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Abstract

We use the methods introduced by Lue Pan to study the locally analytic vectors of the completed
cohomology of Shimura curves associated to an indefinite quaternion algebra D which is ramified at a
prime number p. Let D, be the group of units of D at p. Using p-adic uniformization of the quaternionic
Shimura curves, we compute the Hecke eigenspace of the completed cohomology with the Hecke eigenvalues
associated to a classical automorphic form on another quaternion algebra D (switching invariants of D at
p,00). We present this locally analytic D, -representation using the de Rham complex of the Lubin—
Tate tower of dimension 1. This is analogous to the Breuil-Strauch conjecture for the group GL2(Q,).
We show that the locally analytic D)’ -representation does not detect the Hodge filtration of the local de
Rham Galois representation at p in the crystalline case, and also give applications for the locally analytic
Jacquet-Langlands correspondence for GL2(Qp) and D;.
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1 Introduction

Let p be a prime number. Let E be a sufficiently large finite extension of Q,. The p-adic local Langlands
correspondence for GL2(Q,) constructs a correspondence between certain 2-dimensional p-adic representations
of Gal(Q,/Q,) and certain p-adic representations of GL2(Q,) over E [tBreld, Colld, bDPMh. There have been
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recent developments of the interactions between p-adic or mod-p representations of GL2(Q)) and Dy, with D,
a non-split quaternion algebra over @, known as the p-adic Jacquet—Langlands correspondence. For a non-
exhaustive list of relevant works, see, e.g., [Sch18, Ludl7, Pas22, HM22, HW244, HW24b, DC24]. While the
GL2(Q,) side is more or less well understood, the representations of le arising from the p-adic correspondences
remain largely mysterious.

This paper gives a first complete description of the internal structure of the locally analytic representations
of D) associated to de Rham representations of Gal(Q,/Q,) with global origins, in terms of the (compactly
supported) coherent cohomology groups of the 1-dimensional Lubin—Tate tower. This establishes the quater-
nionic analogue of the Breuil-Strauch conjecture first proved by Dospinescu—Le Bras [DLB17], which describes
GL2(Q,)-representations using the de Rham complexes of the 1-dimensional Drinfeld tower. Our description
for the D) -representations exhibits several features of the p-adic Jacquet-Langlands correspondence.

Our work is based on the study of the locally analytic vectors in the completed cohomology of quaternionic
Shimura curves using the methods introduced by Lue Pan [Pan22, Pan26]. Let D be an indefinite quaternion
algebra over Q which is ramified at p, and let G be the group of units of D, considered as an algebraic
group over Q. For K C G(Ay) a neat open compact subgroup, the compact Riemann surface Sk (C) :=
G(Q)\((C\R) x G(Ay)/K) admits a canonical model Sk, which is a proper smooth algebraic curve over Q.
Fix a neat open compact subgroup K? C G(A?), where Afc denotes the ring of finite adeles away from p. As
K, varies in open compact subgroups of D) = G(Q,), we consider Emerton’s completed cohomology group
[Eme06]

H'(K?, E) = E &g, (imlim H' (Skrk, (C), Z/p"2)),
n K,

which is a Banach space over E, carrying a continuous E-linear action of Gal(Q/Q) x Dy 1t is expected, as in
the local-global compatibility of the p-adic Langlands correspondence in the GLo (Qp)-case [Emell, Pan26], that
if p: Gal(Q/Q) — GL2(E) is an absolutely irreducible Galois representation such that the D ‘-representation

11(p) := Homg,g,/q0) (p: H'(K? E))

is non-zero, then its subspace of locally analytic vectors f[(p)la should be a finite number of copies of the
conjectural locally analytic D,f-representation 7(pp) attached to p, = p|Gal(@ /Qp) in the p-adic Langlands
program.

On the other hand, we can give a direct construction of a locally analytic D) -representation 7(p,) for a
2-dimensional de Rham representation p, of Gal(Q,/Q,) using the de Rham complexes of Lubin-Tate spaces.
Let {Myr,n}n>0 be the Lubin-Tate tower arising from a 1-dimensional formal p-divisible group over F, of

height 2. They are 1-dimensional rigid analytic Stein spaces over C, := Q,, and the whole tower carries an
action of GL2(Q,) x D, [HG94, RZ96]. For each fixed level n > 0, the compactly supported cohomology
groups H} (Murn, Opmyyr,,) and H (Murn, Q. ) (with Q) the sheaf of differentials) carry locally
analytic D) -actions in the sense of Schneider—Teitelbaum [ST02] (see also the work [She20]). The colimits
lim HY(Muyrn, Opmyy.,) and lim HY( My, Q}\ALT,n) are also smooth representations of GL2(Q),), thus are
naturally modules over the smooth Hecke algebra H(G) (the convolution algebra of compactly supported
smooth functions on G after fixing a Haar measure on G) with G = GL2(Q,).

We fix p, : Gal(Q,/Q,) — GL2(E) to be de Rham with Hodge-Tate weights 0, 1. By Fontaine’s theory, we
can associate to p, a 2-dimensional filtered E-vector space Dar(pp), equipped with the Hodge filtration, and
a Weil-Deligne representation r, over E. We can then associate to r, a smooth representation m, of GL2(Q))
and a smooth representation 7, of D (with coefficients in C,) by the local Langlands correspondence and the
Jacquet-Langlands correspondence. Here, we set 7, = 0 if 7, is an irreducible principal series representation.
From 7, we can define the following locally analytic representations of D/ using the Lubin-Tate tower:

7 := (lim H; (Mrr, Omir,)) ©1(6) Tps

n

7o = (lim H (Muz,n, Qe ) @1(6) Tp-

n

I'We use the version in [Emell], §4.2] and we only consider p, such that 7, is irreducible and infinite-dimensional.



We will show that the de Rham complexes of the Lubin—Tate spaces and the classical Jacquet—Langlands
correspondence induce a short exact sequence of locally analytic D, -representations (see §B.1):
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which depends only on 7, and equivalently 7.
We define the locally analytic D, -representation 7(pp) associated to p, as the quotient representation

T(pp) = 7~—/Z‘pp (Tp)a

where the map ,, : 7, — 7'5‘92 C 7 is induced by a canonical isomorphism 71?2 ~ 7, @ Dqr(pp) and the
1-dimensional subspace of Dar(pp) given by the Hodge filtration. Then 7(p,) sits in an exact sequence

0— 7 = 71(pp) = 7 — 0. (1)
The following main theorem establishes the local-global compatibility for the D -representation 7(pp).

Theorem 1.1 (Theorem , Corollary ) Let p, be a 2-dimensional de Rham representation of Gal(Q,/Q,)
over E with Hodge—Tate weights 0, 1. Suppose that there exists an absolutely irreducible Galois representation

p of Gal(Q/Q) over E such that p\Gal(@/Qp) >~ pp.

(1) Assume that p appears in H(K?, E), i.e. II(p) = HomGal(@/Q)(p, HY(K?,E)) # 0. Then there exists
some m > 1, such that there is a D/ -equivariant and topological isomorphism

(p)*@5Cy = 7(pp)*™.

Moreover, the representation 7(p,) and the above isomorphism can be defined over E. And with the
E-structure 7(p,) is an infinite-dimensional admissible locally analytic representation of D, in the sense
of Schneider—Teitelbaum [ST03].

(2) The representation p appears in H L(KP, E) if and only if p is the Galois representation associated to some
classical automorphic form of tame level K* on the group G, the algebraic group of the units of the definite
quaternion algebra D over Q obtained from D by switching the Hasse invariants at p, co.

Remark 1.2. (i) Theorem @ also holds when p, is de Rham of arbitrary regular Hodge-Tate weights.
Moreover, following the methods of [QS25], similar results for locally L-analytic representations of D}
also hold, with L a finite extension of Q,, Dy a non-split quaternion algebra over L, by using some
Shimura curves with D} being a local factor of the group at p.

(ii) The second part of Theorem EI proves the classicality for the de Rham Galois representations that
appear in H! (K?, E). This is essentially known by the proof of the Fontaine-Mazur conjecture for GLg/q
[Emell, Pan26] and the global Jacquet-Langlands correspondence. The more interesting part is the
non-vanishing of I1(p) when Tp = 0. In this case there is no classical automorphic form on G associated
to p while 7(pp) # 0. Such a non-vanishing result in the p-adic Jacquet-Langlands correspondence was
previously known by Paskunas [Pas22, Theorem 1.4] (see also [How22, §1.3]) using very different methods.

The structure of 7(p,) illustrates similarities and differences between the groups D, and GL2(Qj) under
the p-adic local Langlands correspondences:

o When the associated Weil-Deligne representation r, is absolutely irreducible, the presentation of 7(py)
is similar to that of the locally analytic representation m(p,) of GL2(Q,) attached to p, via the p-adic
local Langlands correspondence. In that case, by the Breuil-Strauch conjecture proved by Dospinescu-Le
Bras [DLB17] and reproved by Lue Pan [Pan26, Theorem 7.3.2], m(p,) admits a presentation

W(ﬂp) = (h%m Hcl (MDr,na OMDr,n) ®7—L(G‘) Tp)/ipp (77;0) (2)

where {Mp;., }n>0 is the Drinfeld tower [Dri76], with G' = Dy, and the map i, is determined by the
Hodge filtration of Dggr(pp). However, if the Weil-Deligne representation r, is reducible, for example if
pp is crystalline, then the GLo(Q))-representation m(p,) can not be described using the Drinfeld tower
in a similar way.

2Here we fix an embedding E — C,.



o In contrast, the D) -representation 7(p,) is always (only) related to the Lubin-Tate tower, regardless
of whether the Weil-Deligne representation r,, is irreducible or not. Moreover, unlike the classical non-
abelian Lubin-Tate theory and the Jacquet—Langlands correspondence, e.g. [Car9(, Dat07], we will show
directly in Theorem @ that (hgn H}(Muyrn, thm)) ®(e) Tp # 0 and consequently 7(p,) is never
zero even if the Jacquet—Langlands transfer 7, of m, is 0. This will enable us to prove the appearance of
pin H'(K?, E) when pp is crystalline in (2) of Theorem @

« Suppose that p, is crystalline where 7, = 0. Then 7(p,), as well as TI(p)"* up to a multiplicity, is inde-
pendent of the Hodge filtration of Dygr(p,) (and thus depends only on the Weil-Deligne representation
rp attached to . Hence the locally analytic representation 7(p,) can lose some information about pj,
(see Remark @)for examples). This is a new phenomenon in the p-adic Langlands program for the
group D), which is different from the GL2(Q,)-case where 7(py,) always determines p,. Note that in the
mod p setting, a similar result was obtained by Hu-Wang [HW24a, Theorem 1.3(ii)(a)].

Our proof of Theorem EI is based on the machinery developed by Lue Pan [Pan22, Pan26] on the description
of the locally analytic vectors in the completed cohomology. Let Sk be the adic space associated to Sk xgC,.
Let Sgv» ~ ILH x Skrk, be the perfectoid quaternionic Shimura curve, together with the Hodge-Tate period

P

map mur : Sx» — FL (cf. [Schlf]). Here, Z¢ is (the base change to C, of) the Brauer-Severi variety
associated to the quaternion algebra D,,. Recall that H L(KP, E) is the E-valued completed cohomology group
of the quaternionic Shimura curve. Let H! (K?, E)'2 be the subspace of locally analytic vectors in H! (KP.E) for
the D ‘-actions. By the primitive comparison theorem [Sch13b] and the geometric Sen theory [Pan22, Cam22],
we have the following natural isomorphism

ﬁl(Kp’ E)la®QpCp = Hl(jgv OII?P) ®q, E,
where O}%p = (WHT’*OSKp)la and Osg,., is the completed structure sheaf of Sk». Then we can study the
completed cohomology group by studying the equivariant sheaf O, on Z0. As in [Pan26], the “de Rham
part” of the completed cohomology is killed by the Fontaine operator, which can be representation-theoretically
expressed as some differential operators along the tower of Shimura curves and the flag variety. For example,
there is a differential operator dx» on the weight (0, 0)-part (for the horizontal action of the Cartan subalgebra)
of O, which induces a “de Rham” complex (see § for more details)

. ~1a,(0,0) la,(0,0) 1,sm
dgr : OKP — OKP ®O§(";, QKP .

The above complex extends the classical de Rham complexes of Shimura curves of finite levels and its coho-
mology contributes to the “de Rham part” of the completed cohomology.

The cohomology of these differential operators, such as dg» above, can be analysed using the p-adic
uniformization of the quaternionic Shimura curves, which expresses the tower of quaternionic Shimura curves
as a finite disjoint union of quotients of the Drinfeld tower by some discrete cocompact subgroups of GL2(Q,)
(see §) Let D be the quaternion algebra over Q obtained from D by switching invariants at p and oo, and
let G be the associated algebraic group over Q as in Theorem [I.1l. We view KP? as an open compact subgroup
of @(A?) under the isomorphism G/(A%) = é(A’}). Let Ag;; be the space of smooth functions on the Shimura

set G(Q)\G(Ay)/KP (of infinite level at p). Then Agz can be viewed as the space of classical algebraic

automorphic forms on G with the trivial weight and tame level KP, and is naturally a smooth representation
for the action of G(Q,) ~ GL3(Q,). Both H'(K?, E) and Agz carry an action of the spherical Hecke algebra

TS away from a finite set S of prime numbers including p. We have the following typical product formula

obtained from the p-adic uniformization.

Proposition 1.3 (Proposition ) There exists a T-equivariant isomorphism of sz -representations

RO(F 0, Ker dicr)[1] 2 (lim H (M., Optir,) @y AL

To obtain such a product formula, we first do the computation on the local Shimura variety (as in [Pan26,
§5.2, 5.3]) and then descend the results along the quotients by discrete cocompact subgroups in GL2(Q,).
Here, the key point is that we need to do descent for some huge sheaves (e.g. sheaves related to ker dg»)
along some infinite-sheeted coverings. For this reason, in Appendix A, we developed a general theory of the



compactly supported cohomology group with coefficients in some (possibly solid) abelian sheaves (like (’)?Kp)
on partially proper adic spaces, and we also developed some relevant descent theory. While the theory is not
general enough (we do not establish a full 6-functor formalism), it suffices for our purpose.

Remark 1.4. Using the p-adic uniformization, we can also establish similar product formulae relating the
coherent cohomology of Shimura curves with that of the Drinfeld tower of dimension 1 and the completed
(co)homology of Shimura sets, see Remark D.27. Such uniformization results for coherent cohomology of
(infinite or finite level) Shimura varieties seem to be new and very useful. For example, formula (Bf) will allow
us to calculate some higher extension groups for certain locally analytic representations of GL2(Q,) arising
from the coherent cohomology of Drinfeld spaces in [DLB17] (e.g. (B)), which will be treated in future work.

Another key ingredient towards Theorem @ is the following non-vanishing result of the D, -representations
7. and 7 defined before Theorem |[1.1l.

Theorem 1.5 (Theorem @) The D, -representation
Te = (hg H& (MLT,na Q}\ALT,")) ®'H(G) Tp

is infinite-dimensional. In particular, it is non-zero.

The proof for the theorem is mostly local (with some global input to understand the de Rham cohomology
of the Lubin-Tate tower). We use some explicit formulae for the action of the Lie algebra of D¢ on equivariant

sheaves on the Lubin—Tate spaces (deduced from the Lie algebra action formula on Z{ via the Gross-Hopkins
period map) in [HG94, §25]. We refer the reader to § for more details.

Remark 1.6. (1) If m, is a local component of a regular algebraic cuspidal automorphic representation of G,
in Proposition @ we also prove that for all i > 0,

H(G) /1.
Tor]“) (lim H!(Mur.n, Orti,)> 7p) = 0.

(2) We can also establish some representation-theoretic properties of 7. when m, has global origins as in (1).
The representation 7. admits a natural E-structure denoted by 7. g. It is an admissible locally analytic
Dy -representation over E (by Theorem @) Then we show that 7. g has Gelfand—Kirillov_dimension 1
(see Theorem , which is based on the work [DPS23]), and it is pure in the sense of [ST03, §8] (see
Lemma B.29).

Remark 1.7. We expect that when the Weil-Deligne representation 7, is absolutely irreducible, the represen-
tation 7(p,) we constructed should still determine p,, as in the GL2(Q,,) case; see, for example, [Din22]. Using
the methods in [QS25, Su25] and our geometric description of 7. using the Lubin—Tate spaces, we can show that
dim Ext}j); (Te,Tp) = 2. Hence the extension class (ﬁ) given by 7(pp) should determine the Hodge filtration

in the 2-dimensional space Dggr(p,). However, to show that the representations 7(p,) are mutually non-
isomorphic for distinct p, associated with the same r,, further input is required (e.g. dim Hom D (TeyTe) = 1).
This will be left to future work.

Remark 1.8. We conclude the introduction with a brief discussion on the relation of our results to the local-
global compatibility conjecture for definite quaternion algebras proposed by Sean Howe [How17, Conjecture
8.0.1].

Combined with the method comparing the completed cohomology groups of different Shimura varieties
sharing the same local group at p (e.g., comparing a zero-dimensional Shimura variety associated to a definite
quaternion algebra ramified at p and co with a Shimura curve associated to an indefinite quaternion algebra
ramified at p and some finite prime ¢ # p) [Mat25, Chapter 6], under some genericity conditions, our explicit
description of II(p) verifies the local-global compatibility conjecture of Howe in the de Rham case with regular
Hodge—Tate weights.

Overview

We briefly describe the structure of this article.



In §E|, we introduce the perfectoid quaternionic Shimura curve and its p-adic uniformization. In §@, we

recall and adapt various constructions and results of Lue Pan to our quaternion setting. In §R.3, we apply
the p-adic uniformization and the descent results developed in Appendix IAl to establish the product formula
for compactly supported cohomology (Proposition [I.3). In §2.4 and §R.5, we prove the main results on the

“de Rham” part of the locally analytic vectors of the completed cohomology of the Shimura curves (e.g. the
spectral decomposition in Theorem )

In §ff, we study the locally analytic representations of D) that appear in the completed cohomology
attached to de Rham Galois representations. In §B.1 and §@, we define these representations in terms of the
Lubin-Tate_tower (e.g. 7. and 7) and study various properties of them, including the non-vanishing result
(Theorem @), the admissibility (in Theorem EI) and the Gelfand-Kirillov dimension (Theorem @) Then
we apply the results to the completed cohomology and the p-adic Langlands correspondence for D5 in §8.3.
Finally, in §B.4, we discuss the p-adic Jacquet-Langlands correspondence for GL2(Q,) (i.e. Scholze’s functor).

Notation and conventions

In the whole paper, the field £ will be a finite extension of Q. Let Q)" be the maximal unramified extension
of Q, in an algebraic closure @p and let @p be its p-adic completion with the ring of integers Zp = W(IFT,)
We write C' = C,, := Q,.

For F' = E or C a p-adic field and H a p-adic manifold, write Cfy(H, F),C%i)(H, F) and C(Cé’)“t(H, F)
respectively for the space of (compactly supported) F-valued locally constant, locally analytic, and continuous
functions on H. If H is a p-adic Lie group, we write Lie H for its Lie algebra over Q,.

If g € GL,, is a matrix, we write g* for its transpose.

For (a,b) € Z2 with a > b, we write V(*?) = Sym*~°y(1,0) @det® or W@ for the algebraic representation
of GLs or its Lie algebra gl, (over a field) with highest weight (a,b) (with respect to the Borel subgroup of
upper triangular matrices), where vV (1.0) W (1.0) denote the standard 2-dimensional representation of GLy. Let

b be the subalgebra of diagonal matrices in gl,. Then we view (a,b) as a character of ) by sending (3 2) to

ax + by.

If X is a space (scheme, adic space, linear space, etc.) with a left (resp. right) action of a group H, then we
also view X as a right (resp. left) H-space via the involution g — ¢g~! on H. If F is an equivariant sheaf on a
left H-space X, then the global sections (or cohomology groups) of F naturally form a left H-representation
via the usual dual actions.

If M is a vector space over a field F' with a linear action of a commutative ring T, and A : T — F' is a ring
homomorphism, then we write M[A] for the subspace {m € M | tm = 0,V¢ € Ker(\)} C M.

Our convention is that the Hodge-Tate weight of the p-adic cyclotomic character of Gal(Q,/Q,) is —1.

We normalize the local reciprocity map Q; — Gal(Q¢/Qy)?" by sending £ to a geometric Frobenius element
for any prime number .

As in [Pan22, Pan26], the sheaves on adic spaces considered in this paper are equipped with natural
topologies (e.g. Olfgp is a sheaf of LB-spaces, i.e. countable locally convex inductive limits of Banach spaces)
and the isomorphisms between cohomology groups are topological isomorphisms. The topology and functional
analysis issues have been discussed carefully in loc. cit. and can also be treated using condensed mathematics
as in [Cam24, BCGP25]. Since our setting is similar to these previous works and the different settings are not
essential to the main results, we will generally omit the discussions on topology in this paper. We note that
all completed tensor products —®— over p-adic fields in this paper can be replaced by solid tensor products.
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2 Locally analytic cohomologies of Shimura curves

2.1 Quaternionic Shimura curve

First, we introduce our perfectoid quaternionic Shimura curve and describe its p-adic uniformization, cf.
[Sch1g, §5, §6]. We also recall the Drinfeld and Lubin-Tate spaces (of dimension 1) and the period maps on
them.

2.1.1 The Shimura curve

Let D be a quaternion algebra over Q, which defines a reductive group G over Q by G(R) := (D ®g R)*
for any Q-algebra R. Assume that D splits over R. We assume that D, := D ®q Q, is a division algebra (the
unique non-split quaternion algebra over Q,), and then G(Q,) = D,5.

Let K C G(Ay) be an open compact subgroup of the finite adelic points of G. Assume that there is a
decomposition K = K? K, where K, C D5, K C G (A?) are open compact subgroups. We will usually fix KP
throughout this article and will always assume KP to be sufficiently small (so that we can avoid problems of
non-representability and to get the desired torsion freeness of some cocompact subgroups of GL2(Q,) defined
by KP?, see for example [BC91|, 1.5] and §)

Let X = C\R be the union of the usual Poincaré upper and lower half planes, which can be seen as
the G(R)-conjugacy class of h : S = Resc/rGp, — Gr = (D ®g R)* sending a + bi € C* = S(R) to

(_ab Z) € GL2(R) = (D ®g R)*. Hence G(R) acts on X naturally. The compact Riemann surface

Sk (C) := GQNX x G(Af)/K)

is known to be canonically defined over Q. Let Sk be the (projective smooth) Shimura curve over the reflex
field Q associated with the Shimura datum (G, X) and of level K.

