This map is equivariant for the left G × Γ-actions (where G acts on Csmc (G,C) ⊗C V only on the first factor
via right translations and Γ acts on it diagonally via the left translation on Csmc (G,C)) and induces a natural
G-isomorphism

Csmc (G,C)⊗L
C[Γ] V = Csmc (G,C)⊗C[Γ] V

∼→ Csm(Γ\G,V ).
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We write ZKp = tx∈ZKp/GL2(Qp)Γx\GL2(Qp) so that we have SKp = tΓxMDr,∞/Γx. By the above discus-
sions,

AKp

G,k
= ⊕xC

sm(Γx\G,V ) = ⊕xCsmc (G,C)⊗L
C[Γx]

V = ⊕xH(G)⊗L
C[Γx]

V

as smooth left H(G)-modules. Hence by Lemma 2.21 and (29) we have

RΓ(SKp , ker dSKp ) ∼= ⊕xRΓc(MDr,∞/Γx, ker dSΓx
)

∼= ⊕xRΓc(MDr,∞, ω
(0,−k),sm
MLT,∞

)⊗L
C[Γx]

V

∼= RΓc(MDr,∞, ω
(0,−k),sm
MLT,∞

)⊗L
H(G) (⊕xH(G)⊗L

C[Γx]
V )

∼= RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

)⊗L
H(G)A

Kp

G,k
.

where for the third isomorphism, we used the H(G)-isomorphism ([Ren10, (I.2.3.3)])

RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

) ∼= RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

)⊗L
H(G)H(G).

It remains to show that the isomorphism (33) we just built is TS-equivariant. For this, we show that the
composition

RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

)⊗L
C AKp

G,k
→ RΓc(MLT,∞, ω

(0,−k),sm
MLT,∞

)⊗L
H(G)A

Kp

G,k
→ RΓc(SKp , ker dSKp ) (35)

is TS-equivariant, where we identify RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

)⊗L
H(G)A

Kp

G,k
as the G-coinvariant (in the derived

category of smooth H(G)-modules) of RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

)⊗L
C AKp

G,k
(cf. [Ren10, (III.1.15.1)]). For this

purpose we will write (35) in a more geometric way as the descent of certain cohomology along a G-torsor.
First, the p-adic uniformization (5) is equivariant for the TS-action. This gives TS-equivariant maps

πG :MLT,∞ × ZKp = txMLT,∞ × (Γx\GL2(Qp))→ SKp = txMLT,∞/Γx.

Here we identify ZKp with the perfectoid space over C associated to the profinite set ZKp . Consider the
action map act : MDr,∞ × GL2(Qp) → MDr,∞ : (x, g) 7→ g.x which is Γx-equivariant where Γx acts on
MDr,∞ × GL2(Qp) by the left multiplication on the GL2(Qp)-factor. Taking the quotient by Γx we get a
Cartesian diagram

MDr,∞ ×GL2(Qp) MDr,∞ × Γx\GL2(Qp)

MDr,∞ MDr,∞/Γx

act πG

We see that the map πG is a GL2(Qp)-torsor locally trivial for the analytic topology.
Let V ∗ be the C-dual of V and let O(V,V ∗)-lalg

MLT,∞×ZKp
be the subsheaf of OMLT,∞×ZKp consisting of sections

which are locally (V, V ∗)-algebraic under the left G×G-action. Note that Ccont(ZKp , C)V
∗-lalg = V ∗⊗C AKp

G,k
.

Let O(V,V ∗)-lalg,sm
MLT,∞×ZKp

⊂ O(V,V ∗)-lalg
MLT,∞×ZKp

be the subsheaf consisting of sections which are smooth under the diagonal
action of ∆G ⊂ G×G, corresponding to the one-dimensional summand (V ⊗C V ∗)G ⊂ V ⊗C V ∗.

By the same proof as for Lemma 2.22, we have a natural TS-isomorphism

RΓc(MLT,∞ × ZKp ,O(V,V ∗)−lalg
MLT,∞×ZKp

) ∼= colimn,Kp
RΓc(MLT,n, ω

(0,−k)
MLT,n

)⊗L
C V ⊗L

C V ∗⊗L
C(AKp

G,k
)Kp

= RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

)⊗L
C AKp

G,k
⊗L

C EndC(V )

where Kp runs through open compact subgroups of G. Taking the smooth part for the diagonal G-action, we
get

RΓc(MLT,∞ × ZKp ,O(V,V ∗)−lalg,sm
MLT,∞×ZKp

) = RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

)⊗L
C AKp

G,k

Moreover, we have
RπG,!O(V,V ∗)-lalg

MLT,∞×ZKp
= πG,!O(V,V ∗)-lalg

MLT,∞×ZKp

where πG,!O(V,V ∗)-lalg
MLT,∞×ZKp

(U) = (ker dSΓ(U)) ⊗C Ccontc (G,C)V
∗-lalg for U ⊂ MDr,∞/Γ such that π−1

G (U) ∼=
U ×GL2(Qp). (Here we note that the constant sheaf (also the structure sheaf) on the locally profinite group
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G is flasque, as given a section s on a compact open, one can also extend s to a larger compact open via
extension by zero. Hence by Lemma A.21 there are no higher pushforwards on the G component, see also
[Sch22, Lemma 7.2]). And there is a natural map πG,!O(V,V ∗)-lalg

MLT,∞×ZKp
→ ker dSKp , which can be obtained from a

similar map act!O(V,V ∗)-lalg
MLT,∞×GL2(Qp)

→ ker dDr, identifying ker dSKp as the G-coinvariant of the locally algebraic
G-module πG,!O(V,V ∗)-lalg

MLT,∞×ZKp
, or the smooth G-module πG,!O(V,V ∗)-lalg,sm

MLT,∞×ZKp
.

Restricting to a component SΓ =MDr,∞/Γ, the GL2(Qp)-smooth part of the map

RΓc(MLT,∞ × Γ\GL2(Qp),O(V,V ∗)-lalg
MLT,∞×ZKp

) = RΓc(MDr,∞/Γ, RπG,!O(V,V ∗)-lalg
MLT,∞×ZKp

)→ RΓc(MDr,∞/Γ, ker dSΓ
)

contributes to (35). The above map is the (derived) Γ-coinvariant of the map

RΓc(MDr,∞ ×GL2(Qp),O(V,V ∗)-lalg
MLT,∞×ZKp

)→ RΓc(MDr,∞,Olalg,(0,−k)
MLT,∞

)

by the isomorphisms in Lemma 2.21. Hence the map

RΓc(MLT,∞ × ZKp ,O(V,V ∗)-lalg,sm
MLT,∞×ZKp

)→ RΓc(MLT,∞ × ZKp ,O(V,V ∗)-lalg
MLT,∞×ZKp

)→ RΓc(SKp , ker dSKp )

induced by RπG,!O(V,V ∗)-lalg,sm
MLT,∞×ZKp

⊂ πG,!O(V,V ∗)-lalg
MLT,∞×ZKp

→ ker dSKp coincides with (35). By the definition of
the Hecke actions on the (compactly supported) cohomologies as in (32), we can check that (35) is TS-
equivariant.

Remark 2.26. In the `-adic cohomology setting, the Mantovan product formula, e.g. [Man04, CS17, Zha23,
DvHKZ24] expresses the compactly supported `-adic cohomology of a fixed Newton stratum of the tower of
certain Shimura varieties in terms of the cohomology of some local Shimura varieties and the cohomology
of some Igusa varieties. The results in Proposition 2.25 extend the known product formula for de Rham
cohomology of the Shimura curve (cf. [DLB17, §4.2])

RΓdR,c(MLT,∞)⊗L
H(G)A

Kp

G,0
∼= RΓdR,c(SKp).

This will be discussed in the next subsection.

Remark 2.27. It is natural to expect a similar product formula for RΓ(SKp ,OSKp ) or RΓ(SKp ,Ola
SKp ). Let

C[[G]] = C[G]⊗OC [GL2(Zp)] OC [[GL2(Zp)]] be the Iwasawa algebra for G and let Ccont(X,C) denote the space
of continuous functions on a p-adic manifold X. We have

RΓc(MDr,∞ × ZKp ,OMDr,∞×ZKp ) = RΓc(MDr,∞,OMDr,∞)⊗̂L

CCcont(ZKp , C).

However, its (derived continuous) G-coinvariant does not give RΓ(SKp ,OSKp ). This can be seen already on
the sheaf level: πG,∗OMDr,∞×ZKp ⊗̂

L

C[[G]]C 6= OSKp since Ccontc (G,C)⊗̂L

C[[G]]C = C[dimG] using [RJRC23,
Proposition 3.2.11]. But the same arguments as in the proof of Proposition 2.25 for Γ-descent show that

RΓ(SKp ,OSKp ) ∼= RΓc(MLT,∞,OMLT,∞)⊗̂L

C[[G]]Dcont(ZKp , C) (36)
∼= RΓc(MLT,∞,OMLT,∞)⊗̂L

C[[G]]Ccont(ZKp , C)[− dimG]

where Dcont(ZKp , C) = Homcont
C (Ccont(ZKp , C), C) is the space of continuous measures on ZKp . This matches

with the heuristic that π!
GOSKp = OMDr,∞×ZKp [dimG]. Similar results also hold for Ola

SKp , by replacing
everything with the locally analytic versions.

2.4 Cohomology of Intertwining operator I
Let k ≥ 0 be an integer. Following [Pan26, §5], we focus on the spectral decomposition of ker I1 with

respect to the Hecke action, where

I1 : H1(F̌ `,Ola,(0,−k)
Kp )

H1(I)→ H1(F̌ `,Ola,(−k−1,1)
Kp (k + 1)).
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and the intertwining operator I is (Definition 2.16):

I = d
′
Kp ◦ dKp : Ola,(0,−k)

Kp

dKp→ Ola,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1 d
′
Kp→ Ola,(−k−1,1)

Kp (k + 1).

As in [Pan26, §5], as well as [QS25, Theorem 4.7.2], we will express ker I1 in terms of cohomology groups
of some (de Rham) complexes associated to the differential operators dKp , dKp . Put

DRlalg := [Olalg,(0,−k)
Kp

dKp→ Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1]

DR := [Ola,(0,−k)
Kp

dKp→ Ola,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1] ' ker dKp

DR′ := [Ola,(0,−k)
Kp ⊗OF̌ℓ

(Ω1
F̌ℓ

)⊗ k+1 d′
Kp→ Ola,(−k−1,1)

Kp (k + 1)] ' ker d′Kp

which are complexes of abelian sheaves on F̌ ` concentrated in cohomological degrees [0, 1]. The quasi-
isomorphisms DR ' ker dKp ,DR′ ' ker d′Kp follow from the surjectivity of dKp and d′Kp

by Proposition
2.15.

Recall that we write AKp

G,k
(Definition 2.23) for the space of algebraic automorphic forms of p-adic algebraic

weight V (0,−k) for k ≥ 0 on the Shimura set ZKp (defined in §2.1.2). The sheaves on F̌ ` we considered above
and their cohomology groups carry natural TS-actions, and morphisms between them are Hecke equivariant.
It will follow from the results below that the Hecke eigensystems appearing in those cohomology groups are
subsets of the eigensystems in the classical automorphic forms.

Definition 2.28. Let σKp

k be the set of systems of Hecke eigenvalues (i.e. characters TS → C) that appear
in AKp

G,k
(i.e. AKp

G,k
[λ] 6= 0). Let σKp

k,c be the subset of σKp

k consisting of Hecke eigensystems such that the
corresponding automorphic representations of G(A) are cuspidal, i.e., do not factor through the reduced norm
of G.

If λ ∈ σKp

k,c , let πλ be the irreducible automorphic representation of G corresponding to λ. Write πλ =
πλ,∞⊗π∞

λ where πλ,∞ is the archimedean component and π∞
λ is the non-archimedean component. Decompose

further π∞ = π∞,p
λ ⊗C πλ,p, where πλ,p is a smooth irreducible representation of Gp = GL2(Qp).

Theorem 2.29. The action of TS on AKp

G,k
is semisimple and there is a decomposition

AKp

G,k
=

⊕
λ∈σKp

k

AKp

G,k
[λ]. (37)

Moreover, AKp

G,k
[λ] = (π∞,p

λ )K
p ⊗C πλ,p and πλ,p is infinite-dimensional for λ ∈ σKp

k,c .

Proof. The representation V = V (0,−k) = VE ⊗E C of G⊗Q C, as well as the space AKp

G,k
= AKp

G,k,E
⊗E C can

be defined over a finite extension E of Qp. If we base change to C along an embedding E ↪→ E ' C, then
there is a TS-equivariant decomposition (cf. [Loe11, Proposition 3.8.1])

AKp

G,k,E
⊗E C =

⊕
π

m(π)(πp)K
p

⊗ πp ⊗ (π∞ ⊗ (VE ⊗E C))G(R)

where π = πp ⊗ πp ⊗ π∞ runs through all automorphic representations of G such that π∞ is the linear dual of
VE ⊗E C and m(π) is the multiplicity of π. If dimC π > 1, then m(π) = 1 by the classical Jacquet–Langlands
correspondence and the multiplicity one theorem for GL2 (cf. [Jac70, Proposition 11.1.1]), and in this case the
corresponding system of Hecke eigenvalues λ : TS → C can be defined over a finite extension of E. Moreover,
πλ,p is infinite-dimensional, being generic, see [Jac70, §11].

Lemma 2.30. Let (a, b) ∈ Z2 be integers. Then

Hi(F̌ `, ω
(a,b),sm
Kp ) ∼= lim−→

Kp⊂D×
p

Hi(SKpKp , ω
(a,b)
SKpKp

). (38)

Proof. The proof is similar to [Pan22, Lemma 5.3.5].
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Proposition 2.31. The following statements hold.
(1) There are natural isomorphisms

H0(F̌ `,DRlalg)
∼→ H0(F̌ `,Olalg,(0,−k)

Kp ),

H1(F̌ `,Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1)
∼→ H2(F̌ `,DRlalg)

and an exact sequence

0→ H0(F̌ `,Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1)→ H1(F̌ `,DRlalg)→ H1(F̌ `,Olalg,(0,−k)
Kp )→ 0. (39)

Moreover, H0(F̌ `,DRlalg) = H2(F̌ `,DRlalg) = 0 if k > 0.

(2) The actions of TS on Hi(F̌ `,DRlalg) are semisimple. And the actions of D×
p on Hi(F̌ `,DRlalg) factors

through the reduced norm for i = 0, 2.
Proof. (1) For k = 0, the hypercohomology of DRlalg is essentially the algebraic de Rham cohomology of the
(finite level) Shimura curves by Lemma 2.30 and Proposition 2.9:

Hi(F̌ `,DRlalg) = colimKp⊂D×
p
Hi

dR(SKpKp)

The proposition follows from the degeneration of the Hodge-de Rham spectral sequence. For k > 0, the
statements follow from (2) of Lemma 2.33 below.

(2) Since DRlalg = W (0,−k) ⊗C [ω
(0,−k),sm
Kp → ω

(−k−1,1),sm
Kp ], it shall be enough to consider the hyperco-

homology of the complex [ω
(0,−k),sm
Kp → ω

(−k−1,1),sm
Kp ]. Fix a level K = KpKp. Let SK,Qp

denote the base
change to Qp of the Q-scheme in §2.1.1. Let (VdR,∇,Fil• VdR) be the filtered connexion corresponding to
the étale local system V

(k,0)

Qp
on SK,Qp

attached to the algebraic representation of D×
p of the highest weight

(k, 0) over Qp by the p-adic Riemann-Hilbert correspondence in [DLLZ23, Proposition 5.2.17]. The p-adic
correspondence in loc. cit. is compatible with the complex correspondence [DLLZ23, Theorem 5.3.1] and the
pullback toMDr,Kp

[LZ17, Theorem 3.9]. Hence, the pullback and restriction of VdR toMDr,∞ coincides with
the GL2(Qp)-equivariant bundle V (0,−k) ⊗C OMDr,∞ (there is a dual due to our convention of the D×

p -action
on MDr,∞, see Remark 2.7). Hence, by the usual dual BGG construction (cf. [Fal06], [LLZ23, Remark 6.1.9]
and Remark 2.10), we have

RΓ(SK,Qp
, [ω

(0,−k)
SK,Qp

→ ω
(−k−1,1)
SK,Qp

])⊗Qp
C ' RΓ(SK(C), [ω(0,−k)

SK(C) → ω
(−k−1,1)
SK(C) ]) ' RΓ(SK(C), V (k,0)

C ).

