BERNSTEIN-ZELEVINSKY DUALITY FOR LOCALLY ANALYTIC
PRINCIPAL SERIES REPRESENTATIONS

MATTHIAS STRAUCH AND ZHIXIANG WU

ABSTRACT. We consider certain dual of the Kohlhaase-Schraen resolutions for locally analytic
principal series representations of p-adic Lie groups in the case of integral weights. The dual
complexes calculate the expected Bernstein-Zelevinsky dual of the locally analytic representa-
tions and lead to the Grothendieck-Serre duality of coherent sheaves on patched eigenvarieties.
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2 MATTHIAS STRAUCH AND ZHIXIANG WU

1. INTRODUCTION

Let p be a prime number. In this paper, we determine the Bernstein-Zelevinsky dual of a
locally analytic principal series representation of a split reductive p-adic Lie group, induced
from a locally algebraic character of a maximal torus. Take d > 2 and G = GL4(Q)) in this
introduction.

1.1. Motivation. Let m be a smooth representation of G over C, the Bernstein-Zelevinsky
duality (also called cohomological duality) is given by ([Ber92, §IV.5], see also [Far(06])

7 — Dpyz(7) := RHomg(m,C:™ (G, C))

where C3™(G, C) denotes the space of compactly supported locally constant functions on G,
which is a bimodule over G via the left and right translations. An interesting property is that
the duality should intertwine with the Grothendieck-Serre duality for coherent sheaves on the
stack of Langlands parameters under the categorical Langlands correspondences (e.g. [Zhu20,
Conj. 4.5.1 (1)]).

For p-adic representations of G, notably in the categorical p-adic local Langlands program of
Emerton-Gee-Hellmann presented in [EGH23]|, similar dualities are proposed for smooth repre-
sentations in natural characteristics [EGH23, Conj. 6.1.14]. It is also expected that such duality
exists for locally analytic representations [EGH23| Rem. 6.2.22]. Recent work of Hellmann-
Hernandez-Schraen [HHS24] gives strong evidence in this direction by establishing Serre duality
for some sheaves on (patched) eigenvarieties. The property of these coherent sheaves is vital for
loc. cit. to produce multiplicities of p-adic automorphic eigenforms.

In this paper, for a locally analytic representation 7 over a p-adic coefficient field E, we naively
generalize the duality by

(1.1) 7+ Dpy(n) := RHomg(w, C*(G, E))
where C'*(G, E) is the space of compactly supported locally analytic functions on G.

Remark 1.1. Since involves the derived category of locally analytic representations (that
may not be admissible in the sense of Schneider-Teitelbaum [ST03]), we can and will use the
solid formalism of locally analytic representations by Rodrigues Jacinto-Rodriguez Camargo
[RIRC22, RJRC23| to make the definition rigorous.

Remark 1.2. Recent work of Claudius Heyer and Lucas Mann explains the cohomological
duality for smooth representations using a geometric language and the six-functor formalism

(see [HM24] Prop. 1.4.3]). Their approach, together with [RJRC23, [Cam24], should be enough
to provide us with a general abstract theory of the duality for locally analytic representations.

We will not consider the general theory in this paper. Rather, we would like to calculate
explicitly Dpz(7) when 7 is a locally analytic principal series representation. This will be
enough to answer partially the expectation in [EGH23]. Whatever the definition of Dpy, we
expect that (Theorem [5.3)

Dpz(c-Ind$W) ~ Homg (c-Ind$ W, C2(G, E)) = c-Ind§ WY

where c—Ind? denotes the compact induction when I is a compact open subgroup of G, W is
certain locally analytic representation of I such that the continuous E-linear dual WV is also a
locally analytic representation. This would allow us to calculate Dpy(7) using a resolution of 7
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by compactly induced representations as done for smooth representations by Schneider-Stuhler
in [SS97].