Fix an algebraic closure Q, of Q, and denote by C the completion of Q,, for the p-adic norm. Let Sk be
the adic space over C' associated with Sk Xg C. As K, varies in all open compact subgroups of D), we get a
perfectoid space over C':

SKP ~ I.&HSKPKP
KP

together with the Hodge—Tate period map
7TKP7HT : SK;D — jg,

where .0 is the adic space associated with IP%. See [Sch15, CS17, Shel7, Sch1§] for more details. Here Gl
carries the natural D, -action by viewing P}, as the base-change of the Brauer-Severi variety over Q, associated
to D, from @, to C, and (roughly speaking) the Hodge-Tate period map is defined by considering the Hodge
filtration in the linear dual of the (trivialized) universal Tate module. The Hodge-Tate period map mx» ur
is D, -equivariant, compatible with the Gal(@/ Qp)-action. It is also compatible with the following Hecke
actions. Let S be a finite set of prime numbers containing p, such that Gg, is unramified for £ ¢ S and
K? = K{K S where K° C G(A? ) is a product of hyperspecial compact open subgroups. Let

T = Z[K*\G(A})/K®]

be the abstract Hecke algebra. Then mx» pt is equivariant for the Hecke action of TS (with the trivial TS-action
on .Z().



2.1.2 Shimura sets, Drinfeld tower and the p-adic uniformization

The p-adic uniformization theorem expresses the Shimura curve Sk» in terms of the quotient of the Drinfeld
tower of dimension 1 at infinite level by some discrete cocompact subgroups of GL2(Q,) (see (E) below) which
will be important in our study of the completed cohomology of Sk».

First, we introduce the quaternionic Shimura set. Let D be the quaternion algebra over Q obtained from
D by changing the local invariants exactly at the archimedean place and p. Let G be the reductive group over
Q associated to D. Hence G(R) is compact modulo the center and the p-component G, := G(Q,) of G(A) is
isomorphic to GL2(Q,) induced by the splitting of D at p. We can and we do fix an isomorphism

G(A}) = G(A})
so that KP can be viewed as an open subgroup of é(A’;). The Shimura set
Zgv = G(Q\G(Ay)/K” (3)
is a profinite set (by finiteness of class numbers [Bor63, Theorem 5.1]) with commuting actions of T9 and
G, = GL2(Qy).
Next, we introduce the Drinfeld tower. The Drinfeld space of dimension 1 over C of level 0 is non-

canonically given by Mp, o =~ UpezPg™ \ P1(Q,), the base change to C' (via Q, < C) of the adic generic
fiber of a formal scheme over Spf Oy , which is a certain moduli space (Rapoport—Zink space) of p-divisible

special formal Op -modules, see [Dri?G] or [RZ96, Theorem 3.72]. Let Vp, be the dual of the p-adic Tate
module of the universal p-divisible group on Mp, ¢. The Drinfeld tower (Mpy ,)n>0 consists of étale Galois
coverings Mpy,, of Mp, o with the Galois group (Op,/p"Op,)* = ng/(l +p"Op,) trivializing Vp, /p" Vby.
By [SW13, Theorem 6.5.4], there exists a perfectoid space Mp; o over C such that

MDr,oo ~ @1 MDr,n
n

and Mp; o is equipped with a natural continuous left action of D) x GL2(Q,). The group GL2(Q,) acts
also continuously on each layer Mp;, ,,, n > 0. The Hodge filtration of the covariant Dieudonné module of the
universal p-divisible group defines the Gross—-Hopkins/Grothendieck—-Messing period map [SW13, Prop. 6.5.5]

TDr,GM - MDr,oo — Fl

where .#{ means the adic space associated to ]P’}j equipped with the natural GL(Q))-action and the trivial
action of D;f. The Hodge filtration of the dual of the rational Tate module of the universal p-divisible group
over Mp; o defines the Hodge-Tate period map [SW13, Prop. 7.1.1]

TDr,HT * MDr,oo — FU.

Note that our normalization for the D/ -action is different from loc. cit. by the involution of D), and follows
that of [Pan26], since here the tower /\/lDr oo trivializes the dual of the Tate modules (rather than the Tate
modules). See § for relevant dlscussmns The map 7p, gt is equivariant for the GL2(Qp) X D>< action

where GL3(Q,) acts trivially on .F#¢.
The following theorem gives the p-adic uniformization of the perfectoid Shimura curve Sk».

Theorem 2.1 (Cerednik, Drinfeld). We have a D -equivariant isomorphism of adic spaces over C:

Skr = G(Q\(Mbr,oc x G(A})/KP), (4)
which is compatible with the Q,-structure, the (effective) Weil descent data to @, on both sides and the action
of T*.

Proof. See for example [Dri76], [RZ9G, Theorem III], [BZ00, BZ22] or [Schlg, §6] for more details. More
precisely, for each n > 0 there exists an isomorphism

Skrm = GQ\(Mbrn x G(A})/KP)

where Sk ,, is the Shimura curve of level K?(1+ p"Op, ). Moreover, after we replace Mp; o by its quotient
by a discrete cyclic subgroup of the center of G, the Weil descent_datum on the right hand side is effective
and the isomorphism is Q,-rational. See [RZ96, Proposition 6.16], [Har97, (A.11)] for example. Then we take
inverse limits over n. O



Remark 2.2. Here, in (H), we note that the action of G(Q) on My oo is induced from the left action of
GL2(Qp) on Mp; « via the map G(Q) — G(Q,) = GL2(Q,) twisted by the Cartan involution of GL2(Q,)
(the inverse transpose g — (g')~!) as in [Pan26, Theorem 5.4.2]. The action of G(Q) on G(A}) is given by

multiplication from the left. The group K? acts on Mp,  trivially, and acts on é(A?) by multiplication from
the right.

We can rewrite the isomorphism (H) in terms of the Shimura set Zx» = G(Q)\G(Af)/KP. There is a
canonical isomorphism (cf. [Har97, (A.10)] or [Far04, 4.5.2.1])

G(Q\(Mbprn x G(A})/KP) = (Mpry x GQ\G(Ay)/KP) /Gy, [2,yKP] = [z, G(Q)yK”]

where the right G,-action on Mp, , x G(Q)\G(A)/KP is given by (z,y?,y,)9 = (¢'z, y?, y,g) for x € Mpy n,
{

yP e é(A?), Yp € Gp =2 GL2(Qy), and g € G,. Under the above isomorphism, we rewrite ({) as follows:

Sk = (Mpre x (GQ\G(A7)/K?)) /G (5)

Ihis isgmorphism is compatible with the G)-actions on Sk» and Mp; o, the actions of TS on Skr and
G(QN\G(Ay)/KP.
Remark 2.3. Under the isomorphism (E), the G, = D/ -equivariant Hodge-Tate period map mp,ur :

Mbproo — Z( _induces a D) -equivariant map on Skr, which is exactly the Hodge-Tate period map on
Skr. See [Shel7, Claim 3.4.2] for more examples and the discussions below.

For further applications, it is convenient to rewrite the D -equivariant isomorphism (B) as
Skr = LIa:EZKp/GLg(Qp)Fx\MDr,oo- (6)

Here, Z» has finitely many GLy(Q,)-orbits. For every x € Zk» represented by z € G(Ay), we put I', =
z71G(Q)z N K? as the stabilizer of x for the right action of GL2(Q,) on Zx». The groups I', are discrete
cocompact subgroups of GL2(Q,) since G(Q) is discrete in G(A) by [Gro99, Proposition 1.4]. and after
shrinking K if necessary, we may assume all these stabilizer groups I',, are torsion-free (cf. [BC91, 5.4] or
take £ # p such that the ¢-component K, of KP is torsion-free).

Let I' be one of the above cocompact subgroups I, for some z. Then Sr := I'\Mp; « is an adic space over
C (as it is a component of Sk»). The projection map prr o, : Mpr,eo — I'\Mpy oo is an analytic I'-covering
of adic spaces by the following proposition.

Proposition 2.4. Let I' be a closed discrete cocompact subgroup of GL2(Q,). If T' is torsion-free, then
the projection map prp o, : Mpre — I'\Mp; o is a local isomorphism in the following sense: for any
x € N\Mpy, o0, there exists an affinoid perfectoid open subset U which contains x, such that prito(U) is a
disjoint union U,ery(V'), with V' C Mp; o an affinoid perfectoid open subset, such that prp o, [v : V — U is
an isomorphism.

Proof. We only need to prove similar statements for Mp, ¢ (using [CDN20, Proposition 4.2(ii)]). The result
was proved for subgroups of PGLy(Q,) acting on Q = P5™ \ P1(Q,) in [SS91, §5, Theorem 2]. Let B be the
Bruhat-Tits tree for PGL2(Q,). In the proof of loc. cit., there exists an open covering of {2 by open affinoids
U¢ constructed by Drinfeld where 0 < @ < 1 and o varies in all simplices of B. Moreover, g(U%) = Ug(g) and
UgryNUg =0 1if g(o) # 0. Let GL2(Qp) act on B x Z via g.(x,m) = (9.2, m +vp(det(g))) as in [RZ96, §3.68].
By Drinfeld, see [RZ96, §3.71], there exists a GL2(Q))-equivariant isomorphism Mp, o ~ Q x Z (defined over
Q,). For a simplex o = (0/,m) of B x Z, let U% be the open affinoid U% x {m} C Mpy, ¢ via the previous
isomorphism. Then (U2) form an open covering of Mp, o when ¢ varies in all simplices of B x Z. We still
have g(Uz) = Uy, for g € GL2(Qp) and Ug,, NUz = 0 if g(o) # o. The stabilizer of each simplex o in B x Z
under the action of GL2(Q,) is an open compact subgroup. Thus its intersection with the discrete group T,
denoted by I', C T, is a finite group, and is furthermore trivial since I is torsion-free. Hence U;‘, (N U j{‘(a) =0

for all v # +" € T'. We can then conclude as in the proof of [SS91, §5, Theorem 2].

Moreover, as I' acts trivially on ﬁﬁ, the Hodge-Tate period map mp; T : MpDr,co — F 1 descends to a
map of adic spaces
TrHT : SF — FYL

which coincides with the restrictions of Tx» g1 via (E)



Lemma 2.5. There exists a basis B for the analytic topology of .%¢, such that each U € By is an affinoid

open subset, Vo = 7 hT(U ) is an affinoid perfectoid open subset inside Sr, and there exists a sufficiently large
n such that V, = W;’L(Vn) for some affinoid open subset V,, C I'\Mp, ,,. Here 7r,, : T\ Mpy.co = T\ Mbpyp
is the projection map.

Proof. This follows from the p-adic uniformization (B) and the similar properties of mg» g1 : Sk» — FU; see
[BP21, Proposition 4.4.53]. O

2.1.3 The two towers
We will also need the perfectoid Lubin—Tate space (cf. [SW13, §6.3])

MLT,OO ~ ]gl MLT,n-
n

The 0-th layer Myr is the base change to C' of the adic generic fiber of the formal scheme over Spf (Zp)
parametrizing deformations (up to quasi-isogeny) of 1-dimensional formal p-divisible groups of height 2 over
F,, isomorphic to Z copies of the open unit disk (see [HG94] or [RZ96, §3.78]). Each Myt , — Myt is an
étale Galois covering with Galois group GL2(Z,/p™Z,). There is a natural continuous (left) action of GL2(Q))
on Myt o Also D) acts on each layer Myt ,, n >0 (using the moduli description). Similarly as for Mpy o,
we have the Gross-Hopkins period map miram @ Mir,co — Tl [HG94] and the Hodge-Tate period map
L HT @ Mir,co — F ¢ [SW13]. Following [Pan26], we twist the usual GL2(Q))-action (in [SW13]) on My
by the Cartan involution g — (g7 !)f, which corresponds to the usual GL2(Qp)-action on Mp, o under the
following isomorphism. As a consequence of our normalization, the actions of the centers Q, of D) and
GL2(Q,) coincide on My oo.

Theorem 2.6 ([SW13, Theorem 7.2.3]). There is a GL2(Q,) x D,‘-equivariant isomorphism
MLT,oo = MDr,oo (7)
such that under this isomorphism, w1 gum is identified with 7p, g, and 7 ur is identified with mp, ,gm-.

The period maps mpr.gMm = Tpr,aT (Y€Sp. TLT HT = TDr,oM) realize Myr o as a proétale GLa(Q),)-torsor
(resp. D) -torsor) over F L (vesp. over P \ PH(Q,) C F#¢) [SW20, Corollary 23.5.3]. Besides, the map
TLr.aM | Myt.eo — L factors through

TLT,0 TLT,GM,0
Mirtco = Miro = FL.

where 7o denotes the projection map Myr o — Mrr,o. The map mpro is a GLa(Z,)-torsor, and there
exists a basis B of My o consisting of affinoid open subsets, such that for each U € ‘B, WITT{O(U ) is affinoid
perfectoid (cf. [Weil6], [CDN20, Proposition 4.2(i)]). The Gross-Hopkins period map 7rr.anmo : Mrro — F4
is étale, and there exists an open cover {U;} of .#¢, such that each U; is partially proper, and ”IjTl,GM,O(Ui)
is a disjoint union of finite étale coverings of U; (cf. [DJ95, Proposition 7.2]). Moreover, the map 7L aM,0
is surjective with local sections [SW13, Lemma 6.1.4]. We note that there are infinitely many components of
WETl,GM,o(Ui)a as the geometric fibers of 71 gm0 are GL2(Q,)/ GL2(Z,). Besides, the Hodge-Tate period map
Tpr,HT decomposes as the composition 7r yr OPIT o, where PIT o Mpy,oc — St is a I'-torsor for the analytic
topology and a local isomorphism in the notation and in the sense of Proposition @, and 7 gt : Sr — Fl
is “affinoid” in the sense of Lemma R.5. We summarize the picture as follows:

MLT,OO = MDr,oo

Mt Sr -
WLM} ‘%
Fl
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2.2 Locally analytic vectors a la Pan

Let Onmp, oo =~ Oy, be the completed structure sheaf on the infinite level perfectoid Drinfeld /Lubin-
Tate space under the isomorphism in Theorem P.6. We recall some basic properties and constructions about
the sheaf of locally analytic sections in Oy, . and Opqy,y , as in [Pan22, Pan26].

Let g := Lie D ®q, C. We fix a splitting throughout this article

D, ®g, C = Mat,(C). (8)

Using this splitting of D,,, we get a Lie algebra isomorphism § = g := gly(C), where g is the Lie algebra of
GL2(C). We will identify them via this isomorphism.

2.2.1 Equivariant line bundles on the flag varieties

The splitting (E) induces an isomorphism .#¢ = P}, ~ (GLy /B)c where B is the opposite of the Borel

subgroup of upper triangular matrices B C GLy and we will also identify .# ¢ with (GLy /B)¢c. For any weight

)

(a,b) € Z? of the Cartan subalgebra b ~ b of diagonal matrices, we write w'%? for the GLs-equivariant line

FL
bundle on .#/ associated to the character (a,b) : B — C, (;C 2) + 2%2%. And we similarly write wgkb)

for the line bundle on .#¢ associated to (a,b) (also using the Borel subgroup consisting of lower triangular

matrices). Hence the dualizing sheayes are given by Q1 = w;;f ,QY, = w7 where 2p = (1,—1). In this
normalization, we have (see Remark below):
* ( 1b) ~ * (7 17b)
THeHTW 5 = Thr,GMW.rp Q0 up, .. OMpy.o(—0) 9)

for (a,b) € Z?, where (—a) denotes the —ath Tate twist.

Remark 2.7. Let V10 be the standard representation over C gf GLy. The pullback along 7p,r pr of the short
exact sequence of equivariant bundles on .#¢ induced from the B-sequence 0 — (0,1) — V10| — (1,0) — 0

(0,1)

gives the (dual) Hodge-Tate sequence (cf. (E))
0 — Lie(GY) = V,(G)" ®g, Opmyr... — Lie(G) 7' (=1) =0

on Mt e, where we denote by G the universal p-divisible group on Mt o, V,(G) the rational Tate module
and Lie(G) the Lie algebra.

Let W19 denote the standard representation over C' of GLy on which Dy acts via (E) The B-filtration
on W(l’o)\§ together with mpr g induces the Grothendieck—Messing sequence on the infinite level My o,
which is a D,-equivariant exact sequence

(1,0
Gl

O — WET,GM(JJ({Ll) — W(I,O) ®C OMLT,oo — WET,GMW — O. (1].)

FL

The above exact sequence is identified with the pullback of the sequence
0 — Lie(GY)™! = M(G) — Lie(G) = 0

where M (G) denotes the covariant Dieudonné crystal of G on My g.

Let G be the universal p-divisible special formal (’)Dp—module over Mpy . Let N be the isocrystal over
Qp of slope —% so that D, = End(N). Under the isomorphism (H), we have (see proof of [SW13, Theorem
7.2.3] or [FF19, §8.1.2, §8.3.2]) Dp-equivariant isomorphisms

M(G) = Hom(Vy(G), N @5, Ort, ), Vo(G) @0, Ont, . = Hom(M(G), N @55 Oty )

and

Lie(G) = Hom(Lie(G)(1), N ®g, OMpr.oo)-

There are similar Hodge Tate and GrothendieckMessing sequences on Mp, o, for V,(G)Y and M(G) corre-
sponding to (@) and (E) respectively.

11



Let
L0 G p—— (@b
MbpDr, 00 Dr,GM 9@ = Ty, HTW 2 ¢
and

wlab) _ Wl _ e
MLT 00 7TLT GMWg, = 7TDr HTW 5,

be the pullback of the line bundles on Mp, o =~ My o for any (a,b) € Z2. Then there is a GLo (Qp) x D)-
equivariant and Galois equivariant isomorphism

a,b —a,—b
Wiy = W ()

by (E) The Grothendieck—Messing maps factor through finite levels: Mp; oo oy Mbpyon AT Z0 and

Mirse 5" Mip, 5" FL. Let
w(a b) = ¥ w (a.b)
MbDrn Dr,GMn™.7¢ >
wﬁ&ﬁ =T amaw sy
and set
wﬁ&ﬁ)rji“ = colim,, ﬂ']Srl nws\{ilg)r n
WG = colim, ik WG

2.2.2 Locally analytic vectors and geometric Sen theory

Recall that Oaqy, .. = Omyr.o denotes the completed structure sheaf of Mpy oo = Myr,00. Let O%D

(resp. ORy . ) be the subsheaf of Oy, . consisting of locally analytic sections for the DX-action (resp.
GL2(Qp)- actlon) By [Pan26, Corollary 5.3.9], [QS25, Proposition 4.3.6] or [DC24, Corollary 5.1.9], we have

OMDr oo = OMLT oo "

Similarly we define O3}~ (resp. O%3 . ) as the subsheaf consisting of Df-smooth (resp. GL2(Qp)-
smooth) sections. Also let (’)hlgh c O (resp. (’)L{i’iT C O%y... ) be the subsheaf consisting of locally

algebraic sections for the D, -action (resp GLQ(QP) action). By [Emel7, Corollary 4.2.7], we know
lal ~ W-lal
Mir oo @ OMDr fo

where W varies in the set of irreducible algebraic representations of D) over C. A similar decomposition

result also holds for Olalg

For (a,b) € Z?, we also have subsheaves wﬁ&’g)r’ilg c wl® l;r _ of the GL2(Q,) x D) -equivariant sheaf
w%l?r . = OMp,... @O wﬁ&? "™ defined similarly as in §|2.2.i. We have w(a brla = 0%, Qo
wﬁ&?r . Again, similar results hold on the Lubin—Tate side.

We recall below results from the geometric Sen theory, developed in [Pan22, Pan26§, Cam22, DC24]. As
in [Pan22, §4.2.6] and following Beilinson-Bernstein, let §° := §®c O4,,¢° := g®c Oz, which are Lie
algebroids over O 4, or Ogy. Let h ~ h Cc § ~ g = gl, be the Cartan subalgebra consisting of diagonal
matrices. Let i C b C §° be the universal nilpotent subalgebra and the universal Borel subalgebra over .%/,
with (71%)V the dual of 7°. Similarly, let n® C b C g° be the universal nilpotent subalgebra and the universal
Borel subalgebra over .#¢. The preimage of these Lie algebroids, e.g. wgr{HTgO, acts on the locally analytic

vectors OlﬁADr _ by derivations.
Let Z(g) be the center of the universal enveloping algebra of § which is isomorphic to S (h)W via the Harish-
Chandra isomorphism, where W is the Weyl group for § and W acts on S(h) via the dot action. Recall that

Z(§) is a C-algebra generated by z = <(1) (1)> and the Casimir operator Q = utu~™ +u~u® + 1h? € Z(U(9)),
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where u™ = (8 (1)>, u- = ((1) 8) and h = <é _01> Here we used our fixed isomorphism § = g to define

these elements z and €.
As in [Pan22, §5.1.4] or [Cam24, Theorem 6.3.6], there is an action of the arithmetic Sen operator Ogen on
O%,. We also have the following relation between the arithmetic Sen operator, the horizontal action 0 of the

Cartan subalgebra b (defined below), and the action of the center Z(g§).
Theorem 2.8. The following statements hold true:

(i) The locally analytic vectors Olﬁ,lm ~ Ok Mz are killed by the “geometric Sen operators” 7T]Sr1 .

and w7 yrpn’.
(ii) Let ¢ (resp. 6;) be the horizontal action of h~bhon (’)k‘ADr,oo (resp. Okl/tm,oo) via b0/R0 ~ h ®c O 4,
(resp. b%/n° ~ h @c Oz¢). Then 05 = Op.

(iii) The actions of z = (1 O) and 0 (z) on O~ are the same.

0 1

(iv) We have Ogen = 05 ((1) 0) and (20sen — 2z 4 1) — 1 = 2Q as operators on O o

0
Proof. The proof is similar to [Pan22, Theorem 5.1.8], [Pan26, Proposition 6.5.4], and the results also follow
by [Cam24, Theorem 5.2.5, Theorem 6.3.6]. Here, we note that in [Pan22] Pan uses the upper triangular
matrices to define the flag variety, and we use the lower triangular matrices. Thus, there is a small difference
about the description of results on horizontal actions of B. O

Some of the above results on various operators on (’)lﬁ/[D ~ OB?ALT also generalize to certain twists of

these sheaves. As the nilpotent Lie algebra 7y, HTnO kills wﬁw

horizontal action 6 of h on wf&?i For (a,b), (a’,b') € Z2, let Olfagl i) (resp. w(a b)r 1: (0 )) be the subsheaf
of Ob{l,lm,oo (resp. wf& -0, la) such that the action of ¢ is given by the weight (a’,t’). Using the fact that 60

b .
OMDr . o wﬁ& )t here is also a

acts on w} ; ) via (a’,b") and (E)7 we have the following formulae relating these twists:
O] @or, ey [ = wlf e, (12)
la,(a,b) -1 V)~ (=a',=b)la,(ata’ b+b)
Ot ®rsl 110z, D HTWL(;g e VA (—a). (13)

Using the above formulae, one can check that

Ola ,(0,0) Ql,sm ~ Ola ,(—1, 1)( )

Toe P, @ Mpr,oo O Mprco — Y Mpr oo

7"'D ur© Dr,

We can compute some W-locally algebraic vectors explicitly for some algebraic representation W of D
over C.