By Matsushima’s formula (see [BW00, §VII Theorem 5.2], [GH24, §15.5] as well as [Car94, §2.2.4])

Hi(SK(C), V (k,0)
C ) = ⊕π(π

∞)K ⊗Hi(sl2,R, SO2(R), (π∞ ⊗ V
(k,0)
C )R>0)

where π runs through irreducible automorphic representations of G(Q) such that the central character of π∞
has the same restriction on R>0 with that of V (0,−k) and has the same (regular) infinitesimal character as
V (0,−k). It’s then clear that the action of TS on Hi(F̌ `,DRlalg) is semi-simple.

By the proof of Lemma 2.33, the action of D×
p on H0(F̌ `,DRlalg) factors through the reduced norm. Then

the same statement for H2(F̌ `,DRlalg) follows from the Poincaré duality.

We will also need the algebraic de Rham cohomology of the Lubin–Tate space. Set

RΓdR,c(MLT,∞, ω
(0,−k),sm
MLT,∞

) := fib(RΓc(MLT,∞, ω
(0,−k),sm
MLT,∞

)→ RΓc(MLT,∞, ω
(−k−1,1),sm
MLT,∞

)).

Lemma 2.32. We have isomorphisms of locally algebraic D×
p -representations

Hi
dR,c(MLT,∞, ω

(0,−k),sm
MLT,∞

) = Hi(RΓdR,c(MLT,∞,Osm
MLT,∞

))⊗W (0,−k) ∼= Hi
dR,c(MLT,∞)⊗W (0,−k)

for i = 1, 2.
Proof. The cohomology groups of RΓdR,c(MLT,∞, ω

(0,−k),sm
MLT,∞

) vanish in all degrees other than i = 1, 2 by
acyclicity results for coherent sheaves on quasi-Stein spaces and Serre duality. The complex ω

(0,−k),sm
MLT,∞

→
ω
(−k−1,1),sm
MLT,∞

can be seen as the translation of the standard complex Osm
MLT,∞

→ Ω1,sm
MLT,∞

from the trivial
weight (0, 0) to the weight (0,−k) (see [Pan26, Lemma 5.6.6] for the Drinfeld case and Remark 2.10). Note
that the compactly supported cohomology groups of [Osm

MLT,∞
→ Ω1,sm

MLT,∞
] are smooth for the D×

p -action
[CDN20, Théorème 4.1], so that the translations of these cohomology groups equal the tensor products with
the algebraic representation W (0,−k).
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2.5 Cohomology of Intertwining operator II
The goal of this subsection is to prove our main results: Theorem 2.39, Theorem 2.42 and Corollary 2.43.

We have defined complexes DRlalg,DR,DR′ in §2.4. By Proposition 2.15, we have the following commutative
diagram with exact rows:

DRlalg DR DR′

Olalg,(0,−k)
Kp Ola,(0,−k)

Kp Ola,(0,−k)
Kp ⊗OF̌ℓ

(Ω1
F̌ℓ

)⊗ k+1

Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1 Ola,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1 Ola,(−k−1,1)
Kp (k + 1)

dKp

dKp

dKp d′
Kp

d
′
Kp

(40)

We write for short Hi(F) for the hypercohomology Hi(F̌ `,F) for a complex of sheaves on F̌ ` and Hi(F) for
Hi(F̌ `,F) if F is an abelian sheaf. Recall that the analytic space F̌ ` has cohomological (Krull) dimension 1
(see [dJVdP96, Proposition 2.5.8] and also the proof of [Sch15, Corollary IV.2.2]).

We collect some lemmas for later use.

Lemma 2.33. Let k ≥ 0.

(1) For (a, b) ∈ Z2, we have H0(Ola,(a,b)
Kp ) = 0 if a 6= b.

(2) If k > 0, then H0(Olalg,(0,−k)
Kp ) = 0 and H1(Olalg,(0,−k)

Kp ⊗Osm
Kp

(Ω1,sm
Kp )⊗ k+1) = 0.

(3) The natural map H0(Olalg,(0,−k)
Kp )→ H0(Ola,(0,−k)

Kp ) is an isomorphism.

(4) The natural map H0(Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1) → H0(Ola,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1) is an isomor-
phism.

Proof. (1) This follows from the same arguments as [Pan22, Corollary 5.1.3 (i)], and we briefly sketch a
proof here. By Theorem 2.18, there is a natural isomorphism H0(F̌ `,Ola

Kp) ∼= H̃0(Kp, C)la. The action of
D×

p on H̃0(Kp, C) factors through the reduced norm map. (For example, by definition H̃0(Kp, C) is the
completed cohomology of the tower of connected components of finite level Shimura curves, then using the p-
adic uniformization (Theorem 2.1) we are reduced to the description of the geometric connected components of
Drinfeld towers of dimension 1 over Qp, and then we are reduced to the Lubin–Tate side by the isomorphism of
the two towers, which follows from the main result of [Str08].) From the explicit description of the θȟ-action,

we see θȟ

(
1 0
0 −1

)
∈ LieD×

p ⊗Qp
C acts trivially on H0(F̌ `,Ola,(a,b)

Kp ). But we know θȟ

(
1 0
0 −1

)
acts on

Ola,(a,b)
Kp via a− b, so that it also acts on H0(F̌ `,Ola,(a,b)

Kp ) via a− b. Hence H0(F̌ `,Ola,(a,b)
Kp ) = 0 if a− b 6= 0.

(2) Since Olalg,(0,−k)
Kp = W (0,−k)⊗ω(0,−k),sm

Kp and Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1 = W (0,−k)⊗ω(−k−1,1),sm
Kp ( cf.

Proposition 2.9), it’s enough to show that H0(ω
(0,−k),sm
Kp ) = 0 and H1(ω

(−k−1,1),sm
Kp ) = 0. Using Lemma 2.30

and by the usual Serre duality on the proper spaces SKpKp
, it suffices to show H0(ω

(0,−k),sm
Kp ) = 0, equivalently

H0(Olalg,(0,−k)
Kp ) = 0, if k > 0. But there is an injection H0(Olalg,(0,−k)

Kp ) ↪→ H0(Ola,(0,−k)
Kp ) and H0(Ola,(0,−k)

Kp )
vanishes for k > 0 by (1).

(3) If k 6= 0, then H0(Ola,(0,−k)
Kp ) = 0 by (1) and (2). Hence it suffices to handle the case when k = 0. In this

case, as in (1), the action of D×
p on H0(Ola,(0,−k)

Kp ) factors through the reduced norm map. Besides, the central

element
(
1 0
0 1

)
∈ Lie(D×

p )⊗Qp
C acts trivially on H0(Ola,(0,−k)

Kp ) by Theorem 2.8. Hence the D×
p -action on

H0(Ola,(0,−k)
Kp ) is smooth, which shows H0(Olalg,(0,−k)

Kp ) ∼= H0(Ola,(0,−k)
Kp ).

(4) By Proposition 2.15, d′Kp : Ola,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1 → Ola,(−k−1,1)
Kp (k + 1) is surjective with kernel

Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1. The desired isomorphism follows from that H0(Ola,(−k−1,1)
Kp (k + 1)) = 0 by

(1).

Lemma 2.34. The natural map H1(Olalg,(0,−k)
Kp )→ H1(Ola

Kp) is injective.
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Proof. By Theorem 2.18, we can identify H1(Ola
Kp) with H̃1(Kp, C)la. By Lemma 2.30 and Proposition

2.9, we can identify H1(Olalg,(0,−k)
Kp ) with (a translation of) the cohomology of automorphic line bundles on

SKpKp . Therefore, using the p-adic étale comparison theorem applied to lim−→Kp
H1

ét(SKpKp ,W ), where W is a
local system associated to the algebraic representation W (k,0) of D×

p , it suffices to show some non-completed
cohomology groups are a subspace (the Sen weight 0 part of the locally W (0,−k)-algebraic vectors) of the
completed cohomology group of the Shimura curves. This follows from the isomorphism

lim−→
Kp

H1
ét(SKpKp

,W ) = Homgl2(W
(0,−k),H1(Olalg,(0,−k)

Kp ))

which can be proved using similar arguments as for the modular curves [Eme06, (4.3.4)].
We also sketch a (slightly different) argument for the k = 0 case. We have RΓ(F̌ `, RΓ(gl2,Ola

Kp)) =
RΓ(gl2, RΓ(F̌ `,Ola

Kp)) (cf. [Gee25, Theorem 4.1]). Hence there is a Grothendieck spectral sequence

Eij
2 = Hi(F̌ `,Hj(gl2,Ola

Kp))⇒ Hi+j(RΓ(gl2, RΓ(F̌ `,Ola
Kp))).

Since H0(gl2,Ola
Kp) = Osm

Kp , we get an injection H1(F̌ `,Osm
Kp)→ H1(RΓ(g, RΓ(F̌ `,Ola

Kp))) = H0(g,H1(F̌ `,Ola
Kp))

where the last equality can be obtained using a version of [Eme06, Corollary 4.3.2] for Shimura curves as in
the proof for [Eme06, (4.3.4)].

Recall that σKp

k,c (Definition 2.28) is the set of cuspidal Hecke eigensystems that appear in the space of
algebra automorphic forms of weight V (k,0) in AKp

G,k
defined in §2.3. We specialize to the Hecke eigenspaces

for λ ∈ σKp

k,c .

Lemma 2.35. Let λ ∈ σKp

k,c .

(1) The natural map H1(Olalg,(0,−k)
Kp )[λ]→ H1(Ola,(0,−k)

Kp )[λ] is injective.

(2) H0(Ola,(0,−k)
Kp ⊗OF̌ℓ

(Ω1
F̌ℓ

)⊗ k+1)[λ] = 0.

(3) H0(ker d′Kp)[λ] = 0.

Proof. (1) Using similar arguments as in the proof for [Pan22, Corollary 5.1.3], there is a short exact sequence

0→ Ext1C[h](χ,H
0(Ola

Kp))→ H1(Ola,χ
Kp )→ H1(Ola

Kp)χ.

where χ denotes the character of C[h] corresponding to the weight (0,−k) of h. As in the proof for (1) of
Lemma 2.33. H0(F̌ `,Ola

Kp) ∼= H̃0(Kp, C)la and the action of G(Af ) on colimKp H̃0(Kp, C)la factors through
the reduced norm of G (cf. [Eme06, (4.2)]). Hence H0(Ola

Kp) vanishes after being localized at the ideal of
TS corresponding to the cuspidal eigensystem λ. It’s then not hard to see that Ext1C[h](χ,H

0(Ola
Kp))[λ] = 0.

Then, by the above short exact sequence, we see that the map H1(Ola,(0,−k)
Kp )[λ] → H1(Ola

Kp
) is an injection.

Hence the map H1(Olalg,(0,−k)
Kp )[λ]→ H1(Ola,(0,−k)

Kp )[λ] ⊂ H1(Ola
Kp)[λ] is injective by Lemma 2.34.

(2) Taking cohomology for the short exact sequence in the second row of (40) for dKp , we see that the
statement is a direct consequence of (1) together with (3) of Lemma 2.33.

(3) As ker d′Kp ⊂ Ola,(0,−k)
Kp ⊗OF̌ℓ

(Ω1
F̌ℓ

)⊗ k+1, we deduce H0(ker d′Kp)[λ] = 0 from (2).

By (2) of Proposition 2.15, there is an exact sequence

0→ ker dKp → Ola,(0,−k)
Kp → Ola,(0,−k)

Kp ⊗Osm
Kp

(Ω1,sm
Kp )⊗ k+1 → 0. (41)

Lemma 2.36. There exists a TS-equivariant isomorphism of D×
p -representations:

H0(ker dKp)
∼→ H0(Olalg,(0,−k)

Kp )

And H1(ker dKp) fits into a TS-equivariant short exact sequence of D×
p -representations:

0→ H0(Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1)→ H1(ker dKp)→ kerH1(dKp)→ 0.

where H1(dKp) : H1(Ola,(0,−k)
Kp )→ H1(Ola,(0,−k)

Kp ⊗Osm
Kp

(Ω1,sm
Kp )⊗ k+1).
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Proof. By (3) of Lemma 2.33, we know H0(Ola,(0,−k)
Kp ) = H0(Olalg,(0,−k)

Kp ). In particular, H0(dKp) : H0(Ola,(0,−k)
Kp )→

H0(Ola,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1) is zero by Proposition 2.31 and the commutative diagram (40). Taking the
long exact sequence of (41) after applying RΓ(F̌ `,−), we see there is an isomorphism

H0(ker dKp) = H0(Olalg,(0,−k)
Kp )

and a short exact sequence

0→ H0(Ola,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1)→ H1(ker dKp)→ kerH1(dKp)→ 0.

Finally,
H0(Ola,(0,−k)

Kp ⊗Osm
Kp

(Ω1,sm
Kp )⊗ k+1) = H0(Olalg,(0,−k)

Kp ⊗Osm
Kp

(Ω1,sm
Kp )⊗ k+1)

by (4) of Lemma 2.33.

We consider also the short exact sequence

0→ ker d′Kp → Ola,(0,−k)
Kp ⊗OF̌ℓ

(Ω1
F̌ℓ

)⊗ k+1 → Ola,(−k−1,1)
Kp (k + 1)→ 0.

which is a twist of (41).

Lemma 2.37. There exist TS-equivariant isomorphisms of D×
p -representations:

H0(ker d′Kp)
∼→ H0(Ola,(0,−k)

Kp ⊗OF̌ℓ
(Ω1

F̌ℓ
)⊗ k+1)

H1(ker d′Kp)
∼→ kerH1(d′Kp)

where H1(d′Kp) : H1(Ola,(0,−k)
Kp ⊗OF̌ℓ

(Ω1
F̌ℓ

)⊗ k+1)→ H1(Ola,(−k−1,1)
Kp (k + 1)) is surjective.

Proof. The proof is similar to the previous lemma using that H0(Ola,(−k−1,1)
Kp (k + 1)) = 0 for k ≥ 0 by (1) of

Lemma 2.33.

Proposition 2.38. Let λ ∈ σKp

k,c be a system of cuspidal Hecke eigenvalues. For k ≥ 0, we have

Tor
H(G)
i (AKp

G,k
[λ],H1

c (MLT,∞, ω
(0,−k),sm
MLT,∞

)) = 0,

Tor
H(G)
i (AKp

G,k
[λ],H1

c (MLT,∞, ω
(−k−1,1),sm
MLT,∞

)) = 0

for i ≥ 1.

Proof. By Proposition 2.25, together with the vanishing results in Lemma 2.22 and the fact that the action of
TS in the isomorphism of Proposition 2.25 is semisimple (Theorem 2.29), we see that

Tor
H(G)
i (AKp

G,k
[λ],H1

c (MLT,∞, ω
(0,−k),sm
MLT,∞

)) = H1−i(SKp , ker dSKp )[λ]

and the similar result holds for ω
(−k−1,1),sm
MLT,∞

. This implies that the Tor groups vanish for i ≥ 2.
When i = 1, by Lemma 2.35 (3), and Lemma 2.36, we see that H0(SKp , ker dSKp )[λ] = 0 and H0(SKp , ker d′SKp )[λ] =

0. This shows that the Tor groups also vanish for i = 1.

We can now describe the cohomology of DRlalg,DR,DR′ after localizing at a Hecke eigensystem λ ∈ σKp

k,c .

Theorem 2.39. Let λ ∈ σKp

k,c . There is a D×
p -equivariant exact sequence

0→ H1(F̌ `,DRlalg)[λ]→ H1(F̌ `,DR)[λ]→ H1(F̌ `,DR′)[λ]→ 0

where we have

H1(F̌ `,DR)[λ] ∼= H1
c (MLT,∞, ω

(0,−k),sm
MLT,∞

)⊗H(G)AKp

G,k
[λ],

H1(F̌ `,DR′)[λ] ∼= H1
c (MLT,∞, ω

(−k−1,1),sm
MLT,∞

)⊗H(G)AKp

G,k
[λ].

H1(F̌ `,DRlalg)[λ] ∼= W (0,−k)⊗C RΓdR,c(MLT,∞,Osm
MLT,∞

)[1]⊗L
H(G)A

Kp

G,k
[λ].
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Proof. By Lemma 2.20, Lemma 2.22 and Proposition 2.25, there exists an isomorphism

RΓ(F̌ `, ker dKp) = AKp

G,k
⊗L

H(G) H
1
c (MLT,∞, ω

(0,−k),sm
MLT,∞

)[−1].