1.2. Duality for Kohlhaase-Schraen resolutions. The resolution we consider is that of
Kohlhaase-Schraen in [KS12]. Let B be the Borel subgroup of G of upper-triangular matrices
with the maximal diagonal torus T'. Let x : T'— E* be a continuous character. Let m = Indgx
be the locally analytic parabolic induction. Kohlhaase-Schraen found a presentation of 7 as a
(derived) quotient of certain compactly induced representation:

nd%y =~ c-Ind$W; @F # /m.
Here I is the Iwahori subgroup of G, Wj is a locally analytic Banach representation of I (see
1) for the precise definition) and ‘H = E[Uy,--- ,Uy], where Uy,--- Uy € Endg(c—lnd?Wﬁ),

is a polynomial (Iwahori-Hecke) algebra acting on C—Ind?Wﬁ with the maximal ideal m = (U; —
1,---,U;—1) D Such presentation arises from a Koszul resolution:

(1.2)

AH? @3¢ -IndFWj = [e-Ind§Wy — -+ = AHT @3y c-IndF Wy — - -+ — c-Ind§Wy] = Ind%x
in the derived category. Taking account of the expectation that ]D)Bz(c-IndIGWﬁ) = C-Ind?Wﬁv ,
and the self-duality of the Koszul complex A*H¢, Dpy, (Indgx) should be given by the following
dual complex

Homg (A*H? @y c-Indf W, C2(G, E)) ~ A*H® @4, c-IndF W)/ [—d]

with a shift of degree d. Let B be the opposite Borel subgroup. Let g, b be the Lie algebras of
G and B with the universal enveloping algebras U(g), U (b). The theorem below determines this
dual.

Theorem 1.3. Suppose that x is a locally algebraic character with weight A € Z"™ and let
Xsm : T — E* be the smooth part of x. Then there is a quasi-isomorphism

N H @y c-IndFWY [—d] ~ FE(M(N)Y, Dpz(Xem))

where M(A\)Y = (U(g) Bu @) M)V s the dual Verma module in the BGG category O° for the
highest weight .

Here Dpz(Xsm) = Xap|—d] and ]:g(ﬁ()\)v,xs_nll) is a locally analytic representation con-
structed using the functor ]-'g(—, —) in [OS15)] from certain g-modules and smooth representa-
tions of 7. It admits the same Jordan-Hoélder factors as Ind%)(1 = ]-'g (M (), Xans)- Similarly,
nd%x = FS(M(—)), Xsm) where M(—)) = U(g) ®u(p) (—A) € O° is the Verma module. We
have a general result for representations that are in the image of the functor fg.

Theorem 1.4 (Theorem and Theorem. Let M be a g-module in the BGG category O°
with algebraic weights and xsm be a smooth character of T, then there exists a Koszul resolution
of }—g(M7 Xsm)

A H @y c-IndF Wy =~ FG (M, xsm)

IThe ideal m differs from that in [KS12] because of our normalizations of the U;-operators (Remark .
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for some Banach I-representation W such that there exists a quasi-isomorphism
AH? @3¢ c-IndfWY [—d] ~ FE(Homp (M, E)"5 , Dz (Xsm))

where Hompg (M, E)'%o € O is certain BGG dual of M € O° appeared in Breuil’s adjunction
formula [BrelBl, Prop. 4.2] (see (1.9)).

The calculation leads to the following conjecture.

Conjecture 1.5. Let P be a parabolic subgroup of G (containing B) with Lie algebra p and the
opposite P. Let M be a g-module in the parabolic BGG category OF with algebraic weights and
V be a finitely presented admissible smooth representation of the Levi factor of P, then we have

Dpz(FE(M,V)) = FS(Homp (M, E)'F , Dpz(V))
where np is the nilradical of the Lie algebra of P.

Theorem 1.6 (Theorem 5.6). Conjecture is true if P = B, V is a smooth character of T
and Dy is defined by (Definition .

Remark 1.7. If M = E is the trivial g-module, then F§(M,V) = (IndgV)*™ is the smooth
parabolic induction. In this case the conjecture says that Dpz((IndEV)s™) = (Ind%]D)BZ(V))Sm,
which matches with the duality for smooth representations [Ber92, Thm. IV.31]. Asin loc. cit.,
one possible approach to proving the conjecture would be establishing the second adjointness

theorem for the functor ]:g, in some way generalizing Breuil’s adjunction formula [Brel5, Prop.
4.2] (which is based on Emerton’s adjunction [Eme07], see also [BHS19, Lem. 5.2.1]):

(1.3) Homg(FE (M, V), TT) = Hom, 5