Proposition 2.9. For (a,b) € Z?,a > b, let W(®?) be the algebraic representation of D) C GLy(C) over C
of highest weight (a,b) (with respect to the Borel subgroup consisting of upper triangular matrices). Then

lalg,(a,b) w e b)-lalg (a,b) (a,b),sm
OMDr s OMDr o ~W ®c wMDr,oo (a)

Proof. See [QS25, §3.4] for example. We briefly illustrate the case when (a,b) = (0,—1). The subsheaf

Olﬁi @b) - Olﬂg __ is the subsheaf of (’)la’(a’lz consisting of sections that are locally algebraic for the D-

action. The first equahty can be obtained by explicit descriptions of the sheaf o= (‘”2 in terms of certain
power series expansions as in [Pan26, Theorem 3.2.2]. Next, using ([LI]) together with (E) we deduce an exact

sequence

0= oG 5 W) o Opmy, .. — wf\,l]l)rolo(—l) — 0.
Then the term wfa’l;lijm will contribute to the locally (W1:0)*-algebraic part of Oy, ... The general cases
follow similarly. ‘ O
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2.2.3 The differential operators

There are various differential operators on

la,(0,—k) _ ,la,(0,—k)
@ - OMLT,oo ’k = 0

Dr,oc0

that are constructed in [Pan26, §4], which extend the connections on the corresponding algebraic parts.
The differential operator (see [Pan26, Remark 5.3.18] or [QS25, Proposition 4.3.10])

dpy : O.l/ag)r,,xk R Ola (0, k) ® (Ql ,sm )®k+1

Droo

extends the connection on (’)lﬁi ((; )~ W0k Rc w(o rkzc’sm or more classically the Gauss—Manin connec-
tions (0,—k) (0,—k) | (—k—1,1)
1 k-+1 —k—1,
wMDr n - W MD ® (Q Dr,n)®( * ) = wMDr,n : (14)

Remark 2.10. These connections are pullbacks of the connections on wt(go’[k) via the étale map Mp, , — FL.

We note that we use the Borel subgroup consisting of lower triangular matrices to define the flag variety .#/¢
(in particular w}’ ) is ample). When k& = 0, it’s clear that dp, is the pullback of the de Rham complex on
ZF L. For general k, the connection can also be constructed by translations of the de Rham complex as in
[Pan26, Lemma 5.6.6] or as in the usual BGG construction [Fal06]. We use the notation of Remark R.7. Since
we have trivialized the universal Dieudonné module M (G) on Mp, o [RZ96, Proposition 5.15] which coincides
with V10 @, 0O Mo, Up to a multiplicity space given by a finite-dimensional D)’ -space, the connection on
V3D @0 Oy, , is trivial on VIO (cf. [Van24, Lemma 3.11]). Taking a symmetric power of the dual of the
Dieudonné module, we see the connection

VO @O0M,, 2 VO ey, (15)

is trivial on V(=% and is given by the usual differential map on the_structure sheaf O Mp...- Besides, the
map ([L5) is equivariant for the GL2(Q))-action. Taking the part of (@) with infinitesimal character equals
the infinitesimal character of V(®:=%) (i.e. the translation of the usual differential map Oy, , — Q4 Moy, from
the trivial weight to the weight (0, —k)), we obtain the desired map (@), which is quasi-isomorphic to (@)
as complexes by [Pan26, Lemma 5.6.6]. On the other hand, there is a Hodge filtration on V(=% @ O, .
(given by the dual of the Hodge-de Rham sequence (@) if K = 1) so that the map (@) satisfies the Griffiths
transversality. The induced map given by (ﬁ) is an isomorphism on all graded pieces of the Hodge filtration

except the top one wget;k) and induces (@) (cf. [Van24, Lemma 9.8]).

The differential operator ([Pan26, §5.3.16])

ED 0.1/?/1530 o - Ola7(0 ook) ®775r1 ur©Oagy ( Dr HTQl )®k+1

arises from the action of the differential operators on the flag variety .Z ¢, extending a twist of the pullback of

the connection (0,—k) (0,—k) W(TF=1D)
y y T 1 ®(k+1) ~
Wg, Wz ®(0g) Yo : (16)

There are also twists of these differential operators, which we denote by dbrﬂ;)r. We summarize the results
as follows.

Theorem 2.11. Let £ > 0 be an integer. There is a commutative diagram

)® k+1

Ola,(o,*k) dpr O a,(0,—k) ®Osm (Ql ,sm

MDr,oo MDr e8] Dr oo

FD, Fﬁr

la,(0,— k) dp, la,(—k—1,1)
OMDr,co ®7TD1HTO ( TDr HTQ}Q@)@kJrl —_— OM (k+1)

such that:
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(i) The operator dp, is mp, gpO 5 ,-linear, and is given by the Gauss-Manin connection (@) when restricted
to Olalg ,(0, k)

Droo

(0, k),sm . . 1 (0,—k)

(i) The operator dp, is O, linear. If we twist dp: by w ; its restriction on 7w ;) is

induced by the differential (E)

lalg, (0, k)

Dr,co

(iii) The map dp, is surjective, with kernel O

(iv) dp, is a twist of dp, by W]S:HT(Q} )@k+1 and dp. is a twist of dp, by (Ql VAN R

,00

Proof. This is [Pan26, Theorem 5.2.15, Theorem 5.2.16, Theorem 5.3.17] except that we don’t take the direct
image along the period maps. We note that by (@) and ([L3) there is an isomorphism
1 k41 la,(0,—k) 1,sm k+1 la,(—k—1,1)
(7TDr )T s O, OMp, o OO _ (QMDrm)® A= Opip,.o.  (E+1).

k) in terms of

power series expansions as in [Pan26, Theorem 3.2.2]. O

The construction of these differential operators follows by the explicit description of o' M (0,

The above theorem also holds mutatis mutandis for the differential operators dir, dr on (’)ld’(o : (and

their twists) in [Pan26, §5.2.14], replacing everywhere “Dr” by “LT” and “.Z¢” by “.Z(”. In particular, we also
have a commutative diagram

la,(0,—k) (%Y la,(0,—k) i 1,sm ® k+1
OMLT,OO OMLT,OO ®07\TLT,00 (QMLT,OQ)
ﬁm F'LT
la,(0,—k) ® k+1 dir la,(~k—1,1)
—T
OMLT,QC ®7rm nurO=ze (ﬂ—LT HTQ ) OMLT (k + ].)
lalg (0,—k)

where dpr is surjective with kernel O . It turns out that (up to a non-zero constant) dpr coincides

with dp, and dpr coincides with dpy, and the above diagram is essentially the same as the one in Theorem

bl

Theorem 2.12. Under the isomorphism O,
invertible constants c, ¢’.

Proof. This is [Pan26, Theorem 5.3.20] and [QS25, Theorem 4.3.12]. O

1a, (0, k) Ola,(O,fkr)

Mo+ WE have dp, = cdrr,dpr = c'dir for some

The identification of these operators allows us to compute the cohomology of the differential operator dp,.

Corollary 2.13. The differential operator dp, : (’)lj{a/’l(DOr’ M (’)la’(o —) Rosm_ (Q}\jm )@ R s surjective,

Dr oo Dr,co
with kernel Olf\a/llgL’T(O;o_k). Similar results hold for df,.

From the above corollary we obtain a short exact sequence

lalg,(0,—k) la, (0, k) d la,(0,—k) 1,sm R k+1
0— OMLT.OO - OM Dr, = O Mbpr,so ®Osm Dr, (QMDr.oo) —0 (17)
which is GL2(Q,) x D,-equivariant. This sequence will be crucial for our study of the locally analytic rep-
resentations of D from the compactly supported cohomology groups of these sheaves and the completed
cohomology of the quaternionic Shimura curve.

2.2.4 Passage to the Shimura curve and the flag variety

So far we have discussed some equlvarlant line bundles on Mp, o in §- subsheaves of (’) in
§ and the differential operators in § These objects and constructions are GL2(Qp)- equlvarlant
hence descend to the analytic quotients & F\MDrm where I' C GL2(Q)) is a closed cocompact subgroup
satisfying the assumption for Proposition P.4. Via the p-adic uniformization Sk» = Uzc 7,/ GL,(Q,)ST, in the
notation of (fj), we can obtain corresponding objects on the Shimura curve Si». Note that we can make the
same constructions directly on Sk» as is done in [Pan26] or [QS25].

Recall that PIT oo © Mpy.ooc — St is the quotient map and mg» 1 : Sgr — F{ is the Hodge—Tate map for
Skr. Let (a,b) € Z? and k > 0. In summary, there are
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Remark 2.14. The sheaves w Sp

on t

automorphic line bundles wéa Z) = hep HTwL(W " (—a) and the smooth vectors wéi;?’sm for (a,b) € Z*

such that @ ) ) )
prl:i)o(wSKp lsp) = W/Ctm o’  PIp, o si;p sp) = W&Drim~

In particular, Q% sonis naturally identified with wg LL)sm,

subsheaves of
O3 C 028 C Of , C Osy,ps

p

)’ , whose pullbacks to Mpy, « Via prr ., coincide with the correspondlng

and similarly subsheaves of w' S
sheaves on Mp; o in §- These sheaves are killed by the nilpotent Lie algebra WK,, HTn and also

admit horizontal actions of § still denoted by 0y

the subsheaves Ola’(a b ),w(i;b)’la’(a/’b/) etc. where b acts via the weight (a’,’) € Z? whose pullbacks to
My, coincide with (’)la (a v ) 5&2 li(a ) , ete.

the differential operators ds,.,, , s, dszp ,E:SKP on O?I’((f’_k) for £ > 0, which satisfy the results of The-
orem m replacing everywhere “Mp, oo” by “Sk»” and “Dr” by “Sk»”._All these differential operators

are surjections of sheaves as in (iii) of Theorem and Corollary , which will be discussed in
Proposition m below.

(a, b) * we constructed above coincide with the usual automorphic vector bundles

he Shimura varieties constructed using the Grothendieck—-Messing period maps. See [DLLZ23, Remark

5.2.11, Corollary 5.3.3].

Finally we can push forward the above sheaves along the “affinoid” map mx» pr : Skp — Z( to_obtain
sheaves on .% ¢ and the corresponding differential operators. We set, exactly as in [Pan22, Pan26] or [QS25],

o sm.__ s (ab) . _ (a,b)
Okv = ke HT,xO08xp» O 1= Trr a1 0%, Wiep 1= TRp HT W, > €tc.

the subsheaf of locally analytic or locally algebraic vectors
W lal, lal, a
O M8 CORE C O,

(a b),la

of the D/ -equivariant sheaf Og». There are similar subsheaves of wy These sheaves are killed

by the nilpotent Lie algebra #° and also admit horizontal actions of b stlll denoted by 95, hence are
equivariant twisted D-modules in a suitable sense (e.g. [BCGP25, §3]).

the subsheaves (91;’;“ (’)meg?pb) lay(a”,b) wﬁ?pb) 12 ete. where b acts via the weight (V') € Z2.
there are differential operators as in Theorem
la,(0,—k dr la,(0,—k ,
OO S 0RO @ Q)@ R
ﬁ”’ F;{ . (18)

a,(0,— dgp a,(—k—
O™ 0, (1, )1 —2 s O(F 1D gy 1)

for integers k > 0.

Proposition 2.15. Let de,de,de7dK,) be the differential operators on Ola’(o %) in (@) Then the
following statements hold:

(1)

The map dg» : Olli’p(o’_k) — C’)IK,,O M 2o (Ql )®k+1 is surjective, with kernel
O;lg 2(0,—k) ~ W(O,fk) Rc w§?7_k)7sm (19)
P P N
Similarly, the map EIKP : (’)1;;(0’716) ®@%(Q}§m)®k+1 — (91;’,571671’1)(16 + 1) is surjective, with kernel
lalg,(0,—k R ~ _ —k—1,1),sm
025( )®o;g; (Q}(Zm)@) k+1 o 7 (0,—k) ¢ %(r(p ),8 _
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(2) The maps dg» : OO ~F — EO0=K Bom (QSMER and ), O'(0.=k) o,,(QL )2k
01;7?(71@71,1)% + 1) are surjective.

Proof. (1) The statement for dg» can be proved using similar arguments as in [Pan26, Proposition 4.2.9] and
EIKP is a twist of dg».
(2) Since Sg» = UseZur/ GL2(Q,)ST, and each map Mp; o — Sr, is a local isomorphism (Proposition

), the differential operator ds,.,, : O?’(O =) — Ola’(o —k) ®Obm (Ql Is(m)®k+1 is surjective. To show that dg»

is surjective, we show that there exists a covering of .# ¢ by afﬁnmd open subsets V' C .%( such that the map

la,(0,—k — la,(0,—k ,sm -
dsy : 05 in (V) = (08" @0 (20|50 )® ) (rp i (V) (20)

Skp )
is surjective for any I' satisfying the assumption of Proposition @ Let V C .Z/ be an affinoid open subset
such that

ﬂ-I:Tl‘,GM(V) = UgeaLa(@y,)/ GLz(Zp)gUoov

where oMt MLT,00 — F( is the Gross—Hopkins map discussed at the end of § and U C Myry is an
affinoid open subset mapping isomorphically onto V, with Uy, the pullback of U to Myr . (See the proof of
[SW13, Lemma 7.3.2] for the related construction.) We claim that for such an open subset V' the map (R() is
surjective.

By Corollary P.13, the differential operator dp, is surjective on Mpy o, with kernel OlalfTO ~*) For an
affinoid open U, C ./\/lDr o ™ Myt o that is the pullback of an open affinoid subset of My 0, we have
HY(Us (’)ﬂ%ﬂ(o k)) = 0 using Tate’s acyclicity (see the proof of Lemma D.22 below). We see that the
differential

la,(0,—k la,(0,—k ,sm
e - O P (U) = (O P oy, (@50 )7 )(Us) (21)

is still surjective after taking sections on such affinoid open subsets U,
Let I' € GL2(Qp) be a discrete cocompact torsion-free subgroup. The assumption on I' implies that
I'NeGLy(Zy)c™t = {1} for any ¢ € GL2(Q,). Hence

WL% am(V) = UgeaLa(@,)/ GL2(2,)9Uoo = Uyer Ueer\ GL2(Q,)/ GL2(Z,) VeUso

Therefore, 7r1?71HT(V) = PI'T oo FE%,GM(V) = Ueer\ GLy(Q,)/ GLa(2,)C - Uso 18 isomorphic to a finite number of
copies of U,,. As a consequence, the map (@) can be identified with a finite direct sum of copies of the map
(ﬂ) In particular, the map (RQ) is surjective, or equivalently, the map

dico + O (V) 5 (O @omm, (S EFH)(V)

is surjective.

Since .#{ can be covered by such affinoid open subsets V' such that (@) is surjective and Sk is a disjoint
union of finitely many components of the form Sy, we conclude that dg» is a surjective map of sheaves. Finally,
as d, is a twist of di», we deduce that d, is also surjective. O

2.2.5 The intertwining operator on Ola (0.=k)

Let k£ > 0. We define the intertwining operator on (’)la (0F) a8 in [Pan26, Definition 4.3.1].

Definition 2.16. We define I := d/, odgr = E/Kp odgr to be the composition of these operators in (@), and
we call I the intertwining operator.

In the same way as in [Pan26, §6], we can interpret the intertwining operator Galois-theoretically as the
Fontaine operator [Fon04]. We sketch the construction of the Fontaine operator. Let IBdR Sk be the positive
de Rham period sheaf on Sk» (we mean the slice of the pro-étale sheaf on the analytic site of Skr). Define
IB%+R ‘= Tgr HT,«BdR,Skp, Which has a decreasing filtration given by Fil’ IB%JrR = 7gr a1« Fil' Bar, s,p, with
graded pieces gr’ IBdR >~ Ok»(i). Here we use R]ﬂ'Kp uT,+O0s,p = 0 for j > 1. For an integer £ > 0, put
BXR p =B, /Fllk Jr- For (a,b) € Z2, let X(4,5) be the character of Z(§) such that Z(g) acts on the Verma
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module U(@) ®4(a,b) via X(a,p). There is an induced filtration on B;’;?ﬂ‘;’” from B, and one can show
that lefléig_k) has i-th graded piece given by Olli},x(o’_k) (), where i = 0,1, ...,k + 1. Besides, the arithmetic

Sen operator Oge, acts on (91;’5(0’*’“) (i) via i, —k —1+i. In [Pan26, §6], Pan developed a Sen theory for colimits

of Banach spaces which are also B,/ Fil* BJz-modules. For an open affinioid U C #/ as in Lemma P.5, we
may assume there exists a finite extension K of Q, such that U is defined over K. Let (,~» be a primitive p”-th
root of unity, and let Ko, C @n K(Gpn E)e the maximal Z,-extension. For W an LB B(TR / Fil® BIR-module,
let WK C W be the subspace of Gal(K/K.,)-invariant, Gal(K /K )-analytic vectors in W. It turns out
le;ji;ig’”k)(U) satisfies the assumption in [Pan26, 6.1.17], and legiﬁg]”k)(U)K has i-th graded piece given

by (91;’5(0’_“ (U)X (i). Then the action of Liel" = Lie Gal(K+,/K) induces a map
O U)K = O IO (k- ). (22)
This map is functorial, and after we base change to C' it induces a natural sheaf morphism
N: O™ & o (k1) (23)

which we call the Fontaine operator. Roughly speaking, the Fontaine operator measures the nilpotency of the
arithmetic Sen action on B;fgzig”“. Using the machinery developed in [Pan26, §6], similar arguments as for
[Pan26, Theorem 6.2.6] give the following result.

Theorem 2.17. Up to an invertible constant, the Fontaine operator N equals the intertwining operator I.

2.2.6 Completed cohomology of quaternionic Shimura curves

Recall that Sk, is the quaternionic Shimura curve of level K? K, C G(A>°), which is a complete algebraic
curve over Q. The completed cohomology groups associated to the tower {Skrx, } K,cDy are given by

ag . . i n 1
(K7, Qy) = (fm lim H (S, (©).2/p" )
" K,CDy

1

(im Ly HE (S, 50 2/0"2))[]
" K,CDy b

for i > 0, which carry commuting actions of DS, the Galois group Gal(Q/Q) and the Hecke algebra T®. Note

that H'(K?,Q,) = ﬁl(Kp,Qp) is a unitary Banach representation of D) (cf. [Eme06, §4.1]). Given any
Banach space W over Q,, let

H{(KP, W) := H(K?,Q,)&q, W.

Recall that Og» = Tg» HT+«Os,p With Os,, the completed structure sheaf on Sk», and (91}%;, the subsheaf
consisting of locally analytic sections.

Theorem 2.18. For i > 0, we have D) x Gal(Q,/Qj,) x T*-equivariant isomorphisms
HY(K?,C) = H/(F,Ok»)
H(K?,C)™ = H'(F1,00,).

Proof. The first one is the primitive comparison theorem [Sch13b], cf. [Schl5, §4.2]. The second one follows
from [Pan22, Theorem 4.4.6] or [Cam24, Theorem 1.1.8]. O

Let E be a finite extension of Q,. For any compact open subgroup K, C Dy, we define T(K?K)) C
Endy, (H'(Sk»k,(C),Z,)) as the image of TS. Then we set

T(K?) = lim T(KPK,).
KP
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It acts faithfully on H!(KP, E) and commutes with the action of Gal(Q/Q) x D} Moreover, the actions of
T(K?) and Gal(Q/Q) on H'(K?, E) satisfy the usual Eichler-Shimura congruence relation:

Frob; — T, o Frob, 4 £S; = 0 (24)
where ¢ ¢ S is a prime number, Frob, denotes the geometric Frobenius at ¢ and

7= GLa(@0) (g 1) GLa(al. 51 = [61a(20) () ) GLa(20)

are the usual Hecke operators (cf. [Car8G, §10.3, Remarque 0.3], while our normalization follows that in
[Emell], Pan22, Pan26] and the choice of the G(R)-conjugacy class h in §, hence the Galois action (the
canonical model), is different from that in [Car86]).

Let p be a 2-dimensional continuous E-linear absolutely irreducible representation of Gal(Q/Q). Set

M(p) := Hom g q) (0 H' (K7, E)). (25)

Suppose that f[(p) # 0. This is a unitary Banach representation of D;f. To p, we can associate a character
A : T(K?) — FE using the congruence relation (@)7 such that (cf. [Emell, Prop. 6.1.12])

Hom, g/ (0 H' (K?, E)) = Hom g qq) (0 H' (K, E)[N]).

Q/Q
Moreover, by the main result of [BLRI1], as p is 2-dimensional and absolutely irreducible, we know that
H'(K?, E)[)] is p-isotypic:

H'(K?, E)]\ 2 pop1(p). (26)

Following the treatment in [Pan26, Theorem 7.2.2] and [QS25, Theorem 5.4.2], we get the following result
on a first step towards the description of the locally analytic part of the isotypic space II(p). Let I' be the
operator induced by the intertwining operator I on the level of cohomology groups:

I':  HY(Z0, 000y o 5 (F0, 02 (1 4 1)),

Theorem 2.19. Let p be a 2-dimensional E-linear continuous absolutely irreducible representation of Gal(Q/Q).
Suppose:

(i) p appears in H'(K?, E)* namely Homg,, /) (P, HY(K?, E)*) £ 0.

(ii) p|Gal(@/Qp) is de Rham of Hodge-Tate weights 0,k + 1 with k € Z>o.
Then after fixing an embedding £ — C, we have

(p)*® pC = ker I'[)],

where X : T® — C' is the Hecke eigensystem associated to p.