Hence H1(DR) = H1(ker dKp) = AKp

G,k
⊗H(G) H

1
c (MLT,∞, ω

(0,−k),sm
MLT,∞

). Similarly, H1(DR′) = H1(ker d′Kp) =

AKp

G,k
⊗H(G) H

1
c (MLT,∞, ω

(−k−1,1),sm
MLT,∞

). And H2(DR) = H2(ker dKp) = 0. By Lemma 2.37,

H0(DR′) = H0(ker d′Kp) = H0(Ola,(0,−k)
Kp ⊗OF̌ℓ

(Ω1
F̌ℓ

)⊗ k+1).

By (2) of Lemma 2.35, H0(DR′)[λ] = 0 for λ ∈ σKp

k,c .
Taking the long exact sequence of the hypercohomology for the complex 0 → DRlalg → DR → DR′ → 0,

we get an exact sequence

H0(DR′)→ H1(DRlalg)→ H1(DR)→ H1(DR′)→ H2(DRlalg)→ 0.

Using the decomposition (37), the vanishing of H2(DRlalg)[λ] (obtained from the vanishing of H0(DRlalg)[λ′],
when λ′ is assumed to be cuspidal, and duality, see Proposition 2.31) and H0(DR′)[λ], we get the desired short
exact sequence 0→ H1(DRlalg)[λ]→ H1(DR)[λ]→ H1(DR′)[λ]→ 0. The description of H1(DRlalg)[λ] follows
from Lemma 2.32.

Remark 2.40. From the above theorem we see that (for simplicity we set k = 0)

RΓdR,c(MLT,∞)⊗L
H(G)A

Kp

G,0
[λ]

is always isomorphic to the λ-isotypic part of the de Rham cohomology of the tower of quaternionic Shimura
curves of finite levels, and so when λ ∈ σKp

k,c it concentrates only in degree 1. The following formula in
Proposition 2.41, together with [CDN20, Théorème 4.1, Théorème 5.8, §5.1] (the results in loc. cit. are stated
for a quotient of MLT,∞, but one can use for example (49) below to obtain the results for MLT,∞ itself),
is useful to do some explicit calculation of the representations. When AKp

G,k
[λ] is a finite sum of copies of

a supercuspidal representation of GL2(Qp), only H1
dR,c(MLT,∞) will contribute to the above term and the

derived tensor product can be replaced by the usual tensor product. But when AKp

G,k
[λ] is a sum of copies of

a twist of the smooth Steinberg representation St∞2 of GL2(Qp), both H1
dR,c(MLT,∞) and H2

dR,c(MLT,∞) will
contribute to the above term nontrivially, and the derived tensor product cannot be replaced by the usual
tensor product (see (44) below). For example, let Gp be the quotient of G = GL2(Qp) by

(
p 0
0 p

)
, then

St∞2 ⊗L
H(Gp) St

∞
2 = 1[0] and 1⊗L

H(Gp) St
∞
2
∼= 1[1] (using Proposition 2.41 for example). Finally, when AKp

G,k
[λ]

is a sum of smooth irreducible principal series representations of GL2(Qp), the above term is zero.

The following formula describes some relation between taking RHomH(G)(−,−) and −⊗L
H(G) −. One can

also find the result in [SS97, §III.3, Duality theorem], provided that the central character is fixed. See also
[FS24, Theorem V.5.1].

Proposition 2.41. Let M,N be smooth representation of G, with M being finitely generated over H(G).
Then there is a natural isomorphism

RHomH(G)(DBZ(M), N) ∼= M ⊗L
H(G) N.

where DBZ(M) is the smooth Bernstein–Zelevensky dual of M , defined as DBZ(M) := RHomH(G)(M,H(G))
(cf. [Ber92, IV.5]).

Proof. As M is of finite type, there exists a projective resolution P• → V with each Pi of the form c- IndGK σ
for some open compact subgroup K ⊂ G and some finite dimensional smooth representation σ of K. Here we
use the fact that every subrepresentation of a finitely generated representation of G is still finitely generated
[Ber92, Proposition 32]. Objects such as c- IndGK σ are flat over H(G). Indeed,

HomH(G)(c- IndGK σ,−) = HomC(σ,−)K ,

c- IndGK σ⊗H(G)− = (σ⊗C −)K
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are all exact functors for smooth representations as σ is finite dimensional and K is compact. As DBZ(c- IndGK σ) =
c- IndGK σ∗[0] where σ∗ = HomC(σ,C), the isomorphism in [Man04, Lemma 8.4]:

HomH(G)(c- IndGK σ,−) ∼= HomC(σ,−)K ∼= (σ∗⊗C −)K
∼−→ (σ∗⊗C −)K ∼= c- IndGK σ∗⊗H(G)−.

implies that

RHomH(G)(DBZ(M), N) ∼= RHomH(G)(DBZ(P•), N) ∼= P•⊗H(G) N ∼= M ⊗L
H(G) N.

We get the desired isomorphism.

The following results are analogue of [Pan26, Theorem 5.5.7, Corollary 5.5.14] in the quaternionic setting.

Theorem 2.42. For k ≥ 0, there is a decomposition

ker I1 ∼=
⊕

λ∈σKp

k

ker I1 [̃λ],

where (−)[̃λ] means the generalized eigenspace of the action of TS with eigenvalue λ. When λ ∈ σKp

k,c ,
ker I1 [̃λ] = ker I1[λ].

Proof. As I1 = H1(d
′
Kp

) ◦H1(dKp) and H1(dKp) is surjective (by Proposition 2.15), we see ker I1 fits into a
short exact sequence

0→ kerH1(dKp)→ ker I1 → kerH1(d
′
Kp)→ 0.

By Lemma 2.36 and Proposition 2.25, kerH1(dKp) is a TS-quotient of AKp

G,k
⊗H(G) H

1
c (MLT,∞, ω

(0,−k),sm
MLT,∞

).
Similarly, by Proposition 2.31 and Proposition 2.15, kerH1(d

′
Kp) receives a surjection from H1(ker d

′
Kp) =

H1(Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1) = H2(DRlalg). Hence the actions of TS on both kerH1(dKp) and kerH1(d
′
Kp)

are locally finite by Theorem 2.29 and Proposition 2.31. We see ker I1 also admits a generalized eigenspace
decomposition for the action of TS . Moreover, the action of TS on ker I1 [̃λ] when λ ∈ σKp

k,c is semisimple since
H2(DRlalg)[λ] = 0 by Proposition 2.31.

Corollary 2.43. Let λ ∈ σKp

k,c . There are D×
p -equivariant exact sequences:

0→ H0(F̌ `,Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1)[λ]→ H1(F̌ `,DR)[λ]→ ker I1[λ]→ 0,

0→ H1(F̌ `,Olalg,(0,−k)
Kp )[λ]→ ker I1[λ]→ H1(F̌ `,DR′)[λ]→ 0.

Proof. From the proof of Theorem 2.42 above and Lemma 2.36, we get the first desired short exact sequence

0→ H0(Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1)[λ]→ H1(DR)[λ]→ kerH1(dKp)[λ] = ker I1[λ]→ 0.

For the second short exact sequence, since I = d′Kp ◦ dKp , similarly as in the proof of Theorem 2.42, we
get a short exact sequence

0→ kerH1(dKp)→ ker I1 → kerH1(d′Kp)→ 0.

By Proposition 2.15 and (3) of Lemma 2.33, there is a short exact sequence

0→ H0(Ola,(0,−k)
Kp ⊗OF̌ℓ

(Ω1
F̌ℓ

)⊗ k+1)→ H1(ker dKp) = H1(Olalg,(0,−k)
Kp )→ kerH1(dKp)→ 0.

For λ ∈ σKp

k,c , H0(Ola,(0,−k)
Kp ⊗OF̌ℓ

(Ω1
F̌ℓ

)⊗ k+1)[λ] = 0 by (2) of Lemma 2.35. Hence kerH1(dKp)[λ] '
H1(Olalg,(0,−k)

Kp )[λ]. By Lemma 2.37, kerH1(d′Kp) = H1(ker dKp) = H1(DR′). Put these together, we get
the desired short exact sequence 0→ H1(Olalg,(0,−k)

Kp )[λ]→ ker I1[λ]→ H1(DR′)[λ]→ 0.

In the next section we will study representations of D×
p appearing in the above cohomology groups.
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3 Applications to the p-adic local Langlands program for D×p

In this section, we will use the results in the previous sections to study the regular de Rham representations
appearing in the locally analytic vectors of the completed cohomology of quaternionic Shimura curves.

3.1 Locally analytic representations of D×
p

We fix an irreducible smooth representation πp of GL2(Qp). We assume that there exists a sufficiently
small tame level Kp and a system of Hecke eigenvalues λ ∈ σKp

k,c such that πλ,p = πp (Definition 2.28). Fix
k ≥ 1 and recall we have defined the de Rham cohomology for the Lubin–Tate tower before Lemma 2.32.

Definition 3.1. We define the following (locally analytic) representations of D×
p :

τ̃ := H1
c (MLT,∞, ω

(0,−k),sm
MLT,∞

)⊗H(G) πp,

τc := H1
c (MLT,∞, ω

(−k−1,1),sm
MLT,∞

)⊗H(G) πp.

Here, as in Proposition 2.25, the actions of G = GL2(Qp) on the cohomology groups of MLT,∞ are induced
by the left G-action on MLT,∞ in §2.1.3 twisted by the inverse transpose of G as in Remark 2.2. We also set

τp := JL(πp)

to be the Jacquet–Langlands transfer of πp to D×
p [Jac70] (if πp is not a discrete series representation, then

we set τp = JL(πp) = 0).

Remark 3.2. (1) From our normalization of the group actions, one can check that the central characters of
τ̃ , τc, τp coincide with that of πp.

(2) If πp is a discrete series representation (essentially square-integrable), the representation τp is an irreducible
smooth representation of D×

p . We will prove in §3.2.1 that τ̃ and τc are never zero. These representations
of D×

p in Definition 3.1 are local, namely they depend only on πp but not on λ.

Since πλ,p = πp, by Theorem 2.29 and its proof, we have

AKp

G,k
[λ] = πp ⊗C (πp,∞

λ )K
p

. (42)

The following results are reformulations of Theorem 2.39 and Corollary 2.43 in terms of these representations
of D×

p .

Proposition 3.3. Let τp, τ̃ , and τc be the representations of D×
p in Definition 3.1.

(1) There exists a D×
p -equivariant exact sequence

0→ (W (0,−k)⊗C τp)
⊕2 → τ̃ → τc → 0. (43)

(2) There are D×
p -equivariant exact sequences:

0→W (0,−k)⊗C τp ⊗C (πp,∞
λ )K

p → τ̃ ⊗C (πp,∞
λ )K

p → ker I1[λ]→ 0,
0→W (0,−k)⊗C τp ⊗C (πp,∞

λ )K
p → ker I1[λ]→ τc ⊗C (πp,∞

λ )K
p → 0.

Proof. (1) Using the p-adic uniformization (see also Remark 2.40), we have

RΓdR,c(MLT,∞,Osm
MLT,∞

)⊗L
H(G) πp = τ⊕2

p [−1]. (44)

By Theorem 2.39, Proposition 2.25, Lemma 2.32 and (42), there is a TS-equivariant exact sequence

0→ (W (0,−k)⊗C τp)
⊕2 ⊗C (πp,∞

λ )K
p

→ τ̃ ⊗C (πp,∞
λ )K

p

→ τc ⊗C (πp,∞
λ )K

p

→ 0.

Taking colimits for all Kp small enough and applying HomG(Ap
f )
(πp,∞

λ ,−) to the above exact sequence, we get
the desired exact sequence in (1).
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(2) By the Hodge–Tate decomposition and the spectral decomposition of the classical de Rham cohomology
of quaternionic Shimura curves (cf. [LLZ23, Theorem 6.2.3] and the proof for Proposition 2.31), we can get
isomorphisms

H1(SKp , ω
(0,−k),sm
SKp

)[λ] ∼= τp ⊗C (πp,∞
λ )K

p ∼= H0(SKp , ω
(−k−1,1),sm
SKp

)[λ].

The two short exact sequences in (2) follow from Corollary 2.43 (using Lemma 2.30 and (19)).

Remark 3.4. The map H0(F̌ `,Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1)[λ] → H1(F̌ `,DR)[λ] in Corollary 2.43 is the
composition

H0(F̌ `,Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1)[λ]→ H1(F̌ `,DRlalg)[λ]→ H1(F̌ `,DR)[λ],

where the map H0(Olalg,(0,−k)
Kp ⊗Osm

Kp
(Ω1,sm

Kp )⊗ k+1)[λ] → H1(DRlalg)[λ] gives the Hodge filtration, see (the
proof of) Proposition 2.31. Let ρ : Gal(Q/Q) → GL2(E) be the Galois representation attached to λ and let
ρp := ρ|Gal(Qp/Qp)

. Letting Kp vary and applying HomG(Ap
f )
(πp,∞

λ ,−) as in the proof of Proposition 3.3 above,
we see the last map, in the notation of Proposition 3.3 (2),

W (0,−k)⊗C τp ⊗C (πp,∞
λ )K

p

→W (0,−k)⊗C τp ⊗C DdR(ρp)C ⊗C (πp,∞
λ )K

p

⊂ τ̃ ⊗C (πp,∞
λ )K

p

is induced by the Hodge filtration inside DdR(ρp) after applying the de Rham-étale comparison for (26).

Remark 3.5. The short exact sequence (43) is stated for πp being a local component of an automorphic
representation. But one can also prove directly that the same sequence is exact for any irreducible smooth
representation πp of GL2(Qp) with dimπp > 1 (and τ̃ , τc defined as in Definition 3.1) using the results on the
compactly supported de Rham cohomology of MLT,∞.

We will discuss later the relation between these sequences in the above proposition and the p-adic local
Langlands program for D×

p .

3.2 Representation-theoretic properties of τc

Let πp be the irreducible smooth representation of GL2(Qp) fixed in §3.1. Let τc be the representation of
D×

p in Definition 3.1. In this subsection, we will study some representation-theoretic properties of τc.
The organization of this part is as follows. First, we will show that τc is always non-zero. Using the

geometric definition of τc involving Lubin–Tate spaces, we find a natural E-structure τc,E of τc, where E is a
sufficiently large finite extension of Qp. Then we show that τc,E is admissible. We will also show that τc,E has
Gelfand-Kirillov dimension 1.

3.2.1 Non-vanishing of τc

We start by showing that τc in Definition 3.1 is non-zero for any λ ∈ σKp

0,c (Definition 2.28).
Let M(0)

LT,0 be the component of MLT,0 such that the quasi-isogeny in the moduli problem for MLT,0

(§2.1.3) is of height zero. Abstractly M(0)
LT,0 is an open unit disk over C, and we let u ∈ H0(M(0)

LT,0,OM(0)
LT,0

)

be a coordinate. Write π
(0)
LT,GM,0 :M(0)

LT,0 → F̌ ` ∼= P1,ad
C as the restriction of the Gross–Hopkins period map

of MLT,0 on M(0)
LT,0. From the discussion in [HG94, §25], we know there exist two rigid analytic functions

φ0, φ1 ∈ H0(M(0)
LT,0,OM(0)

LT,0

) on M(0)
LT,0 with no common zeros, such that πM(0)

LT,0

(x) = [φ0(x) : φ1(x)] ∈ P1,ad
C

for x ∈M(0)
LT,0. Moreover, all zeros of φ0, φ1 are simple.

Let M(0)
LT,∞ be the preimage of M(0)

LT,0 under the natural projection MLT,∞ → MLT,0. Let GL2(Qp)
◦ =

{g ∈ GL2(Qp) | det(g) ∈ Z×
p }. Then GL2(Qp)

◦ ×O×
Dp

acts on M(0)
LT,∞ (cf. the end of [HG94, §23]).