Proof. The proof is literally the same as in [Pan26, Theorem 7.2.2] or [QS25, Theorem 5.4.2]. Roughly
speaking, the regular de Rhamness condition of p and the assumption lil(p)la # 0 ensure that the multiplicity
space II(p)'® is killed by the Fontaine operator (@)7 which can be identified with the intertwining operator
using Theorem P.17. O

2.3 A product formula

Motivated by Theorem , we proceed to study the cohomology of the intertwining operator I on
OO ™R) Let k> 0 and let

. ~la,(0,—k) la,(0,—k) 1,smy\® k+1
de : OKI’ — OKP ®O§(H;7(QKP )® +

be the differential map we constructed in § Since dg» is part of the intertwining operator for which we
need to understand the cohomology, we will need to compute the cohomology of dx» and determine the Hecke
action on it (Proposition )

The lemma below shows that the cohomology of ker ds,,, on Sk» is the same as the cohomology of ker d»
on L.
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Lemma 2.20. There is a natural isomorphism

RT(Sk», kerds,, ) = RU(Z(, ker dg»). (27)

s d — 5 . . .
Proof. By Proposition (2), we know (’)la (0.—k) iy (91;;’,50’ ®) Rpsm Q™)@+ s surjective. Hence the
sheaves ker ds,, , ker dx» admit resolutions:

0= kerds,, — 05070 8 QR OR g, (QLem)@R g,

0 — kerdgp — O 07F) L @lf?p(o’_k) R (") FT = 0.

la,(0,—k la,(0,—k
00k _ pla 0

Skp

. Also Rimg» JHT, *Ola’(o’_k) =0 for j > 1, the proof of which is

By definition, mx» 5T« Skp
la,(0,— k)

similar to the one in [Pan26, Proposition 3.2.8]. Indeed, using explicit power series expansions of Os..
la (O —k) (0 k),bl’l’l

ne

can locally exhibit Og as colimits of sheaves isomorphic to “direct products” of wg More pre(nsely,
for U C Sk» a good afﬁnoid perfectoid open subset (which comes from the pullback of an afﬁnioid open subset
from finite level and an affinioid open subset from the flag variety along wyr), then O?’(O’_k) (U) can be written

~

as a filtered colimit (with injective transition maps) lim A", with each A" = (IT:=, SKPK’ (Uk:)) @z, Qp

(for some open compact subgroup K|, C D;j, where U is an affinioid open in Sk»x/ whose preimage is U )
by sending the power series expansion to its coeflicients. Then one deduces the desired vanishing result using
Tate’s acyclicity of coherent sheaves on affinioid open subsets. Similar results are valid for the third terms
in the above two exact sequences. Hence Rmgr gt . kerds,, = kerdg»[0] and the Leray spectral sequence
degenerates, giving the desired isomorphism. O

Instead of computing ker di» directly, using the p-adic uniformization, we first pass these sheaves from
Skr» t0 Mproo. Let I' C GL2(Q,) be a cocompact torsion-free discrete subgroup appearing in (f). Let
dsy = dsyp|se and similarly ds = ds,_,|s. where Sp = Mp, o /I". By the construction and an analogue of
Proposition R.9, we have

prito kerds, = kerdp, = Ofiﬁom B) = YOk g (0 —k)em, (28)

MLT, 0

Then we descend via the I-torsor prp ., : Mpre — Sr and exhibit the results using I'-(co)homology for
cocompact torsion-free discrete subgroups I' C GLQ(Q,,) (Lemma below). We find that it is better to
descend compactly supported cohomology instead of cohomology of sheaves on Mp, o, partly because the
cover Mp; o — St is an “infinite-sheet” étale covering map. In order to handle the compactly supported
cohomology groups, we develop some results on proper pushforwards of abelian sheaves on adic spaces in
Appendix

Lemma 2.21. The I'-covering Myt 00 ~ Mpr,co = Mpr oo/ induces D -isomorphisms

lalg,(0,—k
RUo(Mur o0, O ") @1y Z ~ RT(Sp, ker ds, ),
Lo (Mur oo, gy SO0y @b 7 RD(Sp, ker d,).

Proof. Let %/T be the classifying stack of the group I, let p : M1 oo /T — */T and f : %/T" — * be the natural
maps. The desired isomorphism for ker ds,. arises from the fact that the composition of “proper pushforwards”:

RARpOLE ™ = R(f o phORE 7.

For a rigorous proof, we apply Proposition with .#% = kerds,, X = Mpy,c0,Y = Mproo/T and g = fop.
Note that I' has finite cohomological dimension [BS76, §6.1].
The map dp, is a twist of dp, by mp, HT(Ql )®’“Jrl = WL% an(QL )BT = ] GMwL(%k LR Gver

FU
ﬂng’GM(’)sz by (iv) of Theorem P . Hence

1 _ mnlalg,(0,—k) -1 (—k—1,k+1) _  (—k—1,k+1),lalg,(0, k:)
kerdp, = Oy ®7TL*T1’GM0 TLT,eM% g4 = WM, oo
The result for ker d:sp follows similarly using Proposition again. O
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When k = 0, we have O ™" = 031 and w( )l DEERBEON Z ELDsm _ glem e

cohomologies RI'.(Myr o0, OR .. ) and RIc(Mrr o0, wﬁwiTl) *™) are (derived) smooth representations of G =
GL2(Q,) by Lemma below. Hence they are naturally (left) modules over the smooth Hecke algebra
H(G) = lim H(G, K), where K runs through open compact subgroups of G and H(G, K) = C™(K\G/K, C).
See for example [Renld, I11.3.12, TI1.1.4] or [Man04, §5.1].

For general k£ > 0, by (Rg), we have

RT .(Muyr 00, kerdp,) = R (MLr 00, WJ&LTk) M ®c v ©0-k) (29)
RT (Mt oo, ker dpy,) = RR(MLT,OO,%’;T LY @ YOk, (30)

They are locally V(©—%)_algebraic representations of G.

Lemma 2.22. For (a,b) € Z2, we have

RT (Mt o0, @il ™") 2 lim RTo (M 0, ) = ggH%MLTn,wM’L;n)[—u-

Proof. Recall that w(® b)izn can be equivalently defined as follows: given an affinoid open subset Uss, C M7, 00,

for which we may assume there is a sufficiently large n such that Uy is the pre-image of an affinoid open subset
b),sm b _

U, C Myr,. Then ws\‘flLi; (Us) = limg %Li (7 (Un)) with T, 0 Mypm — Muz,, the natural

projection. Let Uy C Myt be an affinoid open subset, and we denote its pre-image in Myr, by U, and

its pre-image in My o by Us. By [Sch22, Proposition 14.9] applied to Yy = U,, with Y;’s being the étale

coverings {U,, }m>n and Fo = wf&’m |u,,, we have

a,b),sm b) a,b
RF(UOWw.g\/lL”)r,oo ) = RF(UOO7hm7T 1WML"1 ) IERF( 0077Tn w'svly)l ")

= lim limy RT(Up, 7wl ) = lim lim RO (U, 7t e ) = @Rr(Um,wA‘;fi )

n m>n m n<m

where 7, is the natural projection Myt o — Mpr,. In particular, this implies that RWO,*WS&’E;’T =

b
gl R7Tn 0 *UJS\ALi ot
Next we verify the identification of compactly supported cohomologies. By definition and Proposmon ,

RT (M s, wir™™) = RD(F, Rryr canwi ™)

where oM ¢ MLT,00 — F 1 is the composition of the projection mg : My o — Mryr,o and the Gross—
Hopkins period map mgum,o : Mryr,o = #¢. The map w0 is partially proper, the map 7 is proper, and .# ¢
is proper. Hence

RF(?E, RWLT,GM,!Wg\Zfi’_s;ﬂ) = RF(?E, RWGM,O,!RWO,*WS\%II;)F’tl)

= RO(F(, Rrau o, lim Rt 0,003 )

n

= lim RT(FC, Rmayi 0, R 0,00 )

= thF(ﬂ:E’ RWGMﬂl,!wﬁ&f}F‘n)
gﬂRF (Mo, nvaLi )

where for the third isomorphism above we used (3) of Lemma . Finally, the last isomorphism in the
statement follows from the higher vanishing of the coherent cohomologies of the Stein spaces My, and Serre
duality. O

We now temporarily suspend our discussion on Lubin—Tate spaces and turn our attention to the Shimura set
that arises in the p-adic uniformization theorem. First we introduce the space of classical algebraic automorphic
forms for G in § with fixed weights and of level K? outside p (cf. [Gro99] and [Loell, §3]).
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Definition 2.23. Suppose that V is an irreducible algebraic representation of G, = G = GL3(Q,) over C.
Let Agpv denote the set of maps

f: Zgo = GQ\G(Ap)/K? — V (31)

such that f(zg,) = g, 1f(z) for any 2 € Zg» and all g, in some open compact subgroup of G,. When

— 1/(0,—k) : KP ._ AK?
V=V , we write Aé,k = A@,VW*’C)'

Ifk =0, .Agi) = C"(Zk», C) is the space of C-valued locally constant functions on the p-adic manifold Zg».
The space .Agpk admits a smooth action of G, via (g,.f)(2) = g,.f(2g,). Both Agl and RT.(Skr, kerds,.,)

are equipped with the action of the Hecke algebra T defined in § via the isomorphism G(AI}) o~ @(A?)
and the Hecke correspondences.

Remark 2.24. We recall the definition of the action of T on RI'.(Sk»,kerds,,). For g € é(Af) and the
Hecke operator [K°gK®], we consider the Hecke correspondence

SKPﬁgKPg*1 Xg nglKPgﬁKP
ha
/ \
Skr Skr.

Via the p-adic uniformization of Sk» (E), the maps hy, he are unions of the maps of the form I \Mp; 0o —
2 \Mbpy o0 where (KP)' = KPNgKPg~! or g"'KPgNK?, 2’ € Z vy, « is the image of 2’ under the projection
Zigry = Zgr, Lo =27 1G(Q)zNKP D Ty =2/~ *G(Q)a'N(KP)". By Proposition R.4, both hy, hy are analytic

finite coverings. We have an isomorphism (xg)~! ker dsg 5 ker dsypngxvg—1- Lhe action of the Hecke

—1KPgNnKP

operator [K*°gK*®] is the composition

RF(SKp, ker dSKp) — RF(SKp, hly* ker dstﬂng571 ) = RF(SKpmnggfl y ker d5

) = RF(SKD, hg,l ker dgg

Kpmnggfl)

= RU(Sy-1krgnicr, kerds, ) = RU(Skr,kerds,,)  (32)

—1KPgNnKP —l1KPgNnKP

where the first and last maps are respectively induced by the natural maps kerds,, — hly*hfl kerds,, =
hixkerds and hg ker dsg = h27!h2_1 kerds,, — kerds,., .

KPngKPg—1 —l1KPgnKP

The following proposition is our product formula.

Proposition 2.25. There exist T-equivariant isomorphisms of DpX -representations

RO(Skr, kerds,,) = RU(Mim oo, @it ™) @) AS ' (33)
RI(Skeo kerds, , ) 2 RU(Myp oo, win V™) 0k ) AE" (34)

Here the action of G = GL2(Q,) on RFC(MLT,omwa{;Tkifm) or RFC(MLT,OO,M(AXT"?)’S“‘) is induced by the
left G-action on My o in § twisted by the inverse transpose of G as in Remark P.2.

Proof. We will only prove the first isomorphism, and the second one follows similarly.

The Hecke algebra H(G) ~ C3™(G, C) is itself a smooth G x G°P-module, where the action of (g1,g2) €
G X G°? on f € C™(G,C) is given by (g1, g2).f(x) = f(gazgr) for x € G. By [Cas81, Lemma A.6(a)], for a
discrete subgroup I' C G, C3™ (G, C) = Z[I'] @z C™(T'\G, C) as I'-modules where I" acts on the Z[I'|-factor of
the tensor product. Hence C3™(G, C) ®£[F] V =C™(G, C) @z V for any Z[I']-module, i.e. higher Tor groups
vanish.

Let V = V©=%) and let C*™(I'\G, V) be the space of functions f : I'\G — V such that f(gk) = k= f(g)
for any k in some open compact subgroup of G, with a G-action given by (g.f)(z) = gf(zg) for any z,g € G.
There exists a natural map C;™(G,C) @c V — C™(I\G,V) : f@v = (g € G > f(vg)g vy~ tw).
This map is equivariant for the left G x T-actions (where G acts on C:™(G,C) ®¢ V only on the first factor
via right translations and T" acts on it diagonally via the left translation on C3™(G, C')) and induces a natural
G-isomorphism

CM(G,C) @ V = C™(G,C) ¢ V = C(T\G, V).
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We write Zx» = Uzez,p/ GLo (@) 2\ GL2(Qp) so that we have Sk» = Ur, Mp; «/I'z. By the above discus-
sions,

AL = @0 (DG, V) = 9,656, C) @,y V = B H(G) @, V
as smooth left H(G)-modules. Hence by Lemma D21 and (@) we have
RIU(Skr, kerds,, ) = @y RUc(Mbpr,co /s, ker ds;. )
2 @, BT o(Mpy oo, Wi ™) @i, V
2 REo(Mpr oo @i 2™™) @y (@2H(G) @, V)
= RTo(Mum,oo, @i ™) @y AL
where for the third isomorphism, we used the H(G)-isomorphism ([Renld, (1.2.3.3)])
RT o(Muir,o0s wﬁ’;’flfm) = Rl (Myr,c0, Wﬁgt’;rk,i;sm) ®3c) H(G)-
It remains to show that the isomorphism (@) we just built is T*-equivariant. For this, we show that the
composition

RTo(Mur so, wiiy F5™) 96 AB" — RDo(Mur so, wiy ™) @0y ) AB" — RTo(Sier kerds,,)  (35)

is TS-equivariant, where we identify RT (M7 00, wﬁ&’L_Tklsm) ®£[(G) Ag: as the G-coinvariant (in the derived

category of smooth H(G)-modules) of RFC(MLT,OMWS&’;T]CLSHI) ®E& Ag}; (cf. [Renld, (III.1.15.1)]). For this

purpose we will write (B3) in a more geometric way as the descent of certain cohomology along a G-torsor.
First, the p-adic uniformization (5 is equivariant for the TS-action. This gives T*-equivariant maps

TG : MLT,oo X Lgpr = I—'IMLT,OO X (Fx\ GLQ(QP)) — Skgp» = Ua:MLT,oo/Pxo

Here we identify Zgx» with the perfectoid space over C associated to the profinite set Zgx». Consider the
action map act : Mp; o X GL2(Qp) = Mpr oo : (2,9) — g.x which is I'y-equivariant where I';, acts on
Mbpr oo X GL2(Qp) by the left multiplication on the GL2(Q))-factor. Taking the quotient by I'; we get a
Cartesian diagram

MDr,oo X GLQ(Qp) E— MDr,oo X raﬁ\ GL?(@P)

Joe [

MDr,oo MDr,oo/Fw

We see that the map g is a GL2(Qp)-torsor locally trivial for the analytic topology.
Let V* be the C-dual of V' and let O%’V lals e the subsheaf of O My oo xZip consisting of sections

LT,00 X ZKP

which are locally (V,V*)-algebraic under the left G' x G-action. Note that C™(Zy»,C)V 128 = V* @ Agpk.

(V,V*)-lalg,sm (V,V*)-lalg
Let OMLT,oo xZgp & OMLT,OO XZKp
action of AG C G x G, corresponding to the one-dimensional summand (V ®¢ V*)¢ C V ®@¢ V*.

By the same proof as for Lemma . we have a natural T®-isomorphism

be the subsheaf consisting of sections which are smooth under the diagonal

RFC(MLT,OO X ZKp, O%;ero_;aélip) = colimnpr RFC(MLT,n, w;g{;rki) ®é \% ®é V* ®é (Ag;)Kp

k

= BRI o(Mu o, wiy, 5™ @5 AX

®¢ Ende (V)
where K, runs through open compact subgroups of G. Taking the smooth part for the diagonal G-action, we
get

(V,V*)—lalg,smy (0,—k),sm L AKP
RFC(MLTVOO X Zgv, OMLT‘OOXZKP ) - RFC(MLTvDO’wMLT,oo )®C Aa,k

Moreover, we have

(V,V*)-lalg

MULT, 00 X ZKP

(V,V*)-lalg
MULT, 00 X ZKP

RWGJO :7TG7!O

where WG,IO(V’V*)'la]g (U) = (kerds. (U)) ®c C2"™(G,0)V 128 for U € Mpy,oo/T such that 7' (U) =

MLT,OQ XZKP

U x GL2(Qp). (Here we note that the constant sheaf (also the structure sheaf) on the locally profinite group
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G is flasque, as given a section s on a_compact open, one can also extend s to a larger compact open via

extension by zero. Hence by Lemma there are no higher pushforwards on the G' component, see also
[Sch22, Lemma 7.2]). And there is a natural map 7g IO%’V )-1:12g
’ LT, 00 KP

similar map actg(’)%f:)'fgm @) ~ ker dp,, identifying ker ds, , as the G-coinvariant of the locally algebraic
» 00 P

(V,V*)-lalg (V,V*)-lalg,sm
G-module ﬂ-G’!OMLT,ooXZKP’ or the smooth G-module 7TG7!OMLT,00><ZKP .

Restricting to a component Sp = Mp; o0 /T, the GLa(Q,)-smooth part of the map

— kerds,., , which can be obtained from a

RT(Myr 00 x T\ GLy(Q,), O 8y = RI(Mpy.oo /T, R O 7128y BRI (Mpy.oo /T, ker ds,.)

MULT, 00 X ZKP MULT, 00 X ZKP

contributes to (@) The above map is the (derived) I'-coinvariant of the map

RT o(Mpr oo X GLa(Q,), OLY 28 ) 5 RT (M o0, Ol H)

Murr, 00 X Z P
by the isomorphisms in Lemma . Hence the map

(V,V*)-lalg
MULT 00 X Z P

RT (Mmoo X Zger, OV 88 0 B (Mirise X Zicr, O

MLT,oo XZKP

) — RFC(SKp,keI' dst)
induced by RwGuO%L‘:;fl;;;n C WG7!O%LZ*3;§1§KP — kerds,, coincides with (@) By the definition of

the Hecke actions on the (compactly supported) cohomologies as in (@), we can check that (@) is T*-
equivariant. O

Remark 2.26. In the (-adic cohomology setting, the Mantovan product formula, e.g. [Man04, CS17, Zha23,
DvHKZ24] expresses the compactly supported f-adic cohomology of a fixed Newton stratum of the tower of
certain Shimura varieties in terms of the cohomology of some local Shimura varieties and the cohomology
of some Igusa varieties. The results in Proposition M extend the known product formula for de Rham
cohomology of the Shimura curve (cf. [DLB17, §4.2])

RTar,c(Mur,00) ®7L{(G) Agi) = RU4r,o(Skr).

This will be discussed in the next subsection.

Remark 2.27. It is natural to expect a similar product formula for RT'(Sk», Os,,) or RT'(Sk», Opr). Let
CllG]] = C[G] ®og(cLa(z,) OcllGL2(Zy)]] be the Iwasawa algebra for G and let C°*™*(X, C') denote the space
of continuous functions on a p-adic manifold X. We have

RFC(MDI‘,OO X Zkv ) OMDNX, XZKp) = RFC(MDr,ooa OMDT,DO)@éCCOHt(ZK% C)

However, its (derived continuous) G-coinvariant does not give RT'(Skr, Os,, ). This can be seen already on
the sheaf level: 7TG7*OMDr1szKP<§A§é[[G”C # Os,., since CM(G, C)@é[[ C = (C[dim G] using [RJRC23,

Proposition 3.2.11]. But the same arguments as in the proof of Proposition for I'-descent show that
~L
R (Skw, OSKP) = RFC(MLT,OO7 OMLT,oo )®C[[G]]7)Cont (Zk»,C) (36)
~L

= ch(MLT,OO7 OMLT,oo )®C[[G”Ccont (ZK;D 5 C) [— dim G]
where D" (Z e, C) = Hom&™ (C™(Zg», C), C) is the space of continuous measures on Z». This matches

with the heuristic that 75Os,., = Omp, . xZxr [diM G].  Similar results also hold for O};‘Kp, by replacing
everything with the locally analytic versions.

2.4 Cohomology of Intertwining operator I

Let k > 0 be an integer. Following [Pan26, §5], we focus on the spectral decomposition of ker I with
respect to the Hecke action, where

~ 1 ~
I J (0,020~ D [ grp 021D g 41,
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and the intertwining operator I is (Definition ):

— _ _ d, C—
[ =dyy odgr - OO 10 007 g ()@ k1 T Ol (R (4 1),

As in [Pan26, §5], as well as [QS25, Theorem 4.7.2], we will express ker I' in terms of cohomology groups
of some (de Rham) complexes associated to the differential operators dg», dgr. Put

alg lalg,(0,—k) d lalg,(0,—k ,sm
DR™® := [0 070 U 0 F O g o (35 © M
DR = [OII?I)(O,—I@) dﬁ)p Ol;,éo,—k) ®O§?’p (Q}(,im)@) k+1] ~ ker dgc»
—k d —k—
DR’ := [0 M @0, (04,)®F 2 0 TF I (k4 1)] & ker d,

which are complexes of abelian sheaves on .#¢ concentrated in cohomological degrees [0,1]. The quasi-
isomorphisms DR ~ kerdg», DR’ ~ kerd), follow from the surjectivity of dg» and d’KP by Proposition
.15,

Recall that we write Agpk (Definition ) for the space of algebraic automorphic forms of p-adic algebraic
weight V(%=F) for k > 0 on the Shimura set Zx» (defined in §) The sheaves on .%/ we considered above
and their cohomology groups carry natural T-actions, and morphisms between them are Hecke equivariant.
It will follow from the results below that the Hecke eigensystems appearing in those cohomology groups are
subsets of the eigensystems in the classical automorphic forms.

Definition 2.28. Let a,fp be the set of systems of Hecke eigenvalues (i.e. characters T® — C) that appear
in Agl; (i.e. Agl [A] #0). Let o,ﬁff be the subset of " consisting of Hecke eigensystems such that the
corresponding automorphic representations of G(A) are cuspidal, i.e., do not factor through the reduced norm

of G.

If XA e a,ﬁfj, let 7y be the irreducible automorphic representation of G corresponding to A. Write my =
Tx00 @ TS where 7y o is the archimedean component and 75° is the non-archimedean component. Decompose
further 7°° = 737" @ 7z p, where 7y, is a smooth irreducible representation of G, = GL2(Q)).

Theorem 2.29. The action of T on .Agz is semisimple and there is a decomposition
KP KP
AL = D AZLN (37)
AEaé(p
Moreover, Agl A = (72 P) K" @ 7y p and 7y, is infinite-dimensional for A € 015,;

Proof. The representation V = V(=% =V @5 C of G ®q C, as well as the space .Agpk = Ag: g OF C can

be defined over a finite extension E of Q,. If we base change to C along an embedding E < E ~ C, then
there is a T-equivariant decomposition (cf. [Loell, Proposition 3.8.1])

AL ©8C =@ m@) )< @, ® (1o ® (Ve @ C)®)

where 7 = 7P ® T, ® Too Tuns through all automorphic representations of G such that 7 is the linear dual of
Ve ®p C and m(r) is the multiplicity of 7. If dim¢ 7 > 1, then m(7) = 1 by the classical Jacquet-Langlands
correspondence and the multiplicity one theorem for GLg (cf. [Jac70, Proposition 11.1.1}), and in this case the
corresponding system of Hecke eigenvalues ) : T¥ — C can be defined over a finite extension of E. Moreover,
Ta,p 18 infinite-dimensional, being generic, see [Jac7(, §11]. O

Lemma 2.30. Let (a,b) € Z? be integers. Then

HY(FLwg™) =l H Sk, 05" ). (38)

p7w$Kpr
Kp,CDy

Proof. The proof is similar to [Pan22, Lemma 5.3.5]. O
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Proposition 2.31. The following statements hold.

(1) There are natural isomorphisms

HO(F¢,DR™) 5 [HO(F0, 0528 O Y),
HY(F0,008 O™ @ 0w ()72 k1) 5 H2(F¢, DR™E)

and an exact sequence
0 — HO(FL, 0RO @om (Qm)2 1) o H(F¢,DR™E) — HY(F, 02807y 0. (39)
Moreover, HO(.Z ¢, DR'8) = HQ(W, DR™) =0 if & > 0.

(2) The actions of TS on H!(.%/, DR'*#) are semisimple. And the actions of Dy on H(.Z ¢, DR™#) factors
through the reduced norm for ¢ = 0, 2.

Proof. (1) For k = 0, the hypercohomology of DR'™# is essentially the algebraic de Rham cohomology of the
(finite level) Shimura curves by Lemma @ and Proposition

Hi(ﬁﬁ, DRlalg) = cOliprchx HéR(SKpr)

The proposition follows from the degeneration of the Hodge-de Rham spectral sequence. For k > 0, the
statements follow from (2) of Lemma below.
(2) Since DR = WOk @4 [w g’ik) R %pk L), ®™], it shall be enough to consider the hyperco-

homology of the complex [w%op kjsm %pk L1),sm "]. Fix a level K = KPK,,. Let Sk denote the base

change to (@p of the Q-scheme in §- Let (Vgr, V,Fil® Vgr) be the filtered connexion corresponding to

the étale local system Kéj )

(k,0) over Q, by the p-adic Riemann-Hilbert correspondence in [DLLZ23, Proposition 5.2.17]. The p-adic
correspondence in loc. cit. is compatible with the complex correspondence [DLLZ23, Theorem 5.3.1] and the
pullback to Mp; k, [LZ17, Theorem 3.9]. Hence, the pullback and restriction of Var to Mpr o coincides with
the GLa(Q,)-equivariant_bundle V(=% @ OMp, .. (there is a dual due to our convention of the D -action
on Mpy o, Sce Remark ). Hence, by the usual dual BGG construction (cf. [Fal06], [LLZ23, Remark 6.1.9]
and Remark P , we have

RT(Sy [wgo k) Hw(s;’f_l’l)})tg@CzRF(SK(C) Wi e = wi ey V) & RO(Sk(C), V).

on S K0, attached to the algebraic representation of DS of the highest weight

By Matsushima’s formula (see [BWOQ, §VII Theorem 5.2], [GH24, §15.5] as well as [Car94, §2.2.4])
H'(Sxc(€), V™) = 0 (n)" @ H'(slop, SO2(R), (moe @ V) *0)

where 7 runs through irreducible automorphic representations of G(Q) such that the central character of 7
has the same restriction on Rsq with that of V(%=%) and has the same (regular) infinitesimal character as
V(0.=F) Tt’s then clear that the action of T on H(.Z ¢, DR") is semi-simple.

By the proof of Lemma , the action of DX on H' (Z¢,DR'®) factors through the reduced norm. Then

the same statement for H2(.Z¢, DR'™#) follows from the Poincaré duality. O
We will also need the algebraic de Rham cohomology of the Lubin—Tate space. Set
RFdR,C(MLT,Oovw_S&LTk) ™) == fib(RL(MvLr 00, wE&LTk)’Sm) RFC(MLT,oovw_(/V[fT ;1)’Sm))

Lemma 2.32. We have isomorphisms of locally algebraic D, -representations

HéR*C(MLTVOO’ w.(/glLTk) Sm) Hi (RPdRﬁ(MLT,ooa O.S/\I}llLT,oo)) & W(O’ik) = HéR,c(MLT,oo) ® W(O’ik)

fori=1,2.

Proof. The cohomology groups of RFdR,C(MLTyoO,wfglLTk) *™) vanish in all degrees other than i = 1,2 by

acyclicity results for coherent sheaves on quasi-Stein spaces and Serre duality. The complex ws\(/){;k)’sm —

wﬁ\/[fT LDSm-con be seen as the translation of the standard complex o — O SH; from the trivial

weight (0,0) to the weight (0, —k) (see [Pan2(, Lemma 5.6.6] for the Drmfeld case and Remark P - Note
that the compactly supported cohomology groups of [(’)j{,‘{LT’ — Q}VTL“T | are smooth for the D -action
[CDN20, Théoréme 4.1], so that the translations of these cohomology groups equal the tensor products with
the algebraic representation W (%:=%), O
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2.5 Cohomology of Intertwining operator II

The goal of this subsection is to prove our main results: Theorem , Theorem and Corollary .
We have defined complexes DR'®®, DR, DR’ in §@ By Proposition , we have the following commutative
diagram with exact rows:

DRle DR DR’

lalg,(0,—k la,(0,—k dx la,(0,—k
OKE( ) O}{p( ) O ( ) ng(9}5)®k+l (40)

ldmﬂ lde id}(p

4
lalg,(0,—k) 1sm\® k+1 la,(0,—k) Lsmy@k+1 __ dxr la,(—k—1,1)
Ok ®osm () — Ok ®osm, (Qp ) — O (k+1)

We write for short H*(F) for the hypercohomology H(.%¢, F) for a complex of sheaves on .#¢ and H*(F) for
HY(.Z(. F) if F is an abelian sheaf. Recall that the analytic space .#¢ has cohomological (Krull) dimension 1
(see [dJVAP96, Proposition 2.5.8] and also the proof of [Sch15, Corollary IV.2.2]).

We collect some lemmas for later use.

Lemma 2.33. Let k > 0.

(1) For (a,b) € Z2, we have HO(Ola (e, b)) 0 if a # b.

(2) It k> 0, then HO(OPS ™M) = 0 and H(OPF "™ @om (5™ 4H1) = 0.
(3) The natural map HO(O2&O=R)y _y HO(O2(0=M)y i3 an isomorphism.

(4) The natural map HO(Olalg (0.=k) R0sm, Q™)@ k+y HO(OII?’,EO’_IC) ®O%(Q}£,m)®k“) is an isomor-
phism.

Proof. (1) This follows from the same arguments as [Pan22, Corollary 5.1.3 (i)], and we briefly sketch a
proof here. By Theorem , there is a natural isomorphism H(Z¢,0R,) = HO(KP,C)". The action of
Dy on ﬁO(Kp,C) factors through the reduced norm map. (For example, by definition ﬁO(Kp,C) is the
completed cohomology of the tower of connected components of finite level Shimura curves, then using the p-
adic uniformization (Theorem P.1|) we are reduced to the description of the geometric connected components of
Drinfeld towers of dimension 1 over Q,,, and then we are reduced to the Lubin-Tate side by the isomorphism of
the two towers, which follows from the main result of [Str0g].) From the explicit description of the f-action,
we see 0 (é 01> € Lie DS ®q, C acts trivially on HO(Z1, Ola’;a’b)). But we know 6 <(1) 01) acts on

Of;(a’b) via @ — b, so that it also acts on HO(.Z/, (’) (a:b) ) via a — b. Hence H°(Z, (’)1;1,(“ b)) 0ifa—b#£0.
(2) Since Of(‘lpg 0.=k) _ yp(0, k)®w(0 —k)smood @ldlg (0.—k) Qo3 (Ql SY® kL = J7(0,—k) g, (- kel ,1),sm m(of.
Proposition @), it’s enough to show that Ho(wggp k)’qm) 0 and Hl(w%pk b 1)’qm) 0. Using Lemma
and by the usual Serre duality on the proper spaces Skr,, it suffices to show H 0 (wgg,, k), ") = 0, equivalently
HO((’)lalg 0, k)) = 0, if K > 0. But there is an injection HO(Olalg 0, k)) — HO(Ola (0, k)) and HO(Ola (0, k))
vanishes for k > 0 by (1).
(3) If k # 0, then HO((’)II?;(O’_’“)) = 0 by (1) and (2). Hence it suffices to handle the case when & = 0. In this

la,(O,—k))

case, as in (1), the action of Df on H(Og, factors through the reduced norm map. Besides, the central

la (O,—k))

element <(1) (1)> € Lie(D)) ®q, C acts trivially on H(Oy, by Theorem @ Hence the D ‘-action on

HO(0% %) is smooth, whi(,:h shows HO(ORE 07Ky o ool (0.=k)y

(4) By Proposition , dyp : (’)1;})(0’_]6) ®osm, ()@ k1 Olli’p(_k_l’l)(k + 1) is surjective with kernel
Olale 0.7k ®osm, (QLEm)®k+1 - The desired isomorphism follows from that HO(O% 5D (k 4 1)) = 0 by
(1). O

Lemma 2.34. The natural map H'(O2& ") 5 H1(O,) is injective.
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Proof. By Theorem , we can identify H'(0O%,) with HY(K?,C)=. By Lemma and Proposition

, we can identify H 1((91;15’(0’_@) with (a translation of) the cohomology of automorphic line bundles on

Skrk,. Therefore, using the p-adic étale comparison theorem applied to h_n} K, H} (Sk» K,, W), where W is a

local system associated to the algebraic representation W (*:0) of Dy, it suffices to show some non-completed
cohomology groups are a subspace (the Sen weight 0 part of the locally W (0:=F)_algebraic vectors) of the
completed cohomology group of the Shimura curves. This follows from the isomorphism

lim H(Skrk,, W) = Homg, (WO=k) gt (@;287(07—@))
K
which can be proved using similar arguments as for the modular curves [Eme06, (4.3.4)].

We also sketch a (slightly different) argument for the & = 0 case. We have RT(Z 1, RT(gly, O12,)) =
R (gly, RT(F4,0%,)) (cf. [Gee25, Theorem 4.1]). Hence there is a Grothendieck spectral sequence

EY = HI(Ft, H (gl,, 012,)) = H" (RD(gly, RT(FL,0%,))).

Since HO(gl,, O2,) = O35, we get an injection H' (¢, 03%) — H'(RT' (g, RT(F¢,0%,))) = H(g, H' (¢, 0'2,))
where the last_equality can be obtained using a version of [Eme06, Corollary 4.3.2] for Shimura curves as in
the proof for [Eme06, (4.3.4)]. O

Recall that 0‘]?:: (Definition ) is the set of cuspidal Hecke eigensystems that appear in the space of
algebra automorphic forms of weight V*:9 in Agz defined in §R.3. We specialize to the Hecke eigenspaces

for A € U,ﬁfz.

Lemma 2.35. Let A\ € U,fz

(1) The natural map Hl((’)lalg (0, k))[)\] — Hl(Ola (0 k))[)\] is injective.

(2) HOOR" ™" ®o,, Q)2 A = 0.

(3) HO(ker d’,)[A] = 0.

Proof. (1) Using similar arguments as in the proof for [Pan22, Corollary 5.1.3], there is a short exact sequence
0 — Extip (v, HO(OR,)) = HY (ORX) — H' (O%,)X.

where x denotes the character of C[h] corresponding to the weight (0, —k) of h. As in the proof for (1) of
Lemma . HO(F¢,0R,) = HO(K?,C)% and the action of G(Af) on colim» HO(K?,C)™ factors through
the reduced norm of G (cf. [Eme06, (4.2)]). Hence H°(O,) vanishes after being localized at the ideal of
T? corresponding to the cuspidal eigensystem \. It’s then not hard to see that Extlc[,ﬂ()(7 HO(OR, )\ = 0.

Then, by the above short exact sequence, we see that the map Hl(OI;’p(O’_k))[)\] — Hl(Olﬁp) is an injection.

Hence the map H!(OF& O~y \] 5 H1H(O M)\ ¢ HY(OR,)[A is injective by Lemma .
(2) Taking cohomology for the short exact sequence in the second row of (4() for dk», we see that the
statement is a direct consequence of (1) together with (3) of Lemma .

(3) As kerd, ¢ O3 7F g, 5.(Q%,)2M, we deduce H(ker dj, )[\] = 0 from (2). O
By (2) of Proposition , there is an exact sequence

0 — kerdgr — O3 07F) 5 0l (0.7k) ®owm (S = 0. (41)
Lemma 2.36. There exists a T°-equivariant isomorphism of D;f -representations:
HO(ker dgr) = HO(ORE07R)y
And H'(ker dg») fits into a T5-equivariant short exact sequence of D; -representations:
0 — HO(OPE" ™ Qe (M) *4L)  H (ker dics) — ker H' (dgcn) — 0.

where ' (dic) : H' (O ™) = H (O™ @ogg (5™ 4 1),
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Proof. By (3) of Lemma , we know HO(OR(O7k)) = HO(Olalg (=R n particular, HO(dg») : HO(OR"7F)) -
HO((’)la (0, =k) ®osm, (™)@ FH1Y) s zero by Pr0P051t10n and the commutative diagram (@) Taking the
long exact sequence of (K1) after applying RT'(F ¢, —), we see there is an isomorphism

HO(kerdg») = HO(OF8(O7R))
and a short exact sequence
0 — HO (O™ @pwm (UM@Y) = H (ker dign) — ker H (dgcn) — 0.

Finally,
H (O™ @0y, (™= = OO "™ o, (5™ )

by (4) of Lemma . O
We consider also the short exact sequence
0= kerdj, — O™ oo (L) = O TF D (k4 1) - 0.
which is a twist of (@)

Lemma 2.37. There exist T®-equivariant isomorphisms of D; -representations:

HO(ker di,) 5 HO(O3" ™M @0, (QL,) 1)
H'(ker dyep) = ker H (d,)

where H'(dy,) : HY(O" ™ @0, (QL)2 1) — HY(OR T (k + 1)) is surjective.

Proof. The proof is similar to the previous lemma using that HO(OII?TP(_’C_LU(/C +1)) =0 for k>0 by (1) of
Lemma @P O

Proposition 2.38. Let A € O’k " be a system of cuspidal Hecke eigenvalues. For k > 0, we have
H(G p 0,—k),sm
Tor]" (A" [N, HY (M o, 0l ™) = 0,
H(G p k—1,1),sm
Tor]" D (A" [N, HE (Mir oo, @i 2P™) =0
for ¢ > 1.

Proof. By Proposition , together with the vanishing results in Lemma E and the fact that the action of
T? in the isomorphism of Proposition R.25 is semisimple (Theorem P.29), we see that

2

H(G P 0,—k),sm —i
Tor] D (AL N, HE Mmoo, wln, ™) = H' ™ (Sicr ker d, )N
and the similar result holds for wﬁwk Lsm - pig implies that the Tor groups vanish for ¢ > 2.

When ¢ = 1, by Lemma .35 (3), and Lemma , we see that H?(Sk», ker ds,, )[A\] = 0 and H°(Sk», kerds, ,)[A] =
0. This shows that the Tor groups also vanish for ¢ = 1. O

We can now describe the cohomology of DR'®8 DR, DR’ after localizing at a Hecke eigensystem A € U,ﬁf:
Theorem 2.39. Let \ € Jk . There is a D f-equivariant exact sequence
0 — H'(.Z¢,DR™#)[\] = H'(F¢, DR)[\] — H'(Z¢,DR/)[\] — 0
where we have
7 ~ k),sm P
H'(F4,DR)N = HE (Mo, ™) @346y A,
H'(F£,DR')[\] = H(Muroo @iy o) @) AL -
H' (¢, DR™E)[A] 2 WO @0 RTag e(MLT o0, O (1] ®7L{(G) Ag;[A].
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Proof. By Lemma , Lemma and Proposition , there exists an isomorphism

P

RU(F 0, ker dgr) = Agk ®7L_L(G) H}(Muyr o, WES[;TEZ;SIH)[_”'

Hence H'(DR) = H'(kerdi») = AK' @346y H (Mmoo, wiiy ™). Similarly, H'(DR') = H' (ker i, ) =
.Ag; Q) H (Myr oo w;f;:l)’sm). And H?(DR) = H?(kerdg») = 0. By Lemma ,

H(DR') = H(kerdy,) = HO(Op" M o, (02,)2F 1),

By (2) of Lemma P.33, HO(DR')[\] = 0 for A € 0.
Taking the long exact sequence of the hypercohomology for the complex 0 — DR"“& — DR — DR’ — 0,
we get an exact sequence

H’(DR’) — H'(DR'¢) — H'(DR) — H!(DR’) — H?(DR'¢) — 0.

Using the decomposition (@), the vanishing of H2(DR'™)[\] (obtained from the vanishing of H°(DR'*)[\],
when )’ is assumed to be cuspidal, and duality, see Proposition ) and H°(DR/)[)\], we get the desired short
exact sequence 0 — H*(DR'™)[\] — H!(DR)[\] — H!(DR')[A] — 0. The description of H'(DR'*#)[A] follows
from Lemma P.32. O

Remark 2.40. From the above theorem we see that (for simplicity we set k = 0)
RT4r,c(Mrr,00) ®7L_[(G) .Agi) [A]

is always isomorphic to the A-isotypic part of the de Rham cohomology of the tower of quaternionic Shimura

curves of finite levels, and so when A\ € cr,f: it concentrates only in degree 1. The following formula in

Proposition , together with [CDN20, Théoréme 4.1, Théoreéme 5.8, §5.1] (the results in loc. cit. are stated
for a quotient of My o, but one can use for example (19) below to obtain the results for My o itself),
is useful to do some explicit calculation of the representations. When Agl [A] is a finite sum of copies of
a supercuspidal representation of GL2(Q,), only H(}R,C(MLT’OO) will contribute to the above term and the
derived tensor product can be replaced by the usual tensor product. But when .Agpk [A] is a sum of copies of
a twist of the smooth Steinberg representation St5° of GL2(Q,), both Hjg .(Mrr o) and Hig (Mrr o) will
contribute to the above term nontrivially, and the derived tensor product cannot be replaced by the usual

tensor product (see (@) below). For example, let GP be the quotient of G = GL3(Q,) by <€ 2), then

Stg° ®?L_t(G,,) St3° = 1[0] and 1 ®7L_L(Gp) St5° =2 1[1] (using Proposition for example). Finally, when Agpk [A]
is a sum of smooth irreducible principal series representations of GL2(Q,), the above term is zero.

The following formula describes some relation between taking R Homyg)(—, —) and — ®7L{(G) —. One can

also find the result in [SS97, §I11.3, Duality theorem], provided that the central character is fixed. See also
[FS24, Theorem V.5.1].

Proposition 2.41. Let M, N be smooth representation of G, with M being finitely generated over H(G).
Then there is a natural isomorphism

RHomy(g)(Dpz(M), N) = M®7L{(G) N.

where Dryz (M) is the smooth Bernstein—Zelevensky dual of M, defined as Dpz(M) := RHomy gy (M, H(G))
(cf. [Ber92, IV.5]).

Proof. As M is of finite type, there exists a projective resolution P, — V with each P; of the form c- IndIG< o
for some open compact subgroup K C G and some finite dimensional smooth representation o of K. Here we
use the fact that every subrepresentation of a finitely generated representation of G is still finitely generated
[Ber92, Proposition 32]. Objects such as c-Ind$ o are flat over #(G). Indeed,

Homy ) (c- md$ ¢, —) = Home (0, —)%,

C- Ind?( 0 QG — = (0' ®c —)K
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are all exact functors for smooth representations as o is finite dimensional and K is compact. As Dgy(c- Indg’; o) =
¢-Ind$ 0*[0] where o* = Home (0, C'), the isomorphism in [Man04, Lemma 8.4]:

Homy ) (c- md$ o, —) = Home (0, =) X = (6% 9c —)% 5 (0% @0 =)k = ¢ Ind$ o ®n(a) —
implies that
R Homy, () (Dpz(M), N) = R Homy gy (Dpz(Ps), N) = Ps @34y N = M @5 N.

We get the desired isomorphism. O

The following results are analogue of [Pan26, Theorem 5.5.7, Corollary 5.5.14] in the quaternionic setting.
Theorem 2.42. For k > 0, there is a decomposition

ker ' = @ kerllm,
Aeof?

where (—)m means the generalized eigenspace of the action of T® with eigenvalue A\. When \ € a,fp

c)

ker I'[\] = ker T1[\].

Proof. As I'' = H? (E/Kp) o H(dy») and H'(dg») is surjective (by Proposition )7 we see ker I' fits into a
short exact sequence

0 — ker H' (d») — ker I' — ker H' (d,) — 0.

By Lemma and Proposition , ker H'(dg») is a T®-quotient of .Agl Q) H} (MLT,m,wj\(zf;T]fi;sm).
Similarly, by Proposition and Proposition , ker H(dy) receives a surjection from H(kerdy,) =
HY(ORE O™ @0 (Q)57)2F+1) = H2(DR'™). Hence the actions of TS on both ker H' (dx») and ker H' (dy)
are locally finite by Theorem and Proposition . We see ker I'! also admits a generalized eigenspace
decomposition for the action of TS. Moreover, the action of TS on ker I'[A] when A € of, is semisimple since

H2(DR'*€)[A] = 0 by Proposition . O
Corollary 2.43. Let A € a,ﬁfﬁ. There are D)‘-equivariant exact sequences:
0 — HO(F L, 008 07h) g (QIE™)@ K1) [N] - HY(F¢, DR)[A] — ker I'[A] — 0,
0 — HY(FY, ol;l,jg’fav‘k))m — ker I'[\] — H!(.#¢,DR)[A] — 0.
Proof. From the proof of Theorem above and Lemma , we get the first desired short exact sequence
0 — HO(OPE "™ Qo (2551 [\ = H'(DR)[A] — ker H' (dg»)[\] = ker I'[A] = 0.