Proposition 3.6. Then multiplication by φ0 on Osm

M(0)
LT,∞

induces an exact sequence

0→ Csmc (GL2(Qp)
◦, C)→ H1

c (M
(0)
LT,∞,Osm

M(0)
LT,∞

)
×ϕ0→ H1

c (M
(0)
LT,∞,Osm

M(0)
LT,∞

)→ 0.
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Proof. We first show that multiplication by φ0 on the sheaf of Kähler differentials Ω1

M(0)
LT,0

induces an exact
sequence

0→ H0(M(0)
LT,0,Ω

1

M(0)
LT,0

)
×ϕ0→ H0(M(0)

LT,0,Ω
1

M(0)
LT,0

)→
∏

x∈(π
(0)
LT,GM,0)

−1([0:1])

Cx → 0 (45)

where [0 : 1] ∈ F̌ ` = P1,ad
C and Cx is the skyscraper sheaf at x ∈ (π

(0)
LT,GM,0)

−1([0 : 1]) ⊂M(0)
LT,0 with value C.

Indeed, if we pick a Stein covering {Un} ofM(0)
LT,0 by affinioids (i.e., Un ⋐ Un+1 for n ≥ 0 andM(0)

LT,0 =
⋃

n Un),
then as (π

(0)
LT,GM,0)

−1([0 : 1]) ' GL2(Qp)
◦/GL2(Zp) is discrete, (π(0)

LT,GM,0)
−1([0 : 1]) ∩ Un is finite for each n,

since the intersection is discrete and Un is quasi-compact. Since φ0 vanishes exactly on (π
(0)
LT,GM,0)

−1([0 : 1])

with simple zeros and Ω1

M(0)
LT,0

' OM(0)
LT,0

as a coherent OM(0)
LT,0

-module, we see that for each n, the sequence

0→ H0(Un,Ω
1

M(0)
LT,0

)
×ϕ0→ H0(Un,Ω

1

M(0)
LT,0

)→
∏

x∈Un:πLT,GM,0(x)=[0:1]

Cx → 0.

is exact. Taking limits, as R1 limn H
0(Un,Ω

1

M(0)
LT,0

) = 0 (H0(M(0)
LT,0,Ω

1

M(0)
LT,0

) is nuclear Fréchet), we deduce the
exactness of the original sequence (45). Taking the strong dual, by Serre duality [Bey97, Chi06, vDP92] and
[Sch13a, Proposition 9.11] (these results do not depend on whether the coefficient field is spherically complete),
we deduce that there exists an exact sequence

0→
⊕

x∈(π
(0)
LT,GM,0)

−1([0:1])

Cx → H1
c (M

(0)
LT,0,OM(0)

LT,0

)→ H1
c (M

(0)
LT,0,OM(0)

LT,0

)→ 0.

Let M(0)
LT,n ⊂MLT,n be the preimage of M(0)

LT,0 under the finite étale map πn :MLT,n →MLT,0. Since πn is
étale, the pullback via π∗

n of the sequence 0→ Ω1

M(0)
LT,0

→ Ω1

M(0)
LT,0

→
∏

x∈(π
(0)
LT,GM,0)

−1([0:1])
Cx → 0 is still exact.

Hence the same argument as above shows that multiplication by φ0 on OM(0)
LT,n

induces an exact sequence

0→
⊕

x∈(π
(0)
LT,GM,n)

−1([0:1])

Cx → H1
c (M

(0)
LT,n,OM(0)

LT,n

)→ H1
c (M

(0)
LT,n,OM(0)

LT,n

)→ 0

where π
(0)
LT,GM,n = π

(0)
LT,GM,0 ◦ πn. Taking colimits on the level n, using Proposition 2.22, we get an exact

sequence

0→ lim−→
n

⊕
x∈(π

(0)
LT,GM,n)

−1([0:1])

Cx → H1
c (M

(0)
LT,∞,Osm

MLT,∞
)
×ϕ0→ H1

c (M
(0)
LT,∞,Osm

MLT,∞
)→ 0.

Finally, we can identify lim−→n

⊕
x∈(π

(0)
LT,GM,n)

−1([0:1])
C as the space of compactly supported smooth functions on

the locally profinite set lim←−n
(π

(0)
LT,GM,n)

−1([0 : 1]) = (πLT,GM)−1([0 : 1]) ∩M(0)
LT,∞ = GL2(Qp)

◦.

We remark that the exact sequence in Proposition 3.6 is not GL2(Qp)
◦-equivariant. (Indeed, if so, then φ0

will induce a GL2(Qp)
◦-equivariant map M(0)

LT,∞ → A1,an
C , which will descend to F̌ ` → A1 as M(0)

LT,∞ → F̌ `
is a GL2(Qp)

◦-torsor. But such a map must be a constant.) However, a variant of this exact sequence is
GL2(Qp)-equivariant and is useful, as we will see in Proposition 3.8 below.

By [HG94, §25, (25.14)], there exists an element t00 ∈ ǧ/ž, such that the action of t00 on OM(0)
LT,0

is given by

t00 = ϕ0(u)ϕ1(u)
ϵ(u)

∂
∂u . Here, ž is the center of ǧ = LieD×

p ⊗Qp C, which acts trivially on OF̌ℓ, and ε = φ0φ
′
1−φ′

0φ1.
Moreover, t00 acts naturally on the D×

p -equivariant sheaf OMLT,n by the derivation of the D×
p -action.

Lemma 3.7. Let t00 ∈ ǧ/ž be as above.

(1) t00 = c

(
1 0
0 −1

)
∈ ǧ for a non-zero c ∈ C×. Here ǧ ' gl2,C via (8).
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(2) The action map t00 : Osm
MLT,∞

→ Osm
MLT,∞

is a composition

Osm
MLT,∞

dLT→ Ω1,sm
MLT,∞

Φ→ Osm
MLT,∞

of morphisms of GL2(Qp)-equivariant abelian sheaves on MLT,∞, where dLT is the differential operator
in Theorem 2.11 and Φ is a morphism of Osm

MLT,∞
-modules whose restriction to Ω1,sm

M(0)
LT,∞

is given by

fdu 7→ ϕ0ϕ1

ϵ f .

Proof. By definition, t00 is a derivation on OMLT,n
. By [Sta25, Tag 00RO], the derivation is determined by an

element ΦLT,n ∈ HomOMLT,n
(Ω1

MLT,n
,OMLT,n

) so that the action of t00 is given by

t00 : OMLT,n

d→ Ω1
MLT,n

ΦLT,n→ OMLT,n
.

Since πLT,GM,n : OMLT,n
→ F̌ ` is étale (thus Ω1

MLT,n
= (πLT,GM,n)

∗Ω1
F̌ℓ

) and domimnant, and t00 acts on
OF̌ℓ, we see that the element ΦLT,n is the image of an element

Φ ∈ HomOF̌ℓ
(Ω1

F̌ℓ
,OF̌ℓ) ⊂ HomOF̌ℓ

(Ω1
F̌ℓ

, (πLT,GM,n)∗OMLT,n
) = HomOMLT,n

(Ω1
MLT,n

,OMLT,n
)

which gives the action of t00 on OF̌ℓ by loc. cit. In other words, first order differential operators on OMLT,n

stabilizing (πLT,GM,n)
−1OF̌ℓ are in natural bijection with differential operators on OF̌ℓ.

To prove (1), which was already noticed after the definition of t00 in [HG94, §25], we calculate the action

of h :=

(
1 0
0 −1

)
on OF̌ℓ. Write F̌ ` = GL2 /B = NB/B ∪ sNB/B. Let z be the coordinate of N =

{
(
1 z
0 1

)
} and z′ = 1

z be the coordinate z′ of sN = {
(
0 1
1 0

)(
1 z′

0 1

)
}. Since

(
t 0
0 t−1

)−1 (
1 z
0 1

)
=(

1 t−2z
0 1

)(
t 0
0 t−1

)−1

, we see h acts on O(N) via f 7→ d
dϵf(exp(ε)

−2z) = −2z d
dz f . Similarly, h acts on

O(sN) via f(z′) 7→ 2z′ d
dz′ f . Hence the corresponding element in HomOF̌ℓ

(Ω1
F̌ℓ

,OF̌ℓ) is given by dz 7→ −2z
on NB/B and dz′ 7→ 2z′ on sNB/B. After possibly changing variables, we may assume that z = ϕ0(u)

ϕ1(u)

where u is the coordinate of M(0)
LT,0. Then dz = dϕ0(u)

ϕ1(u)
=

ϕ′
0(u)ϕ1(u)−ϕ′

1(u)ϕ0(u)
ϕ1(u)2

du. Hence h corresponds to the
morphism sending du = −ϕ2

1

ϵ dz to −ϕ2
1

ϵ · (−2
ϕ0

ϕ1
) = 2ϕ0ϕ1

ϵ , which equals t00 up to a scalar.
The decomposition in (2) of the t00-action follows from the discussions above. The morphism Φ is GL2(Qp)-

equivariant since it is the pullback of a morphism in HomOF̌ℓ
(Ω1

F̌ℓ
,OF̌ℓ) along the GL2(Qp)-equivariant map

πLT,GM. The composition t00 : Osm
MLT,∞

→ Ω1,sm
MLT,∞

→ Osm
MLT,∞

is a priori GL2(Qp)-equivariant since the
action of GL2(Qp) commutes with the action of the Lie algebra of D×

p .

The element t00 also acts on the D×
p -equivariant sheaf Ω1,sm

MLT,∞
by derivation.

Proposition 3.8. The action of t00 on H1
c (MLT,∞,Ω1,sm

MLT,∞
) induces a GL2(Qp)-equivariant exact sequence

0→ ker t00 → H1
c (MLT,∞,Ω1,sm

MLT,∞
)→ H1

c (MLT,∞,Ω1,sm
MLT,∞

)→ coker t00 → 0

with coker t00 ∼= H2
dR,c(MLT,∞), and there exists a GL2(Qp)-equivariant short exact sequence

0→ Csmc (GL2(Qp), C)⊕2 → ker t00 → H1
dR,c(MLT,∞)→ 0.

Proof. By (2) of Lemma 3.7, the map H0(t00) : H
0(MLT,∞,Osm

MLT,∞
)→ H0(MLT,∞,Osm

MLT,∞
) can be written

as the composition of H0(dLT) : H
0(MLT,∞,Osm

MLT,∞
)→ H0(MLT,∞,Ω1,sm

MLT,∞
) and H0(Φ) : H0(MLT,∞,Ω1,sm

MLT,∞
)→

H0(MLT,∞,Osm
MLT,∞

).
We first work on MLT,n, and by abuse of notation we let d,Φ be the corresponding maps on MLT,n. By

the kernel-cokernel lemma, we see t00 induces an exact sequence

0→ kerH0(d)→ kerH0(t00)→ kerH0(Φ)→ cokerH0(d)→ cokerH0(t00)→ cokerH0(Φ)→ 0. (46)
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Locally on MLT,n, as on M(0)
LT,n, Ω1

MLT,n
' OMLT,n as OMLT,n -modules and Φ is then given by multiplying a

non-zero function as ϕ0ϕ1

ϵ . Since MLT,n is locally integral, we see H0(Φ) is injective on H0(MLT,n,Ω
1
MLT,n

).
Hence kerH0(Φ) = 0. Then kerH0(t00) = kerH0(d). By the vanishing of higher cohomology groups of coher-
ent sheaves on the Stein space MLT,n, we know kerH0(t00) = kerH0(d) = H0

dR(MLT,n) and cokerH0(d) =
H1

dR(MLT,n). Moreover, cokerH0(Φ|M(0)
LT,n

) =
∏

x∈M(0)
LT,n,πLT,GM,n(x)∈{[0:1],[1:0]} Cx by using similar methods

as in the proof of Proposition 3.6 and that φ0, φ1 have no common zeros while ε is invertible.
Now we take the strong dual (for the Fréchet topology on the cohomology groups) and take colimits on n,

so that by Serre duality the original maps H0(t00),H
0(d),H0(Φ) induce

H0(t00)
∨ : H1

c (MLT,∞,Ω1,sm
MLT,∞

)
H0(Φ)∨→ H1

c (MLT,∞,Osm
MLT,∞

)
H0(d)∨→ H1

c (MLT,∞,Ω1,sm
MLT,∞

).

By the discussions on groups in (46) above and the duality, we see cokerH0(Φ)∨ = 0, and kerH0(Φ)∨ =

c- IndGL2(Qp)

GL2(Qp)◦
kerH0(Φ|M(0)

LT,∞
)∨ = Csmc ((πLT,GM)−1({[0 : 1], [1 : 0]}), C) = Csmc (GL2(Qp), C)⊕2 by Proposition

3.6 and the GL2(Qp)-equivariance of Φ. Also kerH0(d)∨ = H1
dR,c(MLT,∞) := colimn H

1
dR,c(MLT,n) and

cokerH0(d)∨ = H2
dR,c(MLT,∞) by the duality of de Rham cohomology, cf. [GK00, Theorem 4.11]. Then we

see cokerH0(t00)
∨ = cokerH0(d)∨ = H2

dR,c(MLT,∞), and there is a short exact sequence

0→ Csmc (GL2(Qp), C)⊕2 → kerH0(t00)
∨ → H1

dR,c(MLT,∞)→ 0.

Finally, the natural action of t00 on H1
c (MLT,n,Ω

1
MLT,n

) is dual to its action on H0(MLT,n,OMLT,n) via the
Serre duality which is D×

p -equivariant.

Theorem 3.9. Let λ ∈ σKp

k,c . Then τc is infinite-dimensional over C. In particular, τc 6= 0.

Proof. First, we assume k = 0. Suppose τc = 0, which amounts to saying that H1
c (MLT,∞,Ω1,sm

MLT,∞
)⊗H(G) πp =

0. Using (42) and Proposition 2.38, we find that

H1
c (MLT,∞,Ω1,sm

MLT,∞
)⊗L

H(G) πp = 0.

Besides RΓdR,c(MLT,∞)⊗L
H(G) πp is a direct summand of

RΓdR,c(MLT,∞)⊗L
H(G)A

Kp

G,k
[λ] = RΓdR(SKp)[λ] (47)

which concentrates in degree 1 and is finite-dimensional (see also Remark 2.40). The corresponding spectral
sequence [Sta25, Tag 0662]

Ei,j
2 = Tor

H(G)
−i (Hj

dR,c(MLT,∞),AKp

G,k
[λ])⇒ Hi+j

dR (SKp)[λ]

degenerates (cf. [Ber92, IV.4]) and we see that Hi
dR,c(MLT,∞) ⊗L

H(G) πp has finite-dimensional cohomology
groups for i = 1, 2.

By Proposition 3.8, we see there is a GL2(Qp)-equivariant exact sequence

0→ ker t00 → H1
c (MLT,∞,Ω1,sm

MLT,∞
)
t00→ H1

c (MLT,∞,Ω1,sm
MLT,∞

)→ coker t00 → 0 (48)

with coker t00 ∼= H2
dR,c(MLT,∞) and another GL2(Qp)-equivariant exact sequence

0→ Csmc (GL2(Qp), C)⊕2 → ker t00 → H1
dR,c(MLT,∞)→ 0.

As Csmc (GL2(Qp), C)⊕2⊗L
H(G) πp

∼= π⊕2
p [0] is infinite-dimensional (see Theorem 2.29), ker t00 ⊗L

H(G) πp has
infinite-dimensional cohomology. Applying −⊗L

H(G) πp to (48), we see this contradicts the finiteness results of
H2

dR,c(MLT,∞)⊗L
H(G) πp. From the proof above, we also see that τc is infinite-dimensional.

For general k, we can use the translation functors as in [Su25, §2.2] and [JLS22, Theorem 3.2.1], see also
Remark 2.10, to reduce to the case k = 0.
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3.2.2 Admissibility of τc

Similar to the treatment as in [QS25, §6.2] and [Pan26, Remark 7.3.5], as we have realized the representation
τc (which can be purely defined using the de Rham complex of Lubin–Tate curves) inside the completed
cohomology of quaternionic Shimura curves, we can prove the admissibility of τc for some natural rational
structure.

Theorem 3.10. Let τc be defined as in Definition 3.1. There exists a locally analytic representation τc,E of
D×

p over a finite extension E of Qp, such that τc ∼= τc,E⊗̂EC, and τc,E is admissible.

Proof. Using translation functors, we may assume k = 0 for simplicity. Recall that (by Lemma 2.22)

τ̃ = lim−→
n

H1
c (MLT,n,OMLT,n

)⊗H(G) πp.

τc = lim−→
n

H1
c (MLT,n,Ω

1
MLT,n

)⊗H(G) πp.