For the second short exact sequence, since I = df, 0 dgw, similarly as in the proof of Theorem , we
get a short exact sequence _
0 — ker H'(dg») — ker I' — ker H*(dy,) — 0.

By Proposition ﬂ and (3) of Lemma , there is a short exact sequence

0 HYOE "Moo, (04,251 = H (kerdgr) = HY (O ") & ker H (dgr) — 0.

F

For \ € 0,55, HO(OII?",@(O’fk) ®o?[(ﬂ}¢e)®k+1)[)\] = 0 by (2) of Lemma . Hence ker H!(dg»)[N] ~
Hl((’)l;f’(o’_k))[)\]. By Lemma , ker H(d},) = H'(kerdg») = H(DR’). Put these together, we get
the desired short exact sequence 0 — Hl(Ol;lpg’(O’*k))[)\] — ker I'[\] — HY(DR')[\] — 0. O

In the next section we will study representations of D¢ appearing in the above cohomology groups.
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3 Applications to the p-adic local Langlands program for D

In this section, we will use the results in the previous sections to study the regular de Rham representations
appearing in the locally analytic vectors of the completed cohomology of quaternionic Shimura curves.
3.1 Locally analytic representations of D

We fix an irreducible smooth representation m, of GL3(Q,). We assume that there exists a sufficiently
small tame level K? and a system of Hecke eigenvalues A € a,ﬁff such that 7, = 7, (Definition M . Fix
k > 1 and recall we have defined the de Rham cohomology for the Lubin—Tate tower before Lemma .

Definition 3.1. We define the following (locally analytic) representations of D

~ 0,—k),sm

T = I‘Ic1 (MLT,OWW.E\/ILT,ZO ) QH(G) Tp)
—k—1,1),sm

Te = H! (MLT’OCHUJ-E\/ILT,OO ) ) @3(G) Tp-

Here, as in Proposition , the actions of G = GL2(Q,) on the cohomology groups of My, are induced
by the left G-action on My o in § twisted by the inverse transpose of G as in Remark R.2. We also set

Tp = JL(mp)

to be the Jacquet-Langlands transfer of 7, to D [Jac70] (if 7, is not a discrete series representation, then
we set 7, = JL(m,) = 0).

Remark 3.2. (1) From our normalization of the group actions, one can check that the central characters of
T,Te, Tp coincide with that of ).

(2) If mp is a discrete series representation (essentially square-integrable), the representation 7, is an irreducible
smooth representation of D). We will prove in § that 7 and 7. are never zero. These representations
of D¢ in Definition are local, namely they depend only on 7, but not on A.

Since my , = mp, by Theorem and its proof, we have
AT = @ (75 ) K" (42)

The following results are reformulations of Theorem and Corollary in terms of these representations
of DX.
P

Proposition 3.3. Let 7, 7, and 7. be the representations of D)’ in Definition @
(1) There exists a D, -equivariant exact sequence

0= WO M) 57 57 0. (43)
(2) There are D,-equivariant exact sequences:

0= WOReor,c (1)K 5 Foc (a0)E" = ker I'[A] — 0,
0— WM gor,0c (7h*)E" = ker I'A] = 7. @c (75) K" = 0.

Proof. (1) Using the p-adic uniformization (see also Remark )7 we have
RTqR o (Muir 00, Oty r ) ©Fsicy Tp = T [—1]- (44)
By Theorem , Proposition , Lemma m and (@), there is a T®-equivariant exact sequence
0= WO M 07,)2 00 (18K = Foo (12)K" = r.0c (7h™)K" = 0.

Taking colimits for all K? small enough and applying Homg AP )(7r§’°°, —) to the above exact sequence, we get

the desired exact sequence in (1).
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(2) By the Hodge-Tate decomposition and the spectral decomposition of the classical de Rham cohomology
of quaternionic Shimura curves (cf. [LLZ23, Theorem 6.2.3] and the proof for Proposition R.31f), we can get
isomorphisms

HY (So, 0§ M 2 7y @6 (n°) K" 2 HO(Sgew,w, ™)AL
The two short exact sequences in (2) follow from Corollary (using Lemma and (@)) O

Remark 3.4. The map HO(F(, Off O™ @ (QLEM)®+1)[\] - H(F¢, DR)[A] in Corollary .49 is the
composition

H(70,005 0™ @ 0w (™)@ 1)\ — H'(F¢, DR™2)[\] — H'(F¢,DR)[N],

where the map HO((’)lalg (0,=k) ®0sm, Q™M@ R [A] — HY(DR™#)[)] gives the Hodge filtration, see (the

proof of) Proposition . Let p : Gal(Q/Q) — GL3(FE) be the Galois representation attached to \ and let
pp = p|Ga1(Qp/Qp) Lettmg KP vary and applying Homg(Az};)(ﬂ'ﬁ’w, —) as in the proof of Proposition @ above,
we see the last map, in the notation of Proposition (2),

WO @om, @c (7h )K" - WO @07, ®c Dar(pp)c @c (rh )% € 7o (xh>)K”
is induced by the Hodge filtration inside Dgr(p,) after applying the de Rham-étale comparison for (@)

Remark 3.5. The short exact sequence (@) is stated for m, being a local component of an automorphic
representation. But one can also prove directly that the same sequence is exact_for any irreducible smooth
representation 7, of GLy(Q,) with dimm, > 1 (and 7, 7. defined as in Definition B.1)) using the results on the
compactly supported de Rham cohomology of My .

We will discuss later the relation between these sequences in the above proposition and the p-adic local
Langlands program for Ds.

3.2 Representation-theoretic properties of 7,

Let 7, be the irreducible smooth representation of GL2(Q,) fixed in §@. Let 7. be the representation of
Dy in Definition B.1. In this subsection, we will study some representation-theoretic properties of 7.

The organization of this part is as follows. First, we will show that 7. is always non-zero. Using the
geometric definition of 7. involving Lubin-Tate spaces, we find a natural E-structure 7. g of 7., where E is a
sufficiently large finite extension of Q,. Then we show that 7. g is admissible. We will also show that 7, g has
Gelfand-Kirillov dimension 1.

3.2.1 Non-vanishing of 7,

We start by showing that 7. in Definition @ is non-zero for any A € 05; (Definition )
Let ./\/lLO%O be the component of MLT .0 such that the quasi-isogeny in the moduli problem for Myt
§- is of height zero. Abstractly M T o is an open unit disk over C, and we let u € H° (MS)T)’O, OM(LOT),O)

be a coordinate. Write 7T£(’)12,GM70 : MiT 0= Gl 1 24 a5 the restriction of the Gross—Hopkins period map

of Myt on Mg)% o- From the discussmn in [HGY94, §25] we know there exist two rigid analytic functions
1,ad
®0, 91 € HO(MLT 0 M<L0T)10) on M 0 with no common zeros, such that M, () = [¢po(x) : p1(x)] € P

for z € MLT - Moreover, all zeros of (150, ¢1 are simple.
Let MLT oo be the preimage of M T o under the natural prOJeCtIOIl Mir,co = Mpro. Let GL2(Qp)° =
{9 € GL2(Qy) | det(g) € Z }. Then GL2(Q,)° x Op  acts on MLT’OO (cf. the end of [HGY4, §23]).

Proposition 3.6. Then multiplication by ¢¢ on Ojal(o) induces an exact sequence

LT,0c0
0 ™ (GL o M sm X o Hl M(O) sm 0
= C™(GLa(Qy)°, C) — HEAMR. ., e ) = HeMip oo, 000 ) = 0.

33



Proof. We first show that multiplication by ¢g on the sheaf of Kéhler differentials Q}M(o) induces an exact
LT,0
sequence

0 — HO M(O) ’ 0! X¢o HO M(O) ’ 0l N C, =0 45
( LT,0 MS’?,O) ( LT,0 Mic”)lz,o) H ( )

2€(miy auo) 1 ([0:1])
where [0:1] € ¢ = ]P’é:ad and C, is the skyscraper sheaf at = € (7T£OT),GM,O)71([O 1)) C MLT o with value C'.
Indeed, if we pick a Stein covering {U,, } of Mg%o by affinioids (i.e., U, € U, for n > 0 and Mg')r,o =U,, Un),
then as (WIE(?’GM’O)A([O 1)) ~ GL2(Qp)°/ GL2(Zy) is discrete, (WI(%’GMVO)*([O : 1]) N U, is finite for each n,

since the intersection is discrete and U, is quasi-compact. Since ¢y vanishes exactly on (ﬂﬁ?&GM’O)_l([O )

with simple zeros and Q! ~ O, «© asa coherent O, o -module, we see that for each n, the sequence
Mito Muyro Myt o
0 ><

2€UL LT, aM,0(2)=[0:1]

is exact. Taking limits, as R! lim,, H°(U,, inl([)) )=0 (HO(M£(¥ 0 Q}\A(‘” ) is nuclear Fréchet), we deduce the
LT,0

exactness of the original sequence (@) Taking the strong dual, by Serre duahty [Bey97, Chi06, vDP92] and
[Sch13a|, Proposition 9.11] (these results do not depend on whether the coefficient field is spherically complete),
we deduce that there exists an exact sequence

0— ) Cp — HA (M, 0

— Hl(Mg?I)\O, Mi()T)O) — 0.
we (i aar.0) ~H([0:1)

M)

Let MLT n C My, be the preimage of Méo% 0 under the finite étale map m, : Myr,,, = Myr,0. Since m, is

1 . .
étale, the pullback via 7 of the sequence 0 — QM(LOT) . MO, — HwE(WLT),cM,o)‘l([Oﬂ]) C, — 0 is still exact.

Hence the same argument as above shows that multlphcatlon by ¢o on O induces an exact sequence

(0)
Myt

0— D Cp — HA (M, 0

2€(m{R aarn) ~1([0:1])

- H: (M0 ~0

Ome.,) M2,

0 0 . o : i,
where WEAT),GMJL = 7T£T)\ aM,0 © T Taking colimits on the level n, using Proposition , we get an exact

sequence

0 — ling D Cp = HAMD. 0, 0% )Y H (M o ) —o.
"z ean) "L ([0:1])

Finally, we can identify li lﬂ &P (0 C as the space of compactly supported smooth functions on

TE(TLr am,n) ([0:1])
— 0 o
the locally profinite set @n(ﬁ&zGMn) [0 :1]) = (mLr.em) 1[0 : 1)) N MI(JT)OO = GL2(Q,)°. O

We remark that the exact sequence in Proposition @ is not GL2(Q,)°-equivariant. (Indeed, if so, then ¢

will induce a GL2(Qj)°-equivariant map Mg)%oo — Alcan, which will descend to .Z¢ — Al as MLT o F
is a GL2(Qp)°-torsor. But such a map must be a constant.) However, a variant of this exact sequence is

GL2(Qp)-equivariant and is useful, as we will see in Proposition below.

By [HG94, §25, (25.14)], there exists an element too € §/3, such that the action of to9 on O, ;) is given by
LT,0
too W %. Here, j is the center of g = Lie D) ®q, C, which acts trivially on O z,, and € = ¢o¢] —dp¢1-

Moreover, to acts naturally on the D -equivariant sheaf Oy, by the derivation of the D f-action.

Lemma 3.7. Let too € §/3 be as above.

(1) too =c¢ <(1) _01> € g for a non-zero ¢ € C*. Here § =~ gl,  via (E)
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(2) The action map too : O3y — O3, _ is a composition

sm duy 1,sm @ sm
MLT, 00 - QMLT,ao - OMLT,oo
of morphisms of GL2(Q,)-equivariant abelian sheaves on My o, where dyr is the differential operator
in Theorem and ® is a morphism of OFy = -modules whose restriction to Qi\:?ol) is given by

LT,c0
fdu s 2221 f

Proof. By definition, tq is a derivation on Opq,,. .. By [Sta25, Tag 00RO], the derivation is determined by an
element ®rr,,, € Homo,,, (Q}\ALT,,L?OMLT,n) so that the action of ¢gg is given by

LT N

Lo
tOO : OMLT,n — QMLT,H — OMLT,n'

Since mrr.amn ¢ OMpr., — F U is étale (thus Q}Vlm L= (7rLT7GM’n)*Q‘1?£) and domimnant, and gy acts on
O #,, we see that the element ®y7 ), is the image of an element

® € Homo ;, (3, O5) C Homo,, (5, (1ir,6Mn)sOrir.) = Homo, - (v Ortir,)

which gives the action of {99 on O 4, by loc. cit. In other words, first order differential operators on Oaqyy.
stabilizing (7ur,amn) 'O 4, are in natural bijection with differential operators on O z,.
To prove (1), which was already noticed after the definition of oo in [HG94, §25], we calculate the action

of h := ((1) 01) on Oz, Write #¢ = GLy /B = NB/BUsNB/B. Let z be the coordinate of N =

~1
1 =z ;1 . / (0 1\ /1 2 . t 0 1 z\
{(0 1)} and 2z’ = - be the coordinate 2’ of sN = {(1 O) (O 1 }. Since 0 -1 0 1) =

-2 -
((1) t 12) (é t91> , we see h acts on O(N) via f — %f(exp(e)”z) = *QZ%f. Similarly, h acts on

(’)(leVEL f(Z) 22/ L5 f Hencitge corresponding element in Homom(Q}@“zv O 4,) is given by dz — —2z
on NB/B and dz’ — 22’ on sNB/B. After possibly changing variables, we may assume that z = z‘l’gzg

where wu is the coordinate of Mi‘)T”O. Then dz = di?gzg = %(u)%(;ffa?/%(u)%(

2 2
morphism sending du = —%dz to —% . (—2%) = 2@, which equals tgg up to a scalar.
The decomposition in (2) of the tgo-action follows from the discussions above. The morphism ® is GL2(Q))-
equivariant since it is the pullback of a morphism in Homo (Q} O #0) along the GL2(Q))-equivariant map

Y du. Hence h corresponds to the

mur,am-  The composition oo @ ORY, . — Q}VTLHTOO — O, . 1s a priori GL3(Qp)-equivariant since the
action of GL2(Qp) commutes with the action of the Lie algebra of DS. O

The element oo also acts on the D) -equivariant sheaf Q}\ijToo by derivation.
Proposition 3.8. The action of too on H} (Mt eo, Q}\jf;oc) induces a GL2(Q))-equivariant exact sequence
0 — kertgg — H} (MLT, 00, Q}\jinTm) — H! (MLT, 00, Q}VTTTQO) — cokertgy — 0
with cokertgg = H, ER,C(MLT,OO)» and there exists a GL2(Qp)-equivariant short exact sequence
0 = C™(GL2(Qp), C)®* — kertog — Hig o(Mrr,00) — 0.

Proof. By (2) of Lemma @, the map H(too) : H(Muyr 0, O3, ) = H(Muir 00, O3 . ) can be written

as the composition of H%(dpr) : HO(MLT 00, Of{,‘l‘mm) — HO (Mt oo, Q}\j:;w) and H°(®) : HO(Myrr1 00, Q}\j:; ~

HO(.MLT,OO, Of{f{m’w).
We first work on Myt ,,, and by abuse of notation we let d, ® be the corresponding maps on Myt . By
the kernel-cokernel lemma, we see tog induces an exact sequence

0 — ker H%(d) — ker H(tgo) — ker H?(®) — coker H(d) — coker H(to0) — coker H°(®) — 0. (46)
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Locally on My, as on Mg n Q}Vlm .~ Opmyp, a8 Opgyy ,-modules and @ is then given by multiplying a

non-zero function as @ Since My, is locally integral, we see H?(®) is injective on H(Myr ,, Q}VILT,H)'

Hence ker H?(®) = 0. Then ker H%(tgo) = ker H%(d). By the vanishing of higher cohomology groups of coher-

ent sheaves on the Stein space My, we know ker H%(to0) = ker H%(d) = H3g (Muyr,,) and coker HO(d) =
1 0 _ . . .

Higr(Murn). Moreover, coker H (<I>|M<L0T) n) = HIGMS’T),",WLT,GM,n(r)E{[O:l],[1:0]} C, by using similar methods

as in the proof of Proposition @ and that @0, ¢1 have no common zeros while € is invertible.
Now we take the strong dual (for the Fréchet topology on the cohomology groups) and take colimits on n,
so that by Serre duality the original maps H(tog), H%(d), H(®) induce

sm HO(@)\/ Sm Ho(d)v ,SIM
Ho(too)v : Hi(MLTv‘X”Q}\jLT,oc) — Hcl(MLT,OWOMLT,m) — H(}(MLT’()O’Q}\//?LT,OO).

By the discussions on groups in (@) above and the duality, we see coker H?(®)" = 0, and ker H*(®)V =
GL2(Qp sm — sm 343
¢ Indg 20 ker HO(®] 0 )* = C2™((muraan) ™ ({0 11,12 0]}), C) = C"(GLa(Qy), €)®2 by Proposition
and the GLy(Qj)-equivariance of ®. Also ker H(d)" = Hjg (Muyr,oo) = colim, Hyg (Myr,,) and
coker H(d)Y = H3p .(Mrr,) by the duality of de Rham cohomology, cf. [GKO00, Theorem 4.11]. Then we
see coker H(tgo)Y = coker H'(d)Y = H§R7C(MLT,OO), and there is a short exact sequence

0 — C™(GL2(Qp), C)®* — ker H%(too)" — H{g o(Mrr,00) — 0.

Finally, the natural action of too on H} (Myrn, Q) ) is dual to its action on H(Myrn, Opyy,) via the
Serre duality which is D, -equivariant. O

Theorem 3.9. Let )\ € aif:. Then 7. is infinite-dimensional over C. In particular, 7. # 0.

Proof. First, we assume k = 0. Suppose 7. = 0, which amounts to saying that H! (Mpr, e, Q}\jf; L) ®ny T =
0. Using (@) and Proposition , we find that

H; (MLT 00, Q}\ﬁf;m) ®3c) T = 0-
Besides RT'qr,c(Mrr,00) ®7L_[(G) mp is a direct summand of
RU g, o(Mrr,00) @) Al [N = RUar(Sxr)[A] (47)

which concentrates in degree 1 and is finite-dimensional (see also Remark ) The corresponding spectral
sequence [Sta25, Tag 0662]

Iy H(G : P i+j
Ey7 = Tor_i( )(HjR,C(MLT,oo),Ang\D = Hi! (ko)

degenerates (cf. [Ber92, TV.4]) and we see that Hjp .(Mur o) ®?L_1(G) 7p has finite-dimensional cohomology
groups for ¢ =1, 2.
By Proposition @, we see there is a GL2(Q))-equivariant exact sequence

0 — kertog — H} (Myr 0o, Q}\jinT 2) s (Mr7 005 Q}\jf; ) = cokertgy — 0 (48)
with cokertgy = H, gR,c(MLT7M) and another GL2(Q))-equivariant exact sequence
0— sz(GLQ(Qp)v C)@g — ker too — HéR,c(MLT,OO) — 0.

As CS™(GL2(Q,), C)®? ®%¢(G) mp = wP2[0] is infinite-dimensional (see Theorem ), ker ¢oo ®7L_L(G) mp has
infinite-dimensional cohomology. Applying — ®7L_[(G) mp to (@), we see this contradicts the finiteness results of
H §R7C(MLT,OO) ®7L{(G) mp. From the proof above, we also see that 7. is infinite-dimensional.

For general k, we can use the translation functors as in [Su25, §2.2] and [JLS22, Theorem 3.2.1], see also
Remark , to reduce to the case k = 0. O
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3.2.2 Admissibility of 7,

Similar to the treatment as in [QS25, §6.2] and [Pan26, Remark 7.3.5], as we have realized the representation
7. (which can be purely defined using the de Rham complex of Lubin—Tate curves) inside the completed
cohomology of quaternionic Shimura curves, we can prove the admissibility of 7. for some natural rational
structure.

Theorem 3.10. Let 7. be defined as in Definition @ There exists a locally analytic representation 7. g of
sz over a finite extension E of Q,, such that 7. = 7. p®gC, and 7. g is admissible.

Proof. Using translation functors, we may assume k = 0 for simplicity. Recall that (by Lemma )
7 = lig Hy (Myr,n, OMir.,) ®3(6) -
n

Te = h_n; HY (Mo, Q}\Amn) Qn(G) Tp-

The action of GL2(Q,) x D) on Myt o factors through H = (GLy xD)/{(a,a™"),a € Q)} in our normal-
ization. Consider the subgroup H°® = {(g, k) | det(g)Nm(h) € Z,s} C H where Nm denotes the reduced norm

of Dp. Then H® stabilizes MI(JOT))OO, and there exist H-equivariant isomorphisms

HY(Mur o0, O, ) = c-Indfo H{M 055 ) (49)
= Xsm ®¢c C- IndHO I{c1 (MEJT),ow O.S/\r/rllLT,oo)

for any smooth character x5 : H/H® = Q) /Z; — C*. Hence we may assume that <]O) 2) € G = GL2(Qyp)

acts trivially on ,, after possibly a smooth twist.

Z
The induced Weil descent datum on My, / <€ 2) is effective [RZ96, Theorem 2.16, Theorem 3.49].

Besides, there exists a sufficiently large finite extension F of Q,, such that m, = 7, g®pC for some smooth
representation m, g of G over E (since 7, is a local component of a regular cuspidal algebraic automorphic
representation). Therefore, using the above E-structures of the Lubin-Tate spaces and m,, and the definition
of 7, one can directly find a locally analytic representation 7z of D, over FE, such that 7 = TE@EC.

Recall that by Proposition and Proposition , we have an exact sequence

0— T QcC (ﬂ'i»oo)KP — T Rc (ﬂ_i,OO)KP - j_jl(Kp’C)[)\]la,@Sen:o 0.