The action of GL2(Qp)×D×
p on MLT,∞ factors through H = (GL2×D×

p )/{(a, a−1), a ∈ Q×
p } in our normal-

ization. Consider the subgroup H◦ = {(g, h) | det(g)Nm(h) ∈ Z×
p } ⊂ H where Nm denotes the reduced norm

of Dp. Then H◦ stabilizes M(0)
LT,∞, and there exist H-equivariant isomorphisms

H1
c (MLT,∞,Osm

MLT,∞
) = c- IndHH◦ H1

c (M
(0)
LT,∞,Osm

MLT,∞
) (49)

= χsm ⊗C c- IndHH◦ H1
c (M

(0)
LT,∞,Osm

MLT,∞
)

for any smooth character χsm : H/H◦ = Q×
p /Z×

p → C×. Hence we may assume that
(
p 0
0 p

)
∈ G = GL2(Qp)

acts trivially on πp, after possibly a smooth twist.

The induced Weil descent datum on MLT,n/

(
p 0
0 p

)Z

is effective [RZ96, Theorem 2.16, Theorem 3.49].

Besides, there exists a sufficiently large finite extension E of Qp, such that πp = πp,E⊗̂EC for some smooth
representation πp,E of G over E (since πp is a local component of a regular cuspidal algebraic automorphic
representation). Therefore, using the above E-structures of the Lubin–Tate spaces and πp, and the definition
of τ̃ , one can directly find a locally analytic representation τ̃E of D×

p over E, such that τ̃ ∼= τ̃E⊗̂EC.
Recall that by Proposition 3.3 and Proposition 2.19, we have an exact sequence

0→ τp ⊗C (πp,∞
λ )K

p

→ τ̃ ⊗C (πp,∞
λ )K

p

→ H̃1(Kp, C)[λ]la,ΘSen=0 → 0.

The algebraic automorphic representation πλ can be defined over the sufficiently large E and we denote the E-
structure as πλ,E . Let ρλ : Gal(Q/Q)→ GL2(E) be the corresponding Galois representation. The above exact
sequence shows that the D×

p -representation H̃1(Kp, C)[λ]la,ΘSen=0, up to the multiplicity space (πp,∞
λ )K

p , is a
quotient of τ̃ by one copy of τp. The relative position of the τp inside τ⊕2

p ⊂ τ̃ is E-rational as it comes from
the position of the Hodge filtration of ρλ (see Remark 3.4 and the proof of Corollary 2.43). We define τE to be
the cokernel of the composition τp,E → τ⊕2

p,E ⊂ τ̃E induced by the Hodge filtration. This gives an E-structure
of H̃1(Kp, C)[λ]la,ΘSen=0:

H̃1(Kp, C)[λ]la,ΘSen=0 ∼= C⊗̂EτE ⊗E(π
p,∞
λ,E )K

p

. (50)

On the other hand, by (26) we know that there is an isomorphism

H̃1(Kp, E)[λ]la ∼= ρλ⊗ Π̌(ρλ)
la

where recall that Π̌(ρλ) is defined as HomGal(Q/Q)(ρλ, H̃
1(Kp, E)). Therefore,

(H̃1(Kp, E)[λ]⊗̂EC)la,ΘSen=0 ∼= (C ⊗E ρλ)
ΘSen=0⊗̂EΠ̌(ρλ)

la. (51)

Here, we fixed an embedding of E into C. By construction, the isomorphisms in (50) and (51) are compatible
with the Galois action. Taking Gal(Qp/E)-invariants, we deduce that there is a D×

p -equivariant, E-linear and
topological isomorphism

(C ⊗E ρλ)
ΘSen=0,Gal(Qp/E)⊗̂EΠ̌(ρλ)

la ∼= CGal(Qp/E)⊗̂EτE ⊗E(π
p,∞
λ,E )K

p

.
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From this, we deduce that τE is admissible, as Π̌(ρλ) is admissible by the admissibility of the completed
cohomology (cf. [Eme06, Theorem 2.2.11]). Finally, similarly as above for τ̃ , one can find a natural E-structure
τc,E of τc. As τc,E is a quotient of τE , we deduce that τc,E is also admissible.

3.2.3 Gelfand-Kirillov dimension of τc

Let τc,E be the (natural) E-structure of τc in Theorem 3.10, where E is a finite extension of Qp. For
definition and basic properties of the Gelfand-Kirillov dimension of a locally analytic representation, our main
references are [ST03, §8], [DPS23, §3]. The following result is known by the work of Hu–Wang [HW24a,
Theorem 1.1] under some genericity condition (on the mod-p representations of Gal(Qp/Qp)).

Theorem 3.11. The Gelfand-Kirillov dimension of τc,E is 1.

Proof. There are two ingredients in the proof, which give an upper bound and a lower bound. We assume
again k = 0, and the general cases can be deduced using the translation operators. Let τE be the E-structure
of H̃1(Kp, C)[λ]la,ΘSen=0 constructed in the proof of Theorem 3.10.

First, as τE has trivial infinitesimal character, and is isomorphic to the locally analytic vector of an
admissible unitary Banach representation (as it comes from the completed cohomology), by [DPS23, Corollary
6.8], we know that τE has Gelfand-Kirillov dimension at most 1. As the difference between τc,E and τE , up
to a multiplicity, is a finite dimensional representation of D×

p (whose base change to C is τp), we deduce that
τc,E has Gelfand-Kirillov dimension at most 1.

Besides, we know that τc is infinite-dimensional over C by Theorem 3.9, hence τE is infinite dimensional over
E. As τE is isomorphic to the locally analytic vectors of a Banach representation, from [DPS23, Lemma 3.9],
we deduce that the Gelfand-Kirillov dimension of τE is at least 1. Again, this shows that the Gelfand-Kirillov
dimension of τc,E is at least 1.

Remark 3.12. Let L be a finite extension of Qp. For an irreducible smooth representation of GL2(L), one
can define locally L-analytic representations τ̃ , τc of D×

L , where DL denotes the unique non-split quaternion
algebra over L, in the same way as in Definition 3.1 using the Lubin–Tate tower for L. One can prove similar
results on the Gelfand-Kirillov dimensions for these representations. Note that [DPS23, Lemma 3.9] is only
stated for L = Qp, but one can use the following argument for general L. Assume that τc,E is an admissible
locally analytic representation of D×

L of the Gelfand-Kirillov dimension 0 with the infinitesimal character the
same as the smooth representations. Then τc,E must be a smooth admissible representation, using [AW13,
Corollary 9.1] and [Koh07, Theorem 1.4.2]. But our τc,E is not smooth, otherwise its wall-crossing is zero
(using similar methods as in [QS25, Theorem 4.7.6], its wall-crossing still contains τc,E , which is non-zero).
See the proof of Lemma 3.22 below for more relevant details on the wall-crossing.

3.3 Structure of the Hecke eigenspaces of the completed cohomology
In this section, we summarize our study on the Hecke eigenspace Π̌(ρ)la (25) of the locally analytic completed

cohomology of the Shimura curves attached to a 2-dimensional de Rham Galois representation ρ. Combining
computations before we explain what the locally analytic D×

p -representation Π̌(ρ)la looks like. Then we can
deduce that Π̌(ρ)la essentially only depends on the local Galois representation, and even only depends on the
Weil–Deligne representation associated to the local Galois representation in the crystabeline case.

Recall that in §2.1 we have defined SKpKp
as the quaternion Shimura curve over the reflex field Q of level

K = KpKp. Let E ⊂ C be a finite extension of Qp. After fixing tame level Kp and taking limit over Kp ⊂ D×
p ,

we defined in §2.2.6 the completed cohomology group H̃1(Kp, E) for the tower (SKpKp
)Kp

with coefficients in
E.

Similar to [Pan26, Theorem 7.1.2], we have the following classicality result.

Theorem 3.13. Let ρ be a 2-dimensional E-linear continuous absolutely irreducible representation of Gal(Q/Q).
Suppose:

(i) ρ appears in H̃1(Kp, E)la, namely HomGal(Q/Q)(ρ, H̃
1(Kp, E)la) 6= 0.

(ii) ρ|Gal(Qp/Qp)
is de Rham of Hodge Tate weight 0, k + 1 with k ∈ Z≥0.

Then ρ is classical, i.e., the Hecke eigenvalue associated to ρ lies in σKp

k,c (Definition 2.28).
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Proof. This is a combination of Theorem 2.19 and Theorem 2.42.

Next, we show that any λ ∈ σKp

k,c must appear in H̃1(Kp, C). Fix k ≥ 0 and λ ∈ σKp

k,c . We use the notation
in §3.1 and let πp be the component at p of the automorphic representation πλ of G. When πp is a discrete
series representation, we already know that H̃1(Kp, C)lalg[λ] ⊃ τp ⊗C W (0,−k) 6= 0 by the global Jacquet–
Langlands correspondence (the locally algebraic vectors of H̃1(Kp, C) recovers the classical cohomology of
SKpKp , cf. [Eme06, (4.3.4)]). So the crucial part is to show that H̃1(Kp, C)[λ] 6= 0 even when πp is an
irreducible principal series representation.

Theorem 3.14. Suppose λ ∈ σKp

k,c . Then H̃1(Kp, C)la[λ] 6= 0.

Proof. Suppose H̃1(Kp, C)la[λ] = 0. Then, since ker I1 is a subspace of H̃1(Kp, C)la, we deduce that
ker I1[λ] = 0. But by Proposition 3.3 (deduced from Theorem 2.39 and Corollary 2.43), this will imply
τc = 0, which contradicts Theorem 3.9.

Remark 3.15. This result was known by Paškūnas [Paš22, Theorem 1.4], under some genericity conditions
(on the mod p Galois representations).

By Theorem 2.19, Theorem 3.14, together with Theorem 2.39, Corollary 2.43 (Proposition 3.3) and (42),
we deduce the following description of the locally analytic representation associated to λ.

Corollary 3.16. Let ρ be the Galois representation associated to λ such that TS acts on

Π̌(ρ) = HomGal(Q/Q)(ρ, H̃
1(Kp, E))

via λ. We have an isomorphism

Π̌(ρ)la⊗̂EC ∼= (τ̃ /iρ(τ
lalg
p ))⊗C (πp,∞

λ )K
p

. (52)

where τ̃ /iρ(τ
lalg
p ) is moreover an extension of τc by τ lalgp . Here,

• τ lalgp = τp ⊗C W (0,−k) with τp the Jacquet–Langlands transfer of πp and W (0,−k) the algebraic represen-
tation over C of D×

p of highest weight (0,−k).

• τ̃ := lim−→n
H1

c (MLT,n, ω
(0,−k)
MLT,n

)⊗H(G) πp with G = GL2(Qp) and H(G) the smooth Hecke algebra of G.

• τc := lim−→n
H1

c (MLT,n, ω
(−k−1,1)
MLT,n

)⊗H(G) πp.

• The map iρ : τ lalgp → τ̃ comes from the position of the Hodge filtration of ρ|Gal(Qp/Qp)
using the p-adic

de Rham comparison theorem (see Remark 3.4).

We can deduce the following locality result.

Theorem 3.17. Let λ ∈ σKp

k,c . Then up to a multiplicity, the locally analytic D×
p -representation Π̌(ρ)la only

depends on the local Galois representation ρ|Gal(Qp/Qp)
. Moreover, when πp is an irreducible smooth principal

series representation, Π̌(ρ)la only depends on the Weil–Deligne representation associated to ρ|Gal(Qp/Qp)
(and

the Hodge–Tate weights).

Proof. By Theorem 3.14, we know that every λ ∈ σKp

k,c must appear in H̃1(Kp, C). Hence the condition on ρ

required in Theorem 2.19 is satisfied. Then using (52), we see that Π̌(ρ)la only depends on the local Galois
representation ρ|Gal(Qp/Qp)

. Moreover, when πp is an irreducible principal series representation, we know that
τp = 0. In particular the information of Hodge filtration of ρ|Gal(Qp/Qp)

disappears in Π̌(ρ)la. Hence Π̌(ρ)la

only depends on the Weil–Deligne representation associated to ρ|Gal(Qp/Qp)
.

Remark 3.18. In particular, when πp is an irreducible principal series representation, one can not capture
the information of the Hodge filtration in DdR(ρ|Gal(Qp/Qp)

) from Π̌(ρ)la. For example, assume that ρp :

Gal(Qp/Qp) → GL2(E) is a non-split extension of a crystalline character χ of Gal(Qp/Qp) by the trivial
character 1 where χ has Hodge-Tate weight k + 1 ≥ 1 and χ is not the inverse of the cyclotomic character.
Then both ρp and its semisimplification ρssp = χ ⊕ 1 are crystalline representations with the same associated
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Weil–Deligne representation but different positions of Hodge filtrations, see [Col08, §4.5]. In this case, the
smooth GL2(Qp)-representation πp is an irreducible principal series representation, and τp = 0. If ρ|Gal(Qp/Qp)

has the same semisimplification as ρp, then the D×
p -representation Π̌(ρ)la⊗̂EC cannot distinguish ρp and ρssp .

This is a new phenomenon in the p-adic local Langlands program in the D×
p -case, compared to the GL2(Qp)-

case. In the mod p setting, similar results were known by [HW24a, Theorem 1.3(ii)(a)]. On the other hand,
when πp is a twist of the smooth Steinberg representation, we expect that Π̌(ρ)la still determines the Hodge
filtration of ρ|Gal(Qp/Qp)

as in [HW24a, Remark 8.31]

3.4 Applications to the Scholze functor
In this section, we want to discuss some applications to the p-adic Jacquet–Langlands correspondence. Our

main goal in this section (Theorem 3.20) is to compute the value of the Scholze functor [Sch18, DC24] on
the locally analytic representations of GL2(Qp) attached to 2-dimensional de Rham Galois representations,
in terms of the locally analytic representations of D×

p considered in the previous sections. Let Ǧ = D×
p and

G = GL2(Qp).
We briefly recall the definition of the Scholze functor, following [Sch18, DC24]. Let πLT,GM :MLT,∞ → F̌ `

be the Gross–Hopkins period map onMLT,∞, which is a pro-étale GL2(Qp)-torsor. Given an admissible unitary
Banach representation Π of GL2(Qp), we can descend the constant sheaf on MLT,∞ with fiber Π to F̌ `, so
that we get a pro-étale sheaf FΠ on F̌ `. The pro-étale cohomology group RΓproét(F̌ `,FΠ) is again a unitary
Banach representation of D×

p , which is also equipped with a commuting action of Gal(Qp/Qp). As is explained
in [DC24, Corollary 5.3.5], if Π0 is a G-stable lattice in Π, then

RΓproét(F̌ `,FΠ) ∼= R lim←−
n

RΓét(F̌ `,FΠ0/pn)[1/p]. (53)

Moreover, if we denote Πla ⊂ Π as the subspace of locally analytic vectors of Π, we can also descend Πla along
πLT,GM so that to get a pro-étale sheaf FΠla on F̌ `. By [DC24, Theorem 5.3.6], we know that

RΓproét(F̌ `,FΠ)
RǦ-la ∼= RΓproét(F̌ `,FΠG-la). (54)

For i ≥ 0, set
Si(Πla) := Hi

proét(F̌ `,FΠla).

Let ZKp be the Shimura set associated to G in §2.1.2. Define

ÃKp

G,E
:= Ccont(ZKp , E)

to be the completed cohomology of the Shimura set. This is an admissible unitary Banach representation of
G(Qp) = GL2(Qp) = G, which is also equipped with an action of the Hecke algebra TS . Let ÃKp,G-la

G,E
be the

subspace of locally G-analytic vectors. Similar to [Sch18, Theorem 6.2], we can use the p-adic uniformization
of the quaternionic Shimura curve SKp to deduce the compatibility of Scholze functor with the completed
cohomology groups ÃKp

G,E
and H̃i(Kp, E) in §2.2.6.

Theorem 3.19. For i ≥ 0, there is a Gal(Qp/Qp)× TS × Ǧ-equivariant isomorphism:

Hi
proét(F̌ `,FÃKp,G-la

G,E

) ∼= H̃i(Kp, E)Ǧ-la.

Proof. Write πHT = πKp,HT : SKp → F̌ ` for the Hodge–Tate period map on the quaternionic Shimura curve
SKp of infinite level (recalled in §2.1.1). Define FKp,Qp as the pro-étale sheaf on F̌ ` by descending the unitary
Banach G-representation ÃKp

G,Qp
(with Qp-coefficients). We show that there is a Ǧ-equivariant and Weil group

equivariant isomorphism of sheaves on the pro-étale site of F̌ `

RπHT,proét ∗Qp
∼= FKp,Qp .