The algebraic automorphic representation 7 can be defined over the sufficiently large E and we denote the E-

structure as 7y . Let py : Gal(Q/Q) — GL2(E) be the corresponding Galois representation. The above exact

sequence shows that the D -representation ﬁl(Kp, C)[A]*Osen=0 up to the multiplicity space (wi’m)Kp, isa

quotient of 7 by one copy of 7,. The relative position of the 7, inside 7'5‘92 C T is E-rational as it comes from
the position of the Hodge filtration of py (see Remark @ and the proof of Corollary ) We define 75 to be
the cokernel of the composition 7, p — 7'5?]%3 C 7g induced by the Hodge filtration. This gives an E-structure

of HY(KP,C)[\]"*Osen=0;
HY(K?, C)N*95=0 = C@prp @p(rh ) . (50)
On the other hand, by (@) we know that there is an isomorphism
H'(K?, E)[A™ = py @ T1(py)"
where recall that II(py) is defined as Homg,,@/q) (Pr; H'(K?,E)). Therefore,
(H'(K?, E)N@p0)* =0 = (Cop pr) =B pIl(p)"*. (51)

Here, we fixed an embedding of E into C. By construction, the isomorphisms in (@) and (El) are compatible
with the Galois action. Taking Gal(Q,,/E)-invariants, we deduce that there is a D {-equivariant, E-linear and
topological isomorphism

(C ®F PA)QSQH:O’Gal(@p/E)@Eﬂ(P)\)la ~ CGal(@p/E)(’g\)ETE ®E(W§:%0)KP.
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From this, we deduce that 7z is admissible, as II(py) is admissible by the admissibility of the completed
cohomology (cf. [Eme06, Theorem 2.2.11]). Finally, similarly as above for 7, one can find a natural E-structure
Te,g of .. As 7. g is a quotient of 7g, we deduce that 7. g is also admissible. O

3.2.3 Gelfand-Kirillov dimension of 7,

Let 7.,z be the (natural) E-structure of 7. in Theorem , where E is a finite extension of QQ,. For
definition and basic properties of the Gelfand-Kirillov dimension of a locally analytic representation, our main
references are [ST03, §8], [DPS23, §3]. The following result is known by the work of Hu-Wang [HW244,
Theorem 1.1] under some genericity condition (on the mod-p representations of Gal(Q,/Q,)).

Theorem 3.11. The Gelfand-Kirillov dimension of 7. g is 1.

Proof. There are two ingredients in the proof, which give an upper bound and a lower bound. We assume
again k = 0, and the general cases can be deduced using the translation operators. Let 7z be the E-structure
of HY(KP,C)[\'*®sn=0 constructed in the proof of Theorem 3.10.

First, as 7p has trivial infinitesimal character, and is isomorphic to the locally analytic vector of an
admissible unitary Banach representation (as it comes from the completed cohomology), by [DPS23, Corollary
6.8], we know that 75 has Gelfand-Kirillov dimension at most 1. As the difference between 7, g and 7z, up
to a multiplicity, is a finite dimensional representation of D) (whose base change to C' is 7,), we deduce that
T.,5 has Gelfand-Kirillov dimension at most 1.

Besides, we know that 7, is infinite-dimensional over C' by Theorem @, hence 7 is infinite dimensional over
E. As 7 is isomorphic to the locally analytic vectors of a Banach representation, from [DPS23, Lemma 3.9],
we deduce that the Gelfand-Kirillov dimension of 7g is at least 1. Again, this shows that the Gelfand-Kirillov
dimension of 7. g is at least 1. O

Remark 3.12. Let L be a finite extension of Q,. For an irreducible smooth representation of GL2(L), one
can define locally L-analytic representations 7,7, of D, where Dy, denotes the unique non-split quaternion
algebra over L, in the same way as in Definition @ using the Lubin—Tate tower for L. One can prove similar
results on the Gelfand-Kirillov dimensions for these representations. Note that [DPS23, Lemma 3.9] is only
stated for L = Qp,, but one can use the following argument for general L. Assume that 7. g is an admissible
locally analytic representation of D} of the Gelfand-Kirillov dimension 0 with the infinitesimal character the
same as the smooth _representations. Then 7. g must be a smooth admissible representation, using [AW13,
Corollary 9.1] and [Koh07, Theorem 1.4.2]. But our 7. g is not smooth, otherwise its wall-crossing is zero
(using similar methods as in [QS25, Theorem 4.7.6], its wall-crossing still contains 7. g, which is non-zero).
See the proof of Lemma ﬂ below for more relevant details on the wall-crossing.

3.3 Structure of the Hecke eigenspaces of the completed cohomology

In this section, we summarize our study on the Hecke eigenspace I1(p)™2 (@) of the locally analytic completed
cohomology of the Shimura curves attached to a 2-dimensional de Rham Galois representation p. Combining
computations before we explain what the locally analytic D -representation II(p)'™® looks like. Then we can

deduce that lzl(p)l"l essentially only depends on the local Galois representation, and even only depends on the
Weil-Deligne representation associated to the local Galois representation in the crystabeline case.

Recall that in §R.1 we have defined Sk» K, as the quaternion Shimura curve over the reflex field Q of level
K = K?K,. Let E C C be a finite extension of Q,. After fixing tame level K? and taking limit over K, C D,

we defined in § the completed cohomology group H L(KP, E) for the tower (Sk»x )i, with coefficients in
E.
Similar to [Pan26, Theorem 7.1.2], we have the following classicality result.

Theorem 3.13. Let p be a 2-dimensional E-linear continuous absolutely irreducible representation of Gal(Q/Q).
Suppose:

(i) p appears in H'(K?, E)"* namely Homg,@/0) (P HY(KP,E)*) 0.
(ii) p|Gal(@/Qy) is de Rham of Hodge Tate weight 0,k + 1 with k € Z>o.

Then p is classical, i.e., the Hecke eigenvalue associated to p lies in a,fﬁ (Definition )
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Proof. This is a combination of Theorem and Theorem . O

Next, we show that any A € J,f): must appear in I;fl(Kp, C). Fixk>0and X € O’,f)z. We use the notation
in §@ and let m, be the component at p of the automorphic representation 7y of G. When mp is a discrete
series representation, we already know that H® (KP,C)8[\] D 7, @c W=k =£ 0 by the global Jacquet—
Langlands correspondence (the locally algebraic vectors of H L(KP,C) recovers the classical cohomology of

Skrk,, cf. [Eme06, (4.3.4)]). So the crucial part is to show that HY(K?,C)[\] # 0 even when 7, is an
irreducible principal series representation.

Theorem 3.14. Suppose A € of.. Then HY(KP,C)"2[)] # 0.

Proof. Suppose ﬁl(KP,C)la[)\] = 0. Then, since kerI' is a subspace of ﬁl(KP,C 2 we deduce that
ker I'[\] = 0. But by Proposition (deduced from Theorem E and Corollary )7 this will imply
7. = 0, which contradicts Theorem B.9. O

Remark 3.15. This result was known by Paskiinas [Pa$22, Theorem 1.4], under some genericity conditions
(on the mod p Galois representations).

By Theorem , Theorem , together with Theorem , Corollary (Proposition @) and (@),

we deduce the following description of the locally analytic representation associated to A.

Corollary 3.16. Let p be the Galois representation associated to A such that T acts on
II(p) = Homg,g/q) (P HY(K?, E))
via A\. We have an isomorphism

(p)*®EC = (7/iy(1,"%)) @c (], (52)

where 7/i,(7)*8) is moreover an extension of 7, by 7;*%. Here,

. T;ll)alg =T, ®c W(0.=F) with 7p the Jacquet-Langlands transfer of 7, and W(0.=k) the algebraic represen-
tation over C of D) of highest weight (0, —k).

) ) @) Tp With G = GL2(Q,) and H(G) the smooth Hecke algebra of G.

n

« T .= h_n)jn H&(MLT,nvw.S&I;rk,

(=k-1,1)

o T, = hﬂn H(}(MLT,mWM )®7—L(G) Tp-

—k
LT,n
e The map i, : 7, — 7 comes from the position of the Hodge filtration of p|q, g, /q,) using the p-adic
de Rham comparison theorem (see Remark @)

We can deduce the following locality result.

P

Theorem 3.17. Let \ € 0,56. Then up to a multiplicity, the locally analytic D -representation I1(p)' only
depends on the local Galois representation p|Ga1(@ Q)" Moreover, when 7, is an irreducible smooth principal
series representation, lll(p)la only depends on the Weil-Deligne representation associated to p| Gal(T,/Qy) (and
the Hodge-Tate weights).

Proof. By Theorem we know that every A € o7 must appear in H L(KP,C). Hence the condition on p
required in Theorem P.19 is satisfied. Then using (E), we see that II(p)'® only depends on the local Galois
representation p|Gal(@ Q)" Moreover, when m, is an irreducible principal series representation, we know that
Tp = 0. In particular the information of Hodge filtration of p|Ga1(@ /g,) disappears in II(p)'®. Hence II(p)'=
only depends on the Weil-Deligne representation associated to p| Gal(@/Qp)" O

Remark 3.18. In particular, when 7, is an irreducible principal series representation, one can not capture
the information of the Hodge filtration in DdR(P|Gal(@ /Qp)) from II(p)!*. For example, assume that p, :

Gal(Q,/Q,) — GLa(E) is a non-split extension of a crystalline character x of Gal(Q,/Q,) by the trivial
character 1 where x has Hodge-Tate weight k¥ +1 > 1 and x is not the inverse of the cyclotomic character.
Then both p;, and its semisimplification p;’ = x @ 1 are crystalline representations with the same associated
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Weil-Deligne representation but different positions of Hodge filtrations, see [ColOg, §4.5]. In this case, the
smooth GLy(Q,)-representation m, is an irreducible principal series representation, and 7, = 0. If p|Gal(@ /Qp)

has the same semisimplification as p,, then the D -representation ﬁ(p)la@) gC cannot distinguish p, and pj;.
This is a new phenomenon in the p-adic local Langlands program in the D -case, compared to the GL2(Qp)-
case. In the mod p setting, similar results were known by [HW24a, Theorem 1.3(ii)(a)]. On the other hand,
when 7, is a twist of the smooth Steinberg representation, we expect that II(p)'™ still determines the Hodge
filtration of P|Gal(@/<@p) as in [HW244, Remark 8.31]

3.4 Applications to the Scholze functor

In this section, we want to discuss some applications to the p-adic Jacquet—Langlands correspondence. Our
main goal in this section (Theorem ) is to compute the value of the Scholze functor [Sch18, DC24] on
the locally analytic representations of GL2(Q,) attached to 2-dimensional de Rham Galois representations,
in terms of the locally analytic representations of D, considered in the previous sections. Let G = D) and
G = GL2(Qp). §

We briefly recall the definition of the Scholze functor, following [Sch18, DC24]. Let mrr.am @ Myt 0o — F L
be the Gross-Hopkins period map on My o, which is a pro-étale GL2(Q))-torsor. Given an admissible unitary
Banach representation IT of GL2(Q,), we can descend the constant sheaf on My o with fiber II to Fl, s0
that we get a pro-étale sheaf Fi; on .Z (. The pro-étale cohomology group Rl proct (Z ¢, F1) is again a unitary
Banach representation of D), which is also equipped with a commuting action of Gal(Q,/Q,). As is explained
in [DC24, Corollary 5.3.5], if I1° is a G-stable lattice in II, then

Rrproét(g& fH) = RI&HRFC‘G(}:& -Fﬂo/p")[l/p] (53)

Moreover, if we denote IT'* C II as the subspace Of locally analytic vectors of II, we can also descend II'* along
7Lr,aM SO that to get a pro-étale sheaf Fma on % (. By [DC24, Theorem 5.3.6], we know that

RT proee (F 0, Fir) PO = RToee (F L, Frieas). (54)

For ¢ > 0, set

SUIT®) v= H} oo (F L, Frpa).

Let Zg» be the Shimura set associated to G in § Define
AE g = CO"(Zk», E)

to be the completed cohomology of the Shimura set. This is an admissible unitary Banach representation of
G(Q,) = GL2(Q,) = G, which is also equipped with an action of the Hecke algebra T*. Let AgZG'la be the

subspace of locally G-analytic vectors. Similar to [Sch18, Theorem 6.2], we can use the p-adic uniformization
of the quaternionic Shimura curve Sk» to deduce the compatibility of Scholze functor with the completed
cohomology groups Ag; and H'(K?, E) in §E.2.6‘.

Theorem 3.19. For i > 0, there is a Gal(Q,/Q,) x T x G-equivariant isomorphism:

Hj (ﬁga}-jljp,c.la) = Efi(KP7E)é—la_
G,E

proét

Proof. Write myr = mg» ur @ Skp — F( for the Hodge—Tate period map on thevquaternionic Shimura curve
Sk of infinite level (recalled in §) Define Fx» g, as the pro-étale sheaf on .7/ by descending the unitary

P

’Qp
equivariant isomorphism of sheaves on the pro-étale site of %/

Banach G-representation .,Zg (with Qp-coefficients). We show that there is a G-equivariant and Weil group

RWHT,proét *Qp = ]:KP,QP~

Then one can use [Cam24, Corollary 6.1.7] to deduce the claim.
We first show that R™ Tyt prost «Qp = 0 when n > 0. Since Sgr = L;T'y, \Mp; oo as in (E) and the Hodge—
Tate period map on Sk» is compatible with the one on Mp; «, it suffices to show the vanishing of higher direct

40



image of myrr : Sr =T, \Mbpr,c0 = ]P’é for each I' =I'y,. For n > 0, R"TaT 1 prost «Qp is the sheafification
of
X = ngoét(X XP}; SK”’QP)

where X are affinoid perfectoid spaces proétale over Fl = ]Plc. Since mpy gt exhibits Mp, o as a proétale

GL2(Qy)-torsor on P, for each proétale covering of X, we can find a proétale refinement by strictly totally

disconnected spaces S; such that there is a GL2(Q))-equivariant isomorphism S; xp1 Mpy e = S; X GL2(Qp).
~p

Let T =T'\ GL2(Q,) be the profinite set. Because I' acts trivially on JP’}CP, we get an isomorphism S; xp1 Sp =
“p

S; x T. Now the claim follows from
ngoét(si x T, @P) =0

as S; x T is still a strictly totally disconnected space (for example by [Sch22, Lemma 7.19]). Note that here we
need 7" to be profinite (rather than just locally profinite) to have Hf, . (Si x T, Qp) = Hg (S; x T, Z,)[1/p] = 0.

To identify THT prost »Qp With Frr g, , using the same argument as in the end of the proof of [Sch1§, Propo-
sition 6.5], replacing Q,/Z, by Q,, we have a map 7yt prost +Qp — Fxr,q,. To check this is an isomorphism,
it suffices to check it on strictly totally disconnected S; as in the last paragraph. In this case, it is easy to see

both sides can be identified with Cont(|S; x T, Q). O

The G-smooth vectors Agif‘sm
tame level KP and trivial weight at p (i.e. take k& = 0 in Definition m and with F-coefficients). Take a
cuspidal Hecke eigensystem A : T® — E appearing in Ag;;f_sm. Let py : Gal(Q/Q) — GL2(E) be the Galois

representation associated with A\. Then as (@) we have

of /Tng is the space of E-valued classical automorphic forms on G of

KP,G- ~ ,00\ KP
AET G &, @ (a7
where 7y  is the corresponding automorphic representation of G(A) and Tp,E 18 its p-component, a smooth
irreducible admissible representation of G over E. We furthur assume that mod p reduction ﬁ)\|Gal(@ /Qp)
is absolutely irreducible for simplicity (this is the same assumption as [DLB17, §5.1, Hypothese], which can

certainly be weakened, cf. [Pas22, Corollary 5.7]). Then using the p-adic local-global compatibility results
[Emell, DLB17], we know that

A%;G‘la[)\] =15 @ (r2 ), (55)
where g is a locally analytic representation of G over E, corresponding to p>\|Gal(@ /Q,) Via the p-adic local
Langlands correspondence for GL2(Q,). See for example [Pan26, §7.3] for a concrete description of 7. We
note that 7, g is the closed subspace of smooth vectors of .

Starting from 7, g, we have defined various locally analytic G= D -representations over E. Let 7, g be the
Jacquet—Langlands transfer of m, g to D) with 7, g = 0 if 7, g is an irreducible principal series representation
as in §B.1. Set m, := ﬂ'p,EQA@EC. Let 7, 7. be the representations of D; over C' defined as in Definition
using 7, with the E-structures Tg, 7., g constructed in §. Also, recall that we have constructed a locally
analytic representation 7p depending only on /’/\|Ga1(@ /Q,) in the proof of Theorem , so that

H' (K, E)\] = px @ Homg,,@/q) (Pr; H'(K?,E)) = p\ ®p 75 ® (Wi’,i;o)Kp~ (56)

Theorem 3.20. Let A : T° — E be a cuspidal Hecke eigensystem appearing in /Tgp]f_sm, with the associated
Galois representation py. Assume that the restriction 7, | Gal(@,/Q,) of the mod p reduction of py is absolutely
P

irreducible. Let mg (resp. 7g) be the locally analytic G (resp. G)-representation associated to A. Then we
have a Gal(Q,/Qy)-equivariant isomorphism of locally analytic D, -representations

Sl(ﬂ'E) = P/\|Ga1(@/@p) OB TE

Proof. This is a combination of Theorem and Proposition below, with the descriptions of the Hecke
eigenspaces (@) and (@) O

Using a similar treatment as in [Schl8, Proposition 7.7] and Lemma below, we have the following
result.
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Proposition 3.21. Let A be as in Theorem . Then the natural map
TK?,G-la ~ TK?,G-la
SUAE ) = 8 AL (57)
is an isomorphism.

Proof. By our assumption, the mod p reduction of p, is absolutely irreducible. This gives a maximal ideal
m of the abstract Hecke algebra T over Z. Let T(K,K?)n be the m-adic completion of the image of T? in

Endz, (H'(Sk»k,(C),Zy)), and put T(KP)y := @Kp T(K,K?)w. It acts faithfully on HY(K?,E)y, where
(—)m denotes the localization at m of T(KP)-modules. Using [Sch18, Corollary 7.3] and taking p-adic comple-

tion, we know that the T®-action on Kg; ., extends to a continuous action of T(KP)y.

For simplicity, we write A := ngéi'lla. By choosing a finite set of generators of the ideal of T(K?)y
corresponding to A\, we obtain an exact sequence

0= AN = A— Dicr A (58)
with I finite. The above exact sequence induces the following two exact sequences

0—>AN—-A— M —0,
0—>M— @ierA—Q — 0.

where M is the cokernel of the first map and @ is the cokernel of the second map. As the formation m — F;
is exact, we get the following exact sequences

SO(M) = S (A[N]) — S*(A) = S' (M),
S°(Q) = §1 (M) — S'(@ierA).

where Si(m) = H! . (Z¢, Fy). First, S°(M) = 0. Indeed, as M C @;ecrA, the Hecke action on S°(M) C

®;e1S°(A) is Eisenstein by Theorem @ But S°(M) is also a subspace of S*(A[)\]), which is non-Eisenstein.
Hence S°(M) = 0. Then we know there is an exact sequence

0 — SHAN) = SY(A) [N\ — ker 8

where 3 : SY (M) — S1(®;c1A). In particular, we know that there is a surjection S°(Q) — ker 3. Now we
claim that the action of G on S°(Q) factors through the reduced norm map. Indeed, using the definition of Q
and that Hecke operators act unitarily, we see that () has an admissible unitary Banach completion @, whose
subspace of locally analytic vectors is Q. Let Q° be a lattice in Q). Then by (g) we know

$°(Q) = 1im $°(Q° /5"

Using [Sch1g, Proposition 4.7] applied to @O/p”7 we deduce that the G-action on SO(@) factors through the
reduced norm map, and so does its subspace S°(Q). Hence we know that G also acts on ker § via the reduced
norm map by the surjection S°(Q) — ker 3. On the other hand, we know that S*(A)[)\] has trivial infinitesimal
character. Indeed, from Theorem B.19 we know that S*(A) = H!(KP, E)¢-=. Hence using [DPS25, Theorem
1.4] we know that H'(K?, E)G12[)\] has trivial infinitesimal character. So that the image of S*(A)[A] — ker 3
also has trivial infinitesimal character. This forces that this image must be a smooth G-representation. By
Lemma below, we know that S!(A)[A] can not have such quotients. Hence the image of S1(A)[\] in ker 3
is zero. In other words, we get the desired isomorphism S*(A[)\]) = S1(A)[N]. O
A’K’J,G—sm

G,E
associated locally analytic representation 7. Then 75 has no non-zero smooth quotients.

Lemma 3.22. Let A : T® — E be a cuspidal Hecke eigensystem appearing in as above, with the

Proof. The proof is similar to [Su25, Proposition 2.5.2, Theorem 2.5.7] or [QS25, Theorem 4.7.6]. Recall that
DR, DR’ are certain complexes on ./ defined in §@, such that H'(.#¢,DR)[\] = 7®" and H'(.# ¢, DR)[\] =
79" where n is the multiplicity coming from the tame part of the automorphic representation. By Proposition
, we know Hz(ﬂ‘ £,DR’) is the second cohomology of an abelian sheaf on ZF 1, so that it is zero since .Z{ is of

42



dimension 1. This shows that the natural map induced by wall-crossing [JLS22, Din24] ©,H!(DR) — H!(DR)
is surjective (since the cokernel is a subspace of H?(DR') by the exact triangle DR’ — ©;DR — DR — as in
the proof for [QS25, Theorem 4.7.6]). Since the action of T on these cohomology groups is semisimple b

Theorem and Theorem 7 we get that the natural map ©4(7) — 7 is surjective. By Corollary
we know 7p®@EC is a quotient of 7 by a smooth representation. The wall-crossing of a smooth representation
is zero. From this one can deduce that the natural map induced by adjunction property of the wall-crossing
functor gives a surjection map ©4(7g) — 7. Let 7/ be a smooth quotient of 7. Then by functoriality, we

get a commutative diagram
O4(1p) —— O,(1') =0

which forces 7/ = 0. O

A Proper pushforward of solid abelian sheaves on adic spaces

In this section we develop the formalism for proper pushforward of solid abelian sheaves, following [AL24].

A.1 Setup and Definitions

For an adic space, we assume it is a separated analytic adic space over QQ,,. For a partially proper morphism
f: X = Y between adic spaces, we mean it is partially proper after passing to the associated diamonds [Sch22,
Definition. 18.4]. The morphism f is proper if it is quasi-compact, separated and universally closed. This
definition coincides with [Sch22, Definition. 18.1] since passing to diamonds does not change the underlying
topological spaces [Sch22, Lemma. 15.6].

Definition A.1. A germ is a pairing (S, X) where X is an adic space and S C X is a closed subset. A
morphism of germs (S, X) — (7,Y) is a morphism f : X — Y of adic spaces which induces a map S — T

Remark A.2. The category of analytic adic spaces admits fiber product (the morphisms are adic, c¢.f [SW20,
Proposition 5.1.5]). In particular, if (S, X) — (W, Z) <— (T,Y) are morphisms of germs then K := X xz Y
exists as an adic space and V := p~1(S) N ¢~ 1(T) is closed, where p and ¢ are projections from K to X and
Y such that (V, K) is the fiber product.

Recall the following definition in Huber’s theory of pseudo-adic spaces.
Definition A.3. Let f: (S, X) — (T,Y) be a morphism of germs, we say f is
1. quasi-compact (quasi-separated or coherent or taut) if the map of topological spaces S — T has such a
property.
2. separated if A(S) C V is closed where (V,Z) = (S, X) x(7,y) (5, X).