Then one can use [Cam24, Corollary 6.1.7] to deduce the claim.
We first show that RnπHT,proét ∗Qp = 0 when n > 0. Since SKp ∼= tiΓxi

\MDr,∞ as in (6) and the Hodge–
Tate period map on SKp is compatible with the one onMDr,∞, it suffices to show the vanishing of higher direct
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image of πHT,Γ : SΓ := Γxi\MDr,∞ → P1
C for each Γ = Γxi . For n > 0, RnπHT,Γ,proét ∗Qp is the sheafification

of
X → Hn

proét(X ×P1
C
SKp ,Qp)

where X are affinoid perfectoid spaces proétale over F̌ ` = P1
C . Since πDr,HT exhibits MDr,∞ as a proétale

GL2(Qp)-torsor on P1
C , for each proétale covering of X, we can find a proétale refinement by strictly totally

disconnected spaces Si such that there is a GL2(Qp)-equivariant isomorphism Si×P1
Cp
MDr,∞ ∼= Si×GL2(Qp).

Let T = Γ\GL2(Qp) be the profinite set. Because Γ acts trivially on P1
Cp

, we get an isomorphism Si×P1
Cp
SΓ ∼=

Si × T . Now the claim follows from
Hn

proét(Si × T,Qp) = 0

as Si×T is still a strictly totally disconnected space (for example by [Sch22, Lemma 7.19]). Note that here we
need T to be profinite (rather than just locally profinite) to have Hn

proét(Si×T,Qp) ∼= Hn
ét(Si×T,Zp)[1/p] = 0.

To identify πHT,proét ∗Qp with FKp,Qp , using the same argument as in the end of the proof of [Sch18, Propo-
sition 6.5], replacing Qp/Zp by Qp, we have a map πHT,proét ∗Qp → FKp,Qp . To check this is an isomorphism,
it suffices to check it on strictly totally disconnected Si as in the last paragraph. In this case, it is easy to see
both sides can be identified with Cont(|Si × T |,Qp).

The G-smooth vectors AKp,G-sm
G,E

of ÃKp

G,E
is the space of E-valued classical automorphic forms on G of

tame level Kp and trivial weight at p (i.e. take k = 0 in Definition 2.23 and with E-coefficients). Take a
cuspidal Hecke eigensystem λ : TS → E appearing in AKp,G-sm

G,E
. Let ρλ : Gal(Q/Q)→ GL2(E) be the Galois

representation associated with λ. Then as (42) we have

AKp,G-sm
G,E

[λ] ∼= πp,E ⊗ (πp,∞
λ,E )K

p

where πλ,E is the corresponding automorphic representation of G(A) and πp,E is its p-component, a smooth
irreducible admissible representation of G over E. We furthur assume that mod p reduction ρλ|Gal(Qp/Qp)

is absolutely irreducible for simplicity (this is the same assumption as [DLB17, §5.1, Hypothèse], which can
certainly be weakened, cf. [Paš22, Corollary 5.7]). Then using the p-adic local-global compatibility results
[Eme11, DLB17], we know that

ÃKp,G-la
G,E

[λ] ∼= πE ⊗ (πp,∞
λ,E )K

p

, (55)

where πE is a locally analytic representation of G over E, corresponding to ρλ|Gal(Qp/Qp)
via the p-adic local

Langlands correspondence for GL2(Qp). See for example [Pan26, §7.3] for a concrete description of πE . We
note that πp,E is the closed subspace of smooth vectors of πE .

Starting from πp,E , we have defined various locally analytic Ǧ = D×
p -representations over E. Let τp,E be the

Jacquet–Langlands transfer of πp,E to D×
p with τp,E = 0 if πp,E is an irreducible principal series representation

as in §3.1. Set πp := πp,E⊗̂EC. Let τ̃ , τc be the representations of D×
p over C defined as in Definition 3.1

using πp, with the E-structures τ̃E , τc,E constructed in §3.2.2. Also, recall that we have constructed a locally
analytic representation τE depending only on ρλ|Gal(Qp/Qp)

in the proof of Theorem 3.10, so that

H̃1(Kp, E)[λ] = ρλ ⊗E HomGal(Q/Q)(ρλ, H̃
1(Kp, E)) = ρλ ⊗E τE ⊗ (πp,∞

λ,E )K
p

. (56)

Theorem 3.20. Let λ : TS → E be a cuspidal Hecke eigensystem appearing in ÃKp,G-sm
G,E

, with the associated
Galois representation ρλ. Assume that the restriction ρλ|Gal(Qp/Qp)

of the mod p reduction of ρλ is absolutely
irreducible. Let πE (resp. τE) be the locally analytic G (resp. Ǧ)-representation associated to λ. Then we
have a Gal(Qp/Qp)-equivariant isomorphism of locally analytic D×

p -representations

S1(πE) ∼= ρλ|Gal(Qp/Qp)
⊗E τE .

Proof. This is a combination of Theorem 3.19 and Proposition 3.21 below, with the descriptions of the Hecke
eigenspaces (55) and (56).

Using a similar treatment as in [Sch18, Proposition 7.7] and Lemma 3.22 below, we have the following
result.
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Proposition 3.21. Let λ be as in Theorem 3.20. Then the natural map

S1(ÃKp,G-la
G,E

[λ])
∼−→ S1(ÃKp,G-la

G,E
)[λ]. (57)

is an isomorphism.

Proof. By our assumption, the mod p reduction of ρλ is absolutely irreducible. This gives a maximal ideal
m of the abstract Hecke algebra TS over Z. Let T(KpK

p)m be the m-adic completion of the image of TS in
EndZp

(H1(SKpKp
(C),Zp)), and put T(Kp)m := lim←−Kp

T(KpK
p)m. It acts faithfully on H̃1(Kp, E)m, where

(−)m denotes the localization at m of T(Kp)-modules. Using [Sch18, Corollary 7.3] and taking p-adic comple-
tion, we know that the TS-action on ÃKp

G,E,m
extends to a continuous action of T(Kp)m.

For simplicity, we write A := ÃKp,G-la
G,E,m

. By choosing a finite set of generators of the ideal of T(Kp)m
corresponding to λ, we obtain an exact sequence

0→ A[λ]→ A→ ⊕i∈IA (58)

with I finite. The above exact sequence induces the following two exact sequences

0→ A[λ]→ A→M → 0,

0→M → ⊕i∈IA → Q→ 0.

where M is the cokernel of the first map and Q is the cokernel of the second map. As the formation π 7→ Fπ

is exact, we get the following exact sequences

S0(M)→ S1(A[λ])→ S1(A)→ S1(M),

S0(Q)→ S1(M)→ S1(⊕i∈IA).

where Si(π) = Hi
proét(F̌ `,Fπ). First, S0(M) = 0. Indeed, as M ⊂ ⊕i∈IA, the Hecke action on S0(M) ⊂

⊕i∈IS
0(A) is Eisenstein by Theorem 3.19. But S0(M) is also a subspace of S1(A[λ]), which is non-Eisenstein.

Hence S0(M) = 0. Then we know there is an exact sequence

0→ S1(A[λ])→ S1(A)[λ]→ kerβ

where β : S1(M) → S1(⊕i∈IA). In particular, we know that there is a surjection S0(Q) ↠ kerβ. Now we
claim that the action of Ǧ on S0(Q) factors through the reduced norm map. Indeed, using the definition of Q
and that Hecke operators act unitarily, we see that Q has an admissible unitary Banach completion Q̂, whose
subspace of locally analytic vectors is Q. Let Q̂0 be a lattice in Q̂. Then by (53) we know

S0(Q̂) = lim←−
n

S0(Q̂0/pn)[
1

p
].

Using [Sch18, Proposition 4.7] applied to Q̂0/pn, we deduce that the Ǧ-action on S0(Q̂) factors through the
reduced norm map, and so does its subspace S0(Q). Hence we know that Ǧ also acts on kerβ via the reduced
norm map by the surjection S0(Q) ↠ kerβ. On the other hand, we know that S1(A)[λ] has trivial infinitesimal
character. Indeed, from Theorem 3.19 we know that S1(A) = H̃1(Kp, E)Ǧ-la

m . Hence using [DPS25, Theorem
1.4] we know that H̃1(Kp, E)Ǧ-la

m [λ] has trivial infinitesimal character. So that the image of S1(A)[λ]→ kerβ
also has trivial infinitesimal character. This forces that this image must be a smooth Ǧ-representation. By
Lemma 3.22 below, we know that S1(A)[λ] can not have such quotients. Hence the image of S1(A)[λ] in kerβ
is zero. In other words, we get the desired isomorphism S1(A[λ]) ∼−→ S1(A)[λ].

Lemma 3.22. Let λ : TS → E be a cuspidal Hecke eigensystem appearing in ÃKp,G-sm
G,E

as above, with the
associated locally analytic representation τE . Then τE has no non-zero smooth quotients.

Proof. The proof is similar to [Su25, Proposition 2.5.2, Theorem 2.5.7] or [QS25, Theorem 4.7.6]. Recall that
DR,DR′ are certain complexes on F̌ ` defined in §2.4, such that H1(F̌ `,DR)[λ] ∼= τ̃⊕n and H1(F̌ `,DR′)[λ] ∼=
τ⊕n
c , where n is the multiplicity coming from the tame part of the automorphic representation. By Proposition

2.15, we know H2(F̌ `,DR′) is the second cohomology of an abelian sheaf on F̌ `, so that it is zero since F̌ ` is of
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dimension 1. This shows that the natural map induced by wall-crossing [JLS22, Din24] ΘsH1(DR)→ H1(DR)
is surjective (since the cokernel is a subspace of H2(DR′) by the exact triangle DR′ → ΘsDR → DR → as in
the proof for [QS25, Theorem 4.7.6]). Since the action of TS on these cohomology groups is semisimple by
Theorem 2.29 and Theorem 2.39, we get that the natural map Θs(τ̃) → τ̃ is surjective. By Corollary 2.43,
we know τE⊗̂EC is a quotient of τ̃ by a smooth representation. The wall-crossing of a smooth representation
is zero. From this one can deduce that the natural map induced by adjunction property of the wall-crossing
functor gives a surjection map Θs(τE) ↠ τE . Let τ ′ be a smooth quotient of τE . Then by functoriality, we
get a commutative diagram

Θs(τE) Θs(τ
′) = 0

τE τ ′

which forces τ ′ = 0.

A Proper pushforward of solid abelian sheaves on adic spaces
In this section we develop the formalism for proper pushforward of solid abelian sheaves, following [AL24].

A.1 Setup and Definitions
For an adic space, we assume it is a separated analytic adic space over Qp. For a partially proper morphism

f : X → Y between adic spaces, we mean it is partially proper after passing to the associated diamonds [Sch22,
Definition. 18.4]. The morphism f is proper if it is quasi-compact, separated and universally closed. This
definition coincides with [Sch22, Definition. 18.1] since passing to diamonds does not change the underlying
topological spaces [Sch22, Lemma. 15.6].

Definition A.1. A germ is a pairing (S,X) where X is an adic space and S ⊆ X is a closed subset. A
morphism of germs (S,X)→ (T, Y ) is a morphism f : X → Y of adic spaces which induces a map S → T .

Remark A.2. The category of analytic adic spaces admits fiber product (the morphisms are adic, c.f [SW20,
Proposition 5.1.5]). In particular, if (S,X) −→ (W,Z)←− (T, Y ) are morphisms of germs then K := X ×Z Y
exists as an adic space and V := p−1(S) ∩ q−1(T ) is closed, where p and q are projections from K to X and
Y such that (V,K) is the fiber product.

Recall the following definition in Huber’s theory of pseudo-adic spaces.

Definition A.3. Let f : (S,X)→ (T, Y ) be a morphism of germs, we say f is

1. quasi-compact (quasi-separated or coherent or taut) if the map of topological spaces S → T has such a
property.

2. separated if ∆(S) ⊆ V is closed where (V, Z) = (S,X)×(T,Y ) (S,X).

3. Universally closed if for any morphism of germs (V, Z) → (T, Y ) with fiber product (W,P ), the map
W → V is a closed map.

4. proper if it is quasi-compact, separated and universally closed.

Remark A.4. Being quasi-compact or being universally closed is stable under composition and base change:
By a standard argument, if h : (S,X)

f→ (T, Y )
g→ (V, Z) is the composition of morphisms of germs such

that h is quasi-compact (or universally closed) and g is separated, then f is quasi-compact (or universally
closed). For base change of quasi-compactness, it’s because morphisms between analytic adic spaces are adic
morphisms.
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A.2 Sheaves in condensed abelian groups
We use the condensed mathematics developed in [Sch19]. Fix κ an uncountable strong limit cardinality.

Let ExtDiscκ be the category of κ-small extremally disconnected sets endowed with coverings given by finite
families of jointly surjective maps. A κ-small condensed set is a sheaf of sets on the site ExtDiscκ. In the
following context, we will fix this κ and omit κ in the notation. Let Cond(Z) be the category of condensed
abelian groups and Solid(Z□) be the full subcategory of solid abelian groups. They are Grothendieck abelian
categories.

Let X be an adic space. We denote by PSh(X,Cond(Z)) the category of presheaves in condensed abelian
groups on X and Sh(X,Cond(Z)) be the full subcategory of sheaves. The category of condensed abelian
groups satisfies the condition [KS06, (17.4.1)], so the inclusion Sh(X,Cond(Z)) ⊆ PSh(X,Cond(Z)) admits an
exact left adjoint, called sheafification. Similarly, we denote by PSh(X,Z□) (resp. Sh(X,Z□)) the category of
presheaves (sheaves) of solid abelian groups on X. They also admit an exact sheafification functor.

Remark A.5. 1. Since each covering of an extremally disconnected set splits, a map f : M → N between
two condensed sets is an epimorphism (resp. a monomorphism) if and only if the map f(S) : M(S) →
N(S) is surjective (resp. injective) for each S ∈ ExtDisc.

2. Assume F ∈ Sh(X,Cond(Z)). For each S ∈ ExtDisc, the functor F (−)(S) is a sheaf of abelian groups
on X.

Lemma A.6. The functor (See Remark A.5(2))

Φ : (P)Sh(X,Cond(Z))→ Func(ExtDiscop, (P)Sh(X,Ab)); F 7→ (S → F (−)(S))

induces an equivalence between (P)Sh(X,Cond(Z)) and (P )C ⊆ Func(ExtDiscop, (P)Sh(X,Ab)) contain-
ing functors F : ExtDiscop → (P)Sh(X,Ab) such that F (∅) is the zero sheaf and for S1, S2 ∈ ExtDisc,
F (S1

∐
S2) = F (S1)× F (S2).

Proof. We have equivalences of categories

PSh(X,Func(ExtDiscop,Ab)) ' Func(Openop(X)× ExtDiscop,Ab) ' Func(ExtDiscop,PSh(X,Ab))

thus Φ is fully faithful. We prove the claim for Sh(X,Cond(Z)) and the claim for PSh(X,Cond(Z)) is inherited
in the proof. A functor F ∈ PSh(X,Func(ExtDiscop,Ab)) lies in Sh(X,Cond(Z)) if and only if for any
U ⊆ X open, S1, S2 ∈ ExtDisc, F (U)(∅) = 0, F (U)(S1

∐
S2) = F (U)(S1)×F (U)(S2) and for any covering

{Ui → U}i∈I , the sequence
0→ F (U)→

∏
i∈I

F (Ui)→
∏
i,j∈I

F (Ui ∩ Uj) (59)

is an exact sequence in Cond(Z). The sequence (59) is exact if and only if it is exact after evaluating on each
S ∈ ExtDisc. Then it is easy to check that the functor

Ψ : C → Sh(X,Cond(Z)); F 7→ (U → F (−)(U))

is an inverse of Φ.

Lemma A.7. Suppose F ∈ PSh(X,Cond(Z)), the sheafification F a of F corresponds to the functor F :
S → (U → F (U)(S))a under the equivalence Φ.

Proof. It is clear that F lies in C . It suffices to see F satisfies the universal property of sheafification:
Evaluating on each S ∈ ExtDisc, it is clear that F (S) satisfies the universal property. For functoriality in S,
it follows from that sheafification of abelian sheaves on X is a functor and the unit of an adjunction pair is a
natural transformation, which is functorial.

Remark A.8. Assume F ∈ PSh(X,Z□). Since the category of solid abelian groups is stable under limit and
colimit in the category of condensed abelian groups, by the construction of sheafification (cf. [KS06, Definition
17.4.5]), the sheafification of F in PSh(X,Cond(Z)) and PSh(X,Z□) coincides. This implies that the inclusion
functor Sh(X,Z□)→ Sh(X,Cond(Z)) is exact.

Corollary A.9. Let F ∈ PSh(X,Cond(Z)) and F a be its sheafification. For each x ∈ X, Fx
∼= F a

x .
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Proof. For each S ∈ ExtDisc,

Fx(S) = (colimU∋x F (U))(S) = colimU∋x(F (U)(S)) = Φ(F )(S)x. (60)

But by Lemma A.7, we have
Φ(F a)(S)x = (Φ(F )(S))ax = Φ(F )(S)x.

The result follows.

Corollary A.10. A sequence 0 → F → G → H → 0 is exact in Sh(X,Cond(Z)) if and only if for any
S ∈ ExtDisc the sequence 0→ F (−)(S)→ G (−)(S)→H (−)(S)→ 0 is an exact sequence of abelian sheaves
on X if and only if 0→ Fx → Gx →Hx → 0 is an exact sequence of condensed abelian groups for all x ∈ X.

Proof. For any morphisms F
f→ G

g→ H in Sh(X,Cond(Z)) such that g ◦ f = 0, there is a natural map
η : Im(f) → ker(g). Recall that Im(f) is the sheafification of the presheaf image of f . By the description
of sheafification in Lemma A.7, η is an isomorphism if and only if η(−)(S) : Im(f(−)(S)) → ker(g(−)(S)) is
an isomorphism for each S. The first equivalence now follows formally. For the second equivalence, we can
evaluate on S ∈ ExtDisc and use stalkwise criterion for abelian sheaves and (60).

Corollary A.11. A map f : F → G in Sh(X,Cond(Z)) is an isomorphism if and only if for each point x ∈ X,
the induced map on stalks fx : Fx → Gx is an isomorphism.

Proof. One direction is clear. Assume fx are isomorphisms. By Lemma A.6, we need to show f(−)(S) :
F (−)(S)→ G (−)(S) is an isomorphism of abelian sheaves. By stalkwise criterion of abelian sheaves, we need
to show the map

colimU∋x F (U)(S)→ colimU∋x G (U)(S)

is an isomorphism for all x ∈ X. Considering (60), this is our condition.

If f : X → Y is a morphism of adic spaces, by [KS06, §17], there is an adjoint pair (f−1, f∗) between
condensed abelian sheaves on X and Y . We have ((f∗F )(V ))(S) = f∗(F (−)(S))(V ). It is formal to check
f−1 preserves stalks, thus it is an exact functor by corollary A.11. When f is an open immersion, f−1 has a
left adjoint f! given by the extension by zero functor. That is, f!F is the sheafification of the presheaf

U →

{
F (f−1(U)), if U ⊆ X

0 otherwise

Note that if j : U → X is an open immersion and F ∈ Sh(U,Z□), the explicit formula above tells that
j!F ∈ Sh(X,Z□).

Assume j : U → X is an open immersion, i : Z → X is the closed complement and F ∈ Sh(X,Cond(Z)).
By Corollary A.11, we have an exact sequence in Sh(X,Cond(Z))

0→ j!j
−1F → F → i∗i

−1F → 0.

We say F ∈ Sh(X,Cond(Z)) flasque if for any open subsets U ⊆ V ⊆ X, the map F (V ) → F (U) is an
epimorphism of condensed abelian groups.

Proposition A.12. Assume F ∈ Sh(X,Cond(Z)) is flasque, then F is Γ(X,−)-acyclic.

Proof. By abstract nonsense, it suffices to show injective sheaves are flasque and for an exact sequence 0 →
F → G →H → 0 in Sh(X,Cond(Z)) with F ,G flasque, the sequence

0→ F (X)→ G (X)→H (X)→ 0

is exact in Cond(Z). For S ∈ ExtDisc, let Z[S]X ∈ Sh(X,Cond(Z)) be the sheaf associated to the presheaf
U → Z[S] ∈ Cond(Z). Then for any F ∈ Sh(X,Cond(Z)), Hom(Z[S]X ,F ) = Hom(Z[S],F (X)) = F (X)(S).
So, for an injective object I in Sh(X,Cond(Z)), the first claim follows from applying Hom(−,I ) to 0 →
j!j

−1Z[S]X → Z[S]X for all S ∈ ExtDisc. For the second claim, we need to show the sequence 0→ F (X)(S)→
G (X)(S) → H (X)(S) → 0 is exact for all S ∈ ExtDisc. By Corollary A.10, 0 → F (−)(S) → G (−)(S) →
H (−)(S) → 0 is an exact sequence of abelian sheaves on X and F (−)(S) is flasque. We can apply the
classical argument to conclude.
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Proposition A.13. Let X be an adic space, {Ui}i∈I be a filtered diagram of open subsets of X such that
each Ui is spectral and Z = ∩i∈IUi. Assume F ∈ Sh(X,Cond(Z)), then for each q ≥ 0 the map

colimi∈I H
q(Ui,F |Ui)→ Hq(Z,F |Z)

is an isomorphism.

Proof. The proof is similar to [FK17, Proposition 3.1.19] and the argument is standard, so we just sketch it:
For the first, one establishes statements [FK17, Proposition 3.1.8; 3.1.10] in the condensed setting. It is enough
to check both isomorphisms after evaluating on S ∈ ExtDisc, then one can use the same argument there.

For the second, we need the Godement resolution in condensed setting: For F ∈ Sh(X,Cond(Z)), let G(F )
be the sheaf G(F )(U) =

∏
x∈U Fx and one defines a complex

0→ F
d0

→ G0(F )
d1

→ G1(F )
d1

→ G2(F )→ · · ·

inductively by setting G0(F ) := G(F ) and Gn(F ) := G(coker(dn−1)). It is easy to check the functor G(−) is
exact, G(F ) is flasque and d0 is injective. So the above complex is a functorial flasque resolution of F .

Let pi : Z → Ui be the inclusion. If Fi is a flasque sheaf on Ui then p−1
i Fi is also flasque and colimi p

−1
i Fi

is quasi-flasque (See [FK17, Exercise 0.3.1]). Now we can use the same argument as in [FK17, Proposition
3.1.19].

Remark A.14. Note that by Remark A.8, Corollary A.9, A.10, A.11, Proposition A.12, A.13 all hold when
we work in (P)Sh(X,Z□).

A.3 Sections with compact support
We only define sections with compact support for partially proper morphisms: Let f : X → Y be a partially

proper morphism of adic spaces. Assume F ∈ Sh(X,Z□), we define a subsheaf f!F of f∗F . For each V ⊆ Y
being open, S ∈ ExtDisc and s ∈ f∗F (V )(S) being a section. Let

supp(s) := {x ∈ f−1(V ) : 0 6= Im(s) ∈ Fx(S)}.

It is a closed subset of f−1(V ) and (supp(s), f−1V ) is a germ.

Definition A.15. Let f!F ⊆ f∗F be the subsheaf (use lemma A.6) such that for each S ∈ ExtDisc

f!F (V )(S) := {s ∈ f∗F (V )(S) : (supp(s), f−1(V ))→ (V, V ) is proper}

We also write H0(Y, f!F ) as H0
c (X/Y,F )

Lemma A.16. Assume f : X → Y is a partially proper morphism of adic spaces, V ⊆ Y is a quasi-compact
open subset and s ∈ f∗F (V ), then fs : (supp(s), f−1(V )) → (V, V ) is proper if and only if supp(s) is quasi-
compact.

Proof. One direction is clear. Assume supp(s) is quasi-compact, then fs is quasi-compact (Remark A.4). Since
f−1(V )→ V is separated and supp(s) ⊆ f−1(V ) is closed, fs is separated.

To check universally closed: Since partially proper morphism between adic spaces and quasi-compact
morphism between germs are stable under base change, it is enough to show f ′

s : supp(s) → |V | is a closed
map. We can prove it after passing f to its associated diamond f⋄ : X⋄ → Y ⋄ and identifying supp(s) with a
quasi-compact closed subset of |X⋄| which we still denote by supp(s). By [Sch22, Proposition 18.10] and its
proof, supp(s) is contained in a quasicompact closed generalizing subsets U ⊆ |X⋄| which corresponds to a
spatial sub v-sheaf X ′ ⊆ X⋄ such that X ′ → Y ⋄ is proper. In particular U → |Y ⋄| = |Y | is a closed map, so
is supp(s)→ |Y | as supp(s) is closed in U .

Lemma A.17. Let f : X → Y be a partially proper morphism between adic spaces where Y is quasi-compact
and quasi-separated. Then there exists a covering of X by cofiltered family of quasi-compact open subsets
{Ui}i∈I each of which is closed under specialization and has quasi-compact closure.

Proof. By the proof of [Hub13, Lemma 5.3.3], the result holds when |X| is taut and valuative (valuative means
it is locally spectral and the set of generalisation of any point is totally ordered). Since passing to associated
diamond preserves underlying topological spaces, the desired properties follow from [Sch22, Proposition 18.10,
11.19].
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Lemma A.18. Assume F ∈ Sh(X,Z□) and f : X → Y is a partially proper morphism of adic spaces. Then
f!F ∈ Sh(Y,Z□).

Proof. Since the category of solid abelian groups is closed under limit in the category of condensed abelian
groups, it suffices to check f!F (V ) is solid for each V ⊆ Y quasi-compact quasi-separated open subset and
we will assume Y = V is quasi-compact quasi-separated. By Lemma A.17, there is a covering {Ui}i∈I of X
satisfying the condition in the cited lemma. Let ji : Ui → U i be the open immersion into its closure and
fi : U i → Y be the restriction of f to U i. There is a natural injective map f∗ji!F |Ui

→ f∗F . Since U i

is quasi-compact, for each S extremally totally disconnected and s ∈ (f∗ji!F |Ui
)(Y )(S), we have supp(s) is

quasi-compact. By Lemma A.16, s ∈ f!F (Y )(S) thus we get a natural injective map (f∗ji!F |Ui
) → f!F .

For each Ui ⊆ Uk there is a natural injective map f∗ji!F |Ui
→ fk∗jk!F |Uk

. Thus there is an injective map
colimi f∗ji!F |Ui → f!F . It suffices to show this is an isomorphism because then (use Y is quasi-compact in
the second equality)

f!F (Y ) = (colimi f∗ji!F |Ui
)(Y ) = colimi(ji!F |Ui

)(Ui).

The right hand side is solid since (ji!F |Ui)(Ui) is solid (see the paragraph after Corollary A.11) and solid
abelian groups are stable under colimit. To show the isomorphism, by Corollary A.10 we can evaluate on S.
Since ∪iUi = X, for each s ∈ F (X)(S) such that supp(s) is quasi-compact, there is Ui such that supp(s) ⊆ Ui

which implies s lies in the image of ji!F |Ui
(X)(S).

Lemma A.19. Let f : X → Y be a partially proper morphism of adic spaces.

(1) f! is a left exact functor.

(2) If f is an open immersion, then f! is extension by zero.

(3) f! commutes with filtered colimits.

(4) Assume f : X → Y ; g : Y → Z are partially proper morphisms, then (g ◦ f)!F = g!f!F for any condensed
abelian sheaf F .

Proof. (1): It can be deduced easily from the fact that f∗ is left exact, f!F ⊆ f∗F is a subsheaf and
that if α : F → G is an injective morphism of condensed abelian sheaves on X and s ∈ F (X)(S) then
supp(s) ⊆ supp(α(s)) (actually supp(s) = supp(α(s))).

(2): There is an obvious functor from extension by zero sheaf to f!F , then we can apply the same proof
as in [AL24, Lemma 4.2] using corollary A.11.

(3): By the universal property of colimit, there is a natural functor colimi(f!Fi) → f!(colimi Fi). Note
that by the proof of Lemma A.18, we have

f!(colimi Fi) = colimU fU !((colimi Fi)|U ) = colimU fU !(colimi Fi|U ) (61)

where U ⊆ X are quasi-compact open subspaces. For V ⊆ Y quasi-compact open (for the equality below, use
that any cover of V has a finite refinement)

(colimi f!Fi)(V ) −→ (colimi f∗Fi)(V ) = colimi Fi(f
−1(V ))

contains objects which comes from some Fn(f
−1(V )) whose support is proper over V (after evaluating on S).

Evaluate (61) on V , it is easy to see f!(colimi Fi)(V ) = (colimi f!Fi)(V ).
(4): Let h = g ◦f . Since h∗F = g∗f∗F and h!F , g!f!F are subsheaves, we can assume Z is quasi-compact

and quasi-separated. Properness of a morphism can be checked locally on the target, the result follows easily
from Lemma A.16 and Remark A.4.

For an adic space X, let D+(X,Z□) be the left bounded derived category of solid abelian sheaves on X.
Note that it only depends on the underlying topological space |X|.

Definition A.20. Let f : X → Y be a partially proper morphism of adic spaces. Define

Rf! : D
+(X,Z□)→ D+(Y,Z□)

to be the right derived functor of f! (Lemma A.18).
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Lemma A.21. Assume that f : X → Y is a partially proper morphism of adic spaces. Then flasque sheaves
are f!-acyclic.

Proof. The question is local so we assume Y is quasi-compact and quasi-separated. There exists {Ui}i∈I as
in Lemma A.17 and we put ji : Ui → U i the open immersion into its closure. Then by the same argument
as [AL24, Lemma 4.8(2), 4.9] using Proposition A.13, we get an isomorphism Rqf!F ' colimi R

qfi,∗(ji!F |Ui
)

where fi : U i → Y are morphisms of topological spaces which is the restriction of f to U i. In fact, [AL24,
Lemma 4.9] shows that if I is a flasque sheaf on Ui then Rqfi,∗(ji!I ) = 0 for q > 0. The result follows.

Proposition A.22. Let X
f−→ Y

g−→ Z be partially proper morphisms of adic spaces. Then there is a
canonical isomorphism R(g ◦ f)! ∼= Rg! ◦Rf! of functors D+(X,Z□)→ D+(Z,Z□).

Proof. Since (g ◦ f)! = g! ◦ f!, it suffices to show that for an injective sheaf I on X, Rqg!(f!I ) = 0 when
q > 0. The question is local on Z so we assume Z is quasi-compact and quasi-separated. We can find open
cover {Vi}i∈I of Y as in Lemma A.17 and let ji : Vi → Vi and gi : Vi → Z. By the proof of lemma A.21, we
have

Rqg!(f!I ) = colimi∈I R
qgi∗(ji!(f!I )|Vi

)

and it suffices to show (f!I )|Vi
is flasque. So we can assume Vi = Y is quasi-compact and quasi-separated.

Consider W ⊆ Y be an open subset, it suffices to show f!I (Y )(S) → f!I (W )(S) is surjective for any
S ∈ ExtDisc. Pick a section s ∈ f!I (W )(S) with proper support over W . Let T be the closure of supp(s) in
X, and let s′ ∈ H0(f−1(W ) ∪ (X \ T ),I )(S) be the unique section with s′|f−1(W ) = s and s′|X\T = 0. Since
I is flasque, we can pick s′′ ∈ Γ(X,I )(S) with s′′|f−1(W )∪X\T = s′. Then supp(s′′) ⊆ T . Since |X| is taut
(by [Sch22, Proposition 18.10]), T is quasi-compact so supp(s′′) is proper over Y .

A.4 Equivariant sheaves
Let Γ be a discrete group. Suppose that Γ acts properly discontinuously on an adic space X and let

f : X → Y = X/Γ be the quotient map. Consider the Čech nerve

(X•/Y )• → Y

where for n ∈ N, Xn/Y := X ×Y · · · ×Y X︸ ︷︷ ︸
n

and let fn : Xn/Y → Y .

Let F ∈ D+(Y,Z□) and set G = f−1F which is a Γ-equivariant sheaf (or a complex of Γ-equivariant
sheaves) on X. For γ ∈ Γ that induces γ : X → X, the isomorphism G ' γ∗G induces an action of γ on f!G
via f!G ' f!γ∗G = f!G by Lemma A.19. Locally on Y where the Γ-covering f is trivialized, it follows from
the definition that f!G = Rf!G can be identified with the Γ-module Z[Γ]⊗Z F .