3. Universally closed if for any morphism of germs (V,Z) — (T,Y) with fiber product (W, P), the map
W — V is a closed map.

4. proper if it is quasi-compact, separated and universally closed.

Remark A.4. Being quasi-compact or being universally closed is stable under composition and base change:

By a standard argument, if h : (S, X) EN (T,Y) 2 (V,Z) is the composition of morphisms of germs such
that h is quasi-compact (or universally closed) and g is separated, then f is quasi-compact (or universally
closed). For base change of quasi-compactness, it’s because morphisms between analytic adic spaces are adic
morphisms.
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A.2 Sheaves in condensed abelian groups

We use the condensed mathematics developed in [Schl9]. Fix x an uncountable strong limit cardinality.
Let ExtDisc,, be the category of k-small extremally disconnected sets endowed with coverings given by finite
families of jointly surjective maps. A k-small condensed set is a sheaf of sets on the site ExtDisc,. In the
following context, we will fix this x and omit & in the notation. Let Cond(Z) be the category of condensed
abelian groups and Solid(Zp) be the full subcategory of solid abelian groups. They are Grothendieck abelian
categories.

Let X be an adic space. We denote by PSh(X, Cond(Z)) the category of presheaves in condensed abelian
groups on X and Sh(X,Cond(Z)) be the full subcategory of sheaves. The category of condensed abelian
groups satisfies the condition [KS06, (17.4.1)], so the inclusion Sh(X, Cond(Z)) C PSh(X,Cond(Z)) admits an
exact left adjoint, called sheafification. Similarly, we denote by PSh(X,Zg) (resp. Sh(X,Zn)) the category of
presheaves (sheaves) of solid abelian groups on X. They also admit an exact sheafification functor.

Remark A.5. 1. Since each covering of an extremally disconnected set splits, a map f : M — N between
two condensed sets is an epimorphism (resp. a monomorphism) if and only if the map f(S) : M(S) —
N(S) is surjective (resp. injective) for each S € ExtDisc.

2. Assume .# € Sh(X,Cond(Z)). For each S € ExtDisc, the functor .#(—)(5) is a sheaf of abelian groups
on X.

Lemma A.6. The functor (See Remark @(2))
@ : (P)Sh(X,Cond(Z)) — Func(ExtDisc?, (P)Sh(X, Ab)); .Z + (S = Z(—)(S))

induces an equivalence between (P)Sh(X,Cond(Z)) and (P)%¢ C Func(ExtDisc??, (P)Sh(X,Ab)) contain-
ing functors F : ExtDisc®” — (P)Sh(X, Ab) such that F(()) is the zero sheaf and for S;,S2 € ExtDisc,
F(S1]]S2) = F(S51) x F(S2).

Proof. We have equivalences of categories
PSh(X, Func(ExtDisc’?, Ab)) ~ Func(Open®” (X) x ExtDisc?”, Ab) ~ Func(ExtDisc?, PSh(X, Ab))

thus @ is fully faithful. We prove the claim for Sh(X, Cond(Z)) and the claim for PSh(X, Cond(Z)) is inherited
in the proof. A functor & € PSh(X,Func(ExtDisc?”, Ab)) lies in Sh(X, Cond(Z)) if and only if for any
U C X open, S1, 52 € ExtDisc, Z(U)(0) =0, F(U)(S1]]52) = Z(U)(S1) x F(U)(S2) and for any covering
{U; = U}er, the sequence

0= ZU) = [[Z7W)— [[ ZWinuy) (59)

i€l i€l

is an exact sequence in Cond(Z). The sequence (@) is exact if and only if it is exact after evaluating on each
S € ExtDisc. Then it is easy to check that the functor

U:% — Sh(X,Cond(2)); F— (U— F(-)U))
is an inverse of ®. O

Lemma A.7. Suppose # € PSh(X,Cond(Z)), the sheafification #® of % corresponds to the functor F :
S — (U — Z(U)(S))* under the equivalence ®.

Proof. 1t is clear that F' lies in ¥. It suffices to see F' satisfies the universal property of sheafification:
Evaluating on each S € ExtDisc, it is clear that F'(\S) satisfies the universal property. For functoriality in .S,
it follows from that sheafification of abelian sheaves on X is a functor and the unit of an adjunction pair is a
natural transformation, which is functorial. O

Remark A.8. Assume % € PSh(X,Zp). Since the category of solid abelian groups is stable under limit and
colimit in the category of condensed abelian groups, by the construction of sheafification (cf. [KS06, Definition
17.4.5]), the sheafification of .% in PSh(X, Cond(Z)) and PSh(X,Zn) coincides. This implies that the inclusion
functor Sh(X,Zg) — Sh(X, Cond(Z)) is exact.

Corollary A.9. Let .# € PSh(X,Cond(Z)) and .#® be its sheafification. For each z € X, %, = Z2.
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Proof. For each S € ExtDisc,
F(S) = (colimys, F(U))(S) = colimys,(F(U)(S)) = ®(F)(9).. (60)

But by Lemma @, we have
O(F)(S)x = (2(F)(9))z = B(F)(S)e-

The result follows. O

Corollary A.10. A sequence 0 — .F — ¢ — # — 0 is exact in Sh(X,Cond(Z)) if and only if for any
S € ExtDisc the sequence 0 — % (=)(S) = 4(—)(S) — #(—)(S) — 0 is an exact sequence of abelian sheaves
on X if and only if 0 — %, — ¥, — 7%, — 0 is an exact sequence of condensed abelian groups for all z € X.

Proof. For any morphisms % Lg% Sh(X,Cond(Z)) such that g o f = 0, there is a natural map
n : Im(f) — ker(g). Recall that Im(f) is the sheafification of the presheaf image of f. By the description
of sheafification in Lemma , m is an isomorphism if and only if n(—)(S) : Im(f(—)(S)) — ker(g(—)(9)) is
an isomorphism for each S. The first equivalence now follows formally. For the second equivalence, we can
evaluate on S € ExtDisc and use stalkwise criterion for abelian sheaves and (f(). O

Corollary A.11. Amap f: F — ¢ in Sh(X, Cond(Z)) is an isomorphism if and only if for each point © € X
the induced map on stalks f, : %, — ¥, is an isomorphism.

Proof. One direction is clear. Assume f, are isomorphisms. By Lemma @, we need to show f(—)(S5) :
F(—)(S) = 4(—)(S) is an isomorphism of abelian sheaves. By stalkwise criterion of abelian sheaves, we need
to show the map

colimys, .Z (U)(S) — colimys, 4(U)(S)

is an isomorphism for all z € X. Considering (E), this is our condition. O

If f:X — Y is a morphism of adic spaces, by [KS06, §17], there is an adjoint pair (f~!, f.) between
condensed abelian sheaves on X and Y. We have ((f..%)(V))(S) = f«(F(=)(5))(V). Tt is formal to check
f~! preserves stalks, thus it is an exact functor by corollary . When f is an open immersion, f~! has a
left adjoint f, given by the extension by zero functor. That is, fi.% is the sheafification of the presheaf

_— {y(f—l(U)), ifUCX

0 otherwise

Note that if j : U — X is an open immersion and .# € Sh(U,Zn), the explicit formula above tells that
3. F € Sh(X,Zn).

Assume j : U — X is an open immersion, i : Z — X is the closed complement and .# € Sh(X, Cond(Z)).
By Corollary , we have an exact sequence in Sh(X, Cond(Z))

0= 5j L.F . F =i 'F —0.

We say .7 € Sh(X,Cond(Z)) flasque if for any open subsets U C V C X, the map .# (V) — .Z(U) is an
epimorphism of condensed abelian groups.

Proposition A.12. Assume . € Sh(X, Cond(Z)) is flasque, then .7 is T'(X, —)-acyclic.

Proof. By abstract nonsense, it suffices to show injective sheaves are flasque and for an exact sequence 0 —
F =9 — # — 0in Sh(X,Cond(Z)) with .#,¥ flasque, the sequence

0> F(X)»¥9X)—>H(X)—=0

is exact in Cond(Z). For S € ExtDisc, let Z[S]x € Sh(X,Cond(Z)) be the sheaf associated to the presheaf
U — Z[S] € Cond(Z). Then for any .# € Sh(X, Cond(Z)), Hom(Z[S]x,-#) = Hom(Z[S], # (X)) = F(X)(S).
So, for an injective object .# in Sh(X,Cond(Z)), the first claim follows from applying Hom(—,.#) to 0 —
J1i1Z[S]x — Z[S]x for all S € ExtDisc. For the second claim, we need to show the sequence 0 — .7 (X)(S) —
G(X)(S) — #(X)(S) — 0 is exact for all S € ExtDisc. By Corollary A.1d, 0 — Z(—)(S) — %(-)(S) —
H(—)(S) — 0 is an exact sequence of abelian sheaves on X and #(—)(S) is flasque. We can apply the
classical argument to conclude. O
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Proposition A.13. Let X be an adic space, {U;}ier be a filtered diagram of open subsets of X such that
each U; is spectral and Z = N U;. Assume & € Sh(X, Cond(Z)), then for each ¢ > 0 the map

COIimiEI Hq(Um‘gZ|U1) - Hq(Zvy‘Z)
is an isomorphism.

Proof. The proof is similar to [FK17, Proposition 3.1.19] and the argument is standard, so we just sketch it:
For the first, one establishes statements [FK17, Proposition 3.1.8; 3.1.10] in the condensed setting. It is enough
to check both isomorphisms after evaluating on S € ExtDisc, then one can use the same argument there.

For the second, we need the Godement resolution in condensed setting: For % € Sh(X, Cond(Z)), let G(F#)
be the sheaf G(F)(U) = [[,cy #= and one defines a complex

05745607 5 7))L GF) -

inductively by setting G°(F) := G(.#) and G"(F) := G(coker(d"~1)). It is easy to check the functor G(—) is
exact, G(.F) is flasque and d° is injective. So the above complex is a functorial flasque resolution of .Z.

Let p; : Z — U; be the inclusion. If .%; is a flasque sheaf on U; then p[l 7, is also flasque and colim; p;{%
is quasi-flasque (See [FK17, Exercise 0.3.1]). Now we can use the same argument as in [FK17, Proposition
3.1.19]. O

Remark A.14. Note that by Remark @, Corollary @, , , Proposition , all hold when

we work in (P)Sh(X,Zn).

A.3 Sections with compact support

We only define sections with compact support for partially proper morphisms: Let f : X — Y be a partially
proper morphism of adic spaces. Assume # € Sh(X,Zng), we define a subsheaf fi.% of f..%. For each V CY
being open, S € ExtDisc and s € f,..% (V)(S) being a section. Let

supp(s) := {z € fH(V) : 0 # Im(s) € F,(S)}.
It is a closed subset of f~1(V) and (supp(s), f~1V) is a germ.
Definition A.15. Let 1.7 C f,.% be the subsheaf (use lemma [A.6) such that for each S € ExtDisc
HFWV)(S) = {s € fF(V)(S) : (supp(s), f~'(V)) = (V. V) is proper}
We also write HO(Y, fi.7) as H)(X/Y, F)

Lemma A.16. Assume f: X — Y is a partially proper morphism of adic spaces, V' C Y is a quasi-compact
open subset and s € f,.%(V), then f, : (supp(s), f~1(V)) — (V, V) is proper if and only if supp(s) is quasi-
compact.

Proof. One direction is clear. Assume supp(s) is quasi-compact, then f; is quasi-compact (Remark @) Since
fY(V) = V is separated and supp(s) C f~(V) is closed, f, is separated.

To check universally closed: Since partially proper morphism between adic spaces and quasi-compact
morphism between germs are stable under base change, it is enough to show f. : supp(s) — |V| is a closed
map. We can prove it after passing f to its associated diamond f¢: X° — Y and identifying supp(s) with a
quasi-compact closed subset of |X°| which we still denote by supp(s). By [Sch22, Proposition 18.10] and its
proof, supp(s) is contained in a quasicompact closed generalizing subsets U C |X°| which corresponds to a
spatial sub v-sheaf X’ C X° such that X’ — Y is proper. In particular U — |Y°| = |Y] is a closed map, so

is supp(s) — |Y| as supp(s) is closed in U. O

Lemma A.17. Let f: X — Y be a partially proper morphism between adic spaces where Y is quasi-compact
and quasi-separated. Then there exists a covering of X by cofiltered family of quasi-compact open subsets
{U, }ier each of which is closed under specialization and has quasi-compact closure.

Proof. By the proof of [Hub13, Lemma 5.3.3|, the result holds when | X| is taut and valuative (valuative means
it is locally spectral and the set of generalisation of any point is totally ordered). Since passing to associated
diamond preserves underlying topological spaces, the desired properties follow from [Sch22, Proposition 18.10,
11.19). O
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Lemma A.18. Assume .% € Sh(X,Zg) and f: X — Y is a partially proper morphism of adic spaces. Then
HF € Sh(Y,Zn).

Proof. Since the category of solid abelian groups is closed under limit in the category of condensed abelian
groups, it suffices to check f1.% (V) is solid for each V' C Y quasi-compact quasi-separated open subset and
we will assume Y = V is quasi-compact quasi-separated. By Lemma , there is a covering {U; }ier of X
satisfying the condition in the cited lemma. Let j; : U; — U; be the open immersion into its closure and
fi : U; = Y be the restriction of f to U;. There is a natural injective map f.jnZ|y, — f«F. Since U;
is quasi-compact, for each S extremally totally disconnected and s € (f.ju-%|v,)(Y)(S), we have supp(s) is
quasi-compact. By Lemma , s € fiF(Y)(S) thus we get a natural injective map (f.juZ|v,) = HF.
For each U; C Uy there is a natural injective map f.ji%|u, = frejr-#|u,. Thus there is an injective map
colim; f.jnF|u, = Hi-F. Tt suffices to show this is an isomorphism because then (use Y is quasi-compact in

the second equality)

HF(Y) = (colim; fujin T |u,)(Y) = colim; (juF |u,) (Us).

The right hand side is solid since (ji1.%|y,)(U;) is solid (see the paragraph after Corollary ) and solid
abelian groups are stable under colimit. To show the isomorphism, by Corollary |A.10 we can evaluate on S.
Since U;U; = X, for each s € % (X)(S) such that supp(s) is quasi-compact, there is U; such that supp(s) C U;
which implies s lies in the image of j;.7 |y, (X)(95). O

Lemma A.19. Let f: X — Y be a partially proper morphism of adic spaces.

1) fiis a left exact functor.

2) If f is an open immersion, then f is extension by zero.

(1)

(2)

(3) fi commutes with filtered colimits.

(4) Assume f: X = Y;g:Y — Z are partially proper morphisms, then (go f)1.# = ¢ f1.# for any condensed
abelian sheaf .Z.

Proof. (1): It can be deduced easily from the fact that f,. is left exact, /i # C f..% is a subsheaf and
that if @ : # — ¢ is an injective morphism of condensed abelian sheaves on X and s € %#(X)(S) then
supp(s) € supp(a(s)) (actually supp(s) = supp(a(s))).

(2):_There is an obvious functor from extension by zero sheaf to f1.%, then we can apply the same proof
as in [AL24, Lemma 4.2] using corollary A.11].

(3): By the universal property of colimit, there is a natural functor colim;(f1.%;) — fi(colim; .%;). Note
that by the proof of Lemma | , we have

fi(colim; .%#;) = colimy fui((colim; %;)|y) = colimy fui(colim; Z;|v) (61)

where U C X are quasi-compact open subspaces. For V' C Y quasi-compact open (for the equality below, use
that any cover of V' has a finite refinement)

(colim; f1.%;) (V) — (colim; f..%;) (V') = colim; .Z;(f~1(V))

contains objects which comes from some %, (f~1(V)) whose support is proper over V (after evaluating on S).
Evaluate (Ej) on V, it is easy to see fi(colim; .%;)(V) = (colim; fi.%;)(V).

(4): Let h = go f. Since h,& = g.f.# and hF, g fIF are subsheaves, we can assume Z is quasi-compact
and quasi-separated. Properness of a morphism can be checked locally on the target, the result follows easily
from Lemma |A.16 and Remark . O

For an adic space X, let DT (X,Z0) be the left bounded derived category of solid abelian sheaves on X.
Note that it only depends on the underlying topological space | X]|.

Definition A.20. Let f: X — Y be a partially proper morphism of adic spaces. Define
Rfi: D¥(X,Zg) — D*(Y, Zo)

to be the right derived functor of f, (Lemma )
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Lemma A.21. Assume that f: X — Y is a partially proper morphism of adic spaces. Then flasque sheaves
are fi-acyclic.

Proof. The_gquestion is local so we assume Y is quasi-compact and quasi-separated. There exists {U; }icr as
in Lemma @ and we put j; : U; — U; the open immersion into its closure. Then by the same argument
as [AL24, Lemma 4.8(2), 4.9] using Proposition |A.13, we get an isomorphism RYf1.% ~ colim; R?f; . (juF i)
where f; : U; — Y are morphisms of topological spaces which is the restriction of f to U;. In fact, [AL24,
Lemma 4.9] shows that if .# is a flasque sheaf on U; then R?f; .(ji.#) = 0 for ¢ > 0. The result follows. O

Proposition A.22. Let X Ty % Zbe partially proper morphisms of adic spaces. Then there is a
canonical isomorphism R(g o f)1 & Rg o R, of functors DV(X,Zn) — D (Z,Z0).

Proof. Since (g o f)1 = g1 o fi, it suffices to show that for an injective sheaf .# on X, Rig(fi.#) = 0 when
g > 0. The question is local on Z so we assume Z is quasi-compact and quasi-separated. We can find open
cover {V;}ier of Y as in Lemma and let j; : V; = V; and g; : V; — Z. By the proof of lemma [A. 2i], we

have
Rig\(fi#) = colim;er R?gix (it (/1))

and it suffices to show (fi.#)]y, is flasque. So we can assume V; =Y is quasi-compact and quasi-separated.
Consider W C Y be an open subset, it suffices to show f,.7(Y)(S) — f[i.Z(W)(S) is surjective for any
S € ExtDisc. Pick a section s € fi.#(W)(S) with proper support over W. Let T be the closure of supp(s) in
X, and let &' € HO(f~Y (W)U (X \T),.#)(S) be the unique section with s'| -1y = s and s'| x\7 = 0. Since
S is flasque, we can pick s” € I'(X, #)(S) with s”| ;-1 yux\r = s'. Then supp(s”) C T. Since |X] is taut
(by [Sch22, Proposition 18.10]), T is quasi-compact so supp(s”) is proper over Y. O

A.4 Equivariant sheaves

Let T' be a discrete group. Suppose that I' acts properly discontinuously on an adic space X and let
f:X =Y = X/T be the quotient map. Consider the Cech nerve

(X*Y)y =Y
where for n € N, XY := X xy --- xy X and let f,, : X"/Y Y.
_,_/

n
Let # € DY(Y,Zp) and set 4 = f~1.% which is a I'-equivariant sheaf (or a complex of '-equivariant
sheaves) on X. For v € T that induces v : X — X, the isomorphism ¢ ~ ~,% induces an action of v on fi¥
via i¥ ~ fi7.9 = fi¥Y by Lemma . Locally on Y where the I'-covering f is trivialized, it follows from
the definition that {9 = Rfi% can be identified with the I'-module Z[I'| ®7 #.

Lemma A.23. Suppose that % € D*(Y,Zg). We have natural maps f,1f, % — Z for all n. The natural
map
COlim[n]EAOP fn,!fn_ly - F

is an isomorphism, where A is the simplex category. Moreover f, \f, 1% ~ Z[I" @z fi¥ and F = Z®£[I‘] hY

Proof. Let 4 = f~1.% which is a I'-equivariant sheaf on X. Take U C Y small enough such that f~1(U) ~
U xT'. Then fn|f;1(U) can be identified with the projection U x I'" — U. By Lemma , n,! COM-
mutes with direct sums. Since f,'.Z|;-1 () = Bryern fr, "Fl(,y), we have a natural map (fn,f, '.7)|v =
Syern (ful( Uv It |0, = ByernFlu — Flu. Let U ranges over basis of Y we see there exists a natural
map fnuf F — F for any n.

Let d,, ; : X(+D/Y o Xn/Y be the i-th face map for i = 0,--- ,n. Similarly as above, there exists a
natural map dn,i,!d;}ifn_l,@ — f1.%. Applying f,.1, we obtain a map d,, ; : fn+1,!f{+119 = farfr L7 and
let

= Z(—l)idm i F = b F
i=0
be the alternating sum of the face maps. We need to check that the map colimp, fnf, \F — Z is an
isomorphism. The problem is local and we may assume that there is a section Y < X such that ' x Y = X :
(Yn-1,Y) = Yn—1y. Then

[MxY ~ Xn/Y (FY07 77n—17y) = (rYOy7 e ar}/n—ly)a (62)
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and fo f 'F = LI @z F 1 s = v ® s|,-1p for s € (farf, 2F)(U),v € ™. The map 6, can be identified
with

Z[Fn]® Z[F" 1]®Zy2[(707~-~,’yn l ®3’—>Z 707"'7/7\1"""711—1)}@5-
Hence colimy,) fp1fy 'F = [-- = Z[I"] — -+ — Z[I]] % .F = F since the complex --- — Z[I"] — -+ —
ZI —Zisa standard resolution of Z. Note that as in %), we have

1’\71 x X ~ Xn/Y (70)"' 7’7n727$) = (’70937"' 7’77172‘%."%)'
We see fu,f, ' F = Z[I"] @) [iY. O

Proposition A.24. Let g : Y — x be the structure map. Let # € DT (Y, ZD) Suppose that T' has finite
cohomological dimension (e.g. [BS76, §6.1]). Then Rg.% =Z ®Z[F] Rai(fif 17).

Proof. By the local description of fif 1%, we see fif 1% € D*(Y,Zp). By Lemma , F =17 ®£[F] h¥
with &4 = f~1.%. We need to show that Rg(Z ®£[F] hfl7) =12 ®£[F] Rgi(fif 1#). If I has finite
cohomological dimension d, there exists a finite projective resolution

0P %= ... oP '3 P=Z—-0

of the trivial Z[I']-module Z. Hence Rgi(Z ®Z fif Y.F) = Rg/(P* ®Z[F] ffrF) = P* ®Z[F] Rgi(fif1.%)
since the derived functor Rg preserves finite cohmlts (One can replace fif~1.% by an injective resolution .#*
of sheaves of condensed Z[I']-modules. Then Rg(Z ®£[F] fif LF) is calculated as the g/Tot(P® @z £*) =

TOt(P. ®z[r)] g;f').) O
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