Lemma A.23. Suppose that F ∈ D+(Y,Z□). We have natural maps fn,!f
−1
n F → F for all n. The natural

map
colim[n]∈∆op fn,!f

−1
n F → F

is an isomorphism, where ∆ is the simplex category. Moreover fn,!f−1
n F ' Z[Γn]⊗Z[Γ]f!G and F = Z⊗L

Z[Γ]f!G .

Proof. Let G = f−1F which is a Γ-equivariant sheaf on X. Take U ⊂ Y small enough such that f−1(U) '
U × Γ. Then fn|f−1

n (U) can be identified with the projection U × Γn → U . By Lemma A.19, fn,! com-
mutes with direct sums. Since f−1

n F |f−1(U) = ⊕γ∈Γnf−1
n F |(U,γ), we have a natural map (fn,!f

−1
n F )|U =

⊕γ∈Γn(fn|(U,γ))!f
−1
n F |(U,γ) = ⊕γ∈ΓnF |U → F |U . Let U ranges over basis of Y we see there exists a natural

map fn,!f
−1
n F → F for any n.

Let dn,i : X(n+1)/Y → Xn/Y be the i-th face map for i = 0, · · · , n. Similarly as above, there exists a
natural map dn,i,!d

−1
n,if

−1
n F → f−1

n F . Applying fn,!, we obtain a map dn,i : fn+1,!f
−1
n+1F → fn,!f

−1
n F and

let
δn =

n∑
i=0

(−1)idn,i : fn+1,!f
−1
n+1F → fn,!f

−1
n F

be the alternating sum of the face maps. We need to check that the map colim[n] fn,!f
−1
n F → F is an

isomorphism. The problem is local and we may assume that there is a section Y ↪→ X such that Γ× Y = X :
(γn−1, y) 7→ γn−1y. Then

Γn × Y ' Xn/Y : (γ0, · · · , γn−1, y) 7→ (γ0y, · · · , γn−1y), (62)
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and fn,!f
−1
n F = Z[Γn] ⊗Z F : s 7→ γ ⊗ s|γ−1U for s ∈ (fn,!f

−1
n F )(U), γ ∈ Γn. The map δn can be identified

with

Z[Γn]⊗Z F → Z[Γn−1]⊗Z F : [(γ0, · · · , γn−1)]⊗ s 7→
n−1∑
i=0

(−1)i[(γ0, · · · , γ̂i, · · · , γn−1)]⊗ s.

Hence colim[n] fn,!f
−1
n F = [· · · → Z[Γn] → · · · → Z[Γ]] ⊗L

Z F = F since the complex · · · → Z[Γn] → · · · →
Z[Γ]→ Z is a standard resolution of Z. Note that as in (62), we have

Γn−1 ×X ' Xn/Y : (γ0, · · · , γn−2, x) 7→ (γ0x, · · · , γn−2x, x).

We see fn,!f
−1
n F = Z[Γn]⊗Z[Γ] f!G .

Proposition A.24. Let g : Y → ∗ be the structure map. Let F ∈ D+(Y,Z□). Suppose that Γ has finite
cohomological dimension (e.g. [BS76, §6.1]). Then Rg!F = Z⊗L

Z[Γ] Rg!(f!f
−1F ).

Proof. By the local description of f!f−1F , we see f!f
−1F ∈ D+(Y,Z□). By Lemma A.23, F = Z ⊗L

Z[Γ] f!G

with G = f−1F . We need to show that Rg!(Z ⊗L
Z[Γ] f!f

−1F ) = Z ⊗L
Z[Γ] Rg!(f!f

−1F ). If Γ has finite
cohomological dimension d, there exists a finite projective resolution

0→ P−d → · · · → P−1 → P0 → Z→ 0

of the trivial Z[Γ]-module Z. Hence Rg!(Z ⊗L
Z[Γ] f!f

−1F ) = Rg!(P
• ⊗L

Z[Γ] f!f
−1F ) = P • ⊗L

Z[Γ] Rg!(f!f
−1F )

since the derived functor Rg! preserves finite colimits. (One can replace f!f
−1F by an injective resolution I •

of sheaves of condensed Z[Γ]-modules. Then Rg!(Z ⊗L
Z[Γ] f!f

−1F ) is calculated as the g!Tot(P
• ⊗Z[Γ] I •) =

Tot(P • ⊗Z[Γ] g!I
•).)

Conflict of Interest
On behalf of all authors, the corresponding author states that there is no conflict of interest.

References
[AL24] Tomoyuki Abe and Christopher Lazda, Proper pushforwards on analytic adic spaces, The Quar-

terly Journal of Mathematics 76 (2024), no. 1, 147–183.

[AW13] Konstantin Ardakov and Simon Wadsley, On irreducible representations of compact p-adic analytic
groups, Annals of Mathematics (2013), 453–557.

[BC91] J.-F. Boutot and H. Carayol, Uniformisation p-adique des courbes de Shimura: les théorèmes de
Cerednik et de Drinfeld, no. 196-197, 1991, Courbes modulaires et courbes de Shimura (Orsay,
1987/1988), pp. 7, 45–158. MR 1141456

[BCGP25] George Boxer, Frank Calegari, Toby Gee, and Vincent Pilloni, Modularity theorems for abelian
surfaces, arXiv:2502.20645 (2025).

[Ber92] Joseph Bernstein, Notes of lectures on Representations of p-adic Groups.

[Bey97] Peter Beyer, On Serre-duality for coherent sheaves on rigid-analytic spaces, manuscripta mathe-
matica 93 (1997), no. 1, 219–245.

[BLR91] Nigel Boston, Hendrik W. Lenstra, Jr., and Kenneth A. Ribet, Quotients of group rings arising
from two-dimensional representations, C. R. Acad. Sci. Paris Sér. I Math. 312 (1991), no. 4,
323–328. MR 1094193

[Bor63] Armand Borel, Some finiteness properties of adele groups over number fields, Publications Math-
ématiques de l’IHÉS 16 (1963), 5–30.

[BP21] George Boxer and Vincent Pilloni, Higher Coleman Theory, 2021.

49



[Bre10] Christophe Breuil, The emerging p-adic Langlands programme, Proceedings of the international
congress of mathematicians, vol. 2, 2010, pp. 203–230.

[BS76] A. Borel and J.-P. Serre, Cohomologie d’immeubles et de groupes S-arithmétiques, Topology 15
(1976), no. 3, 211–232. MR 447474

[BW00] Armand Borel and Nolan R Wallach, Continuous cohomology, discrete subgroups, and represen-
tations of reductive groups, no. 67, American Mathematical Soc., 2000.

[BZ00] Jean-Francois Boutot and Thomas Zink, The p-adic Uniformization of Shimura Curves.

[BZ22] , On the p-adic uniformization of quaternionic Shimura curves, arXiv:2212.06886 (2022).

[Cam22] Juan Esteban Rodríguez Camargo, Geometric sen theory over rigid analytic spaces, 2022.

[Cam24] , Locally analytic completed cohomology, 2024.

[Car86] Henri Carayol, Sur la mauvaise réduction des courbes de Shimura, Compositio Mathematica 59
(1986), no. 2, 151–230.

[Car90] , Non-abelian Lubin–Tate theory, Automorphic Forms, Shimura Varieties, and L-Functions,
Volume II (Laurent Clozel and James S. Milne, eds.), Perspectives in Mathematics, vol. 11,
Academic Press, Boston, MA, 1990, Proc. Conf., Univ. Michigan, Ann Arbor, July 6–16, 1988,
pp. 15–39.

[Car94] , Formes modulaires et représentations galoisiennes à valeurs dans un anneau local complet,
Contemporary Mathematics (1994), 213–237.

[Cas81] W. Casselman, A new nonunitarity argument for p-adic representations, J. Fac. Sci. Univ. Tokyo
Sect. IA Math. 28 (1981), no. 3, 907–928 (1982). MR 656064

[CDN20] Pierre Colmez, Gabriel Dospinescu, and Wiesława Nizioł, Cohomologie p-adique de la tour de
Drinfeld: le cas de la dimension 1, J. Amer. Math. Soc. 33 (2020), no. 2, 311–362. MR 4073863

[CDP14] Pierre Colmez, Gabriel Dospinescu, and Vytautas Paškūnas, The p-adic local Langlands corre-
spondence for GL2(Qp), Camb. J. Math. 2 (2014), no. 1, 1–47. MR 3272011

[Chi06] Bruno Chiarellotto, Duality in rigid analysis, p-adic Analysis: Proceedings of the International
Conference held in Trento, Italy, May 29–June 2, 1989, Springer, 2006, pp. 142–172.

[Col08] Pierre Colmez, Représentations triangulines de dimension 2, Astérisque 319 (2008), 213–258,
Représentations p-adiques de GL2(Qp) et (ϕ,Γ)-modules.

[Col10] , Représentations de GL2(Qp) et (ϕ,Γ)-modules, Astérisque 330 (2010), no. 281, 509.

[CS17] Ana Caraiani and Peter Scholze, On the generic part of the cohomology of compact unitary Shimura
varieties, Annals of Mathematics 186 (2017), no. 3, 649–766.

[Dat07] Jean-François Dat, Théorie de Lubin–Tate non–abélienne et représentations elliptiques, Inven-
tiones Mathematicae 169 (2007), no. 1, 75–152.

[DC24] Gabriel Dospinescu and Juan Esteban Rodríguez Camargo, A Jacquet-Langlands functor for p-
adic locally analytic representations, 2024.

[Din22] Yiwen Ding, Locally analytic Ext1 for GL2(Qp) in de Rham non-trianguline case, Represent.
Theory 26 (2022), 122–133. MR 4390997

[Din24] Yiwen Ding, Towards the wall-crossing of locally Qp-analytic representations of GLn(K) for a
p-adic field K, 2024.

[DJ95] A. J. De Jong, Étale fundamental groups of non-archimedean analytic spaces, Compositio Math-
ematica 97 (1995), no. 1-2, 89–118 (en). MR 1355119

50



[dJVdP96] Johan de Jong and Marius Van der Put, Étale cohomology of rigid analytic spaces, Documenta
Mathematica 1 (1996), 1–56.

[DLB17] Gabriel Dospinescu and Arthur-César Le Bras, Revêtements du demi-plan de Drinfeld et corre-
spondance de Langlands p-adique, Ann. of Math. (2) 186 (2017), no. 2, 321–411. MR 3702670

[DLLZ23] Hansheng Diao, Kai-Wen Lan, Ruochuan Liu, and Xinwen Zhu, Logarithmic Riemann-Hilbert
correspondences for rigid varieties, J. Amer. Math. Soc. 36 (2023), no. 2, 483–562. MR 4536903

[DPS23] Gabriel Dospinescu, Vytautas Paškūnas, and Benjamin Schraen, Gelfand–Kirillov dimension and
the p-adic Jacquet–Langlands correspondence, Journal für die reine und angewandte Mathematik
(Crelle’s Journal) 2023 (2023), no. 801, 57–114.

[DPS25] , Infinitesimal characters in arithmetic families, Selecta Mathematica 31 (2025), no. 4, 76.

[Dri76] V. G. Drinfel’d, Coverings of p-adic symmetric domains, Funkcional. Anal. i Priložen. 10 (1976),
no. 2, 29–40. MR 0422290

[DvHKZ24] Patrick Daniels, Pol van Hoften, Dongryul Kim, and Mingjia Zhang, Igusa Stacks and the Coho-
mology of Shimura Varieties, 2024.

[Eme06] Matthew Emerton, On the interpolation of systems of eigenvalues attached to automorphic Hecke
eigenforms, Invent. Math. 164 (2006), no. 1, 1–84. MR 2207783

[Eme11] , Local-global compatibility in the p-adic Langlands programme for GL2(Qp), preprint 3
(2011), 4.

[Eme17] , Locally analytic vectors in representations of locally p-adic analytic groups, Mem. Amer.
Math. Soc. 248 (2017), no. 1175, iv+158. MR 3685952

[Fal06] Gerd Faltings, On the cohomology of locally symmetric hermitian spaces, Séminaire d’Algèbre
Paul Dubreil et Marie-Paule Malliavin: Proceedings, Paris 1982 (35ème Année), Springer, 2006,
pp. 55–98.

[Far04] Laurent Fargues, Cohomologie des espaces de modules de groupes p-divisibles et correspondances
de Langlands locales, Astérisque 291 (2004), 1–200.

[FF19] Laurent Fargues and Jean-Marc Fontaine, Courbes et fibrés vectoriels en théorie de Hodge p-adique,
Astérisque (2019).

[FK17] Kazuhiro Fujiwara and Fumiharu Kato, Foundations of Rigid Geometry I, 2017.

[Fon04] Jean-Marc Fontaine, Arithmétique des représentations galoisiennes p-adiques, Astérisque 295
(2004), 1–115.

[FS24] Laurent Fargues and Peter Scholze, Geometrization of the local Langlands correspondence, 2024.

[Gee25] Toby Gee, Modularity theorems for abelian surfaces, arXiv:2510.02756 (2025).

[GH24] Jayce R Getz and Heekyoung Hahn, An introduction to automorphic representations: with a view
toward trace formulae, vol. 300, Springer Nature, 2024.

[GK00] Elmar Grosse-Klönne, Rigid analytic spaces with overconvergent structure sheaf.

[Gro99] Benedict H Gross, Algebraic modular forms, Israel Journal of Mathematics 113 (1999), no. 1,
61–93.

[Har97] Michael Harris, Supercuspidal representations in the cohomology of Drinfel’d upper half spaces;
elaboration of Carayol’s program, Inventiones mathematicae 129 (1997), 75–119.

[HG94] M. J. Hopkins and B. H. Gross, Equivariant vector bundles on the Lubin-Tate moduli space,
Topology and representation theory (Evanston, IL, 1992), Contemp. Math., vol. 158, Amer. Math.
Soc., Providence, RI, 1994, pp. 23–88. MR 1263712

51



[HM22] David Hansen and Lucas Mann, p-adic sheaves on classifying stacks, and the p-adic Jacquet-
Langlands correspondence, 2022.

[How17] Sean Howe, Overconvergent modular forms and the p-adic Jacquet-Langlands correspondence,
Ph.D. thesis, The University of Chicago, Chicago, Illinois, June 2017.

[How22] Sean Howe, The spectral p-adic Jacquet–Langlands correspondence and a question of Serre, Com-
positio Mathematica 158 (2022), no. 2, 245–286.

[Hub13] Roland Huber, Étale cohomology of rigid analytic varieties and adic spaces, vol. 30, Springer,
2013.

[HW24a] Yongquan Hu and Haoran Wang, On some mod p representations of quaternion algebra over Qp,
Compos. Math. 160 (2024), no. 11, 2585–2655. MR 4833652

[HW24b] , On some p-adic and mod p representations of quaternion algebra over Qp, Journal für
die reine und angewandte Mathematik (Crelle’s Journal) 2024 (2024), no. 812, 163–210.

[Jac70] Jacquet, Hervé and Langlands, Robert P, Automorphic forms on GL(2), Springer-Verlag, 1970.

[JLS22] Akash Jena, Aranya Lahiri, and Matthias Strauch, Translation functors for locally analytic rep-
resentations, 2022.

[Koh07] Jan Kohlhaase, Invariant distributions on p-adic analytic groups, Duke Math. J. 136 (2007), no. 1,
19–62.

[KS06] Masaki Kashiwara and Pierre Schapira, Categories and sheaves, Grundlehren Math. Wiss., vol.
332, Berlin: Springer, 2006 (English).

[LLZ23] Kai-Wen Lan, Ruochuan Liu, and Xinwen Zhu, De Rham comparison and Poincaré duality for
rigid varieties, Peking Mathematical Journal 6 (2023), no. 1, 143–216.

[Loe11] David Loeffler, Overconvergent algebraic automorphic forms, Proceedings of the London Mathe-
matical Society 102 (2011), no. 2, 193–228.

[Lud17] Judith Ludwig, A quotient of the Lubin–Tate tower, Forum of Mathematics, Sigma, vol. 5, Cam-
bridge University Press, 2017, p. e17.

[LZ17] Ruochuan Liu and Xinwen Zhu, Rigidity and a Riemann-Hilbert correspondence for p-adic local
systems, Inventiones mathematicae 207 (2017), no. 1, 291–343.

[Man04] Elena Mantovan, On certain unitary group Shimura varieties, Astérisque 291 (2004), 201–331.

[Mat25] Kojiro Matsumoto, On the classicality theorem and its applications to the automorphy lifting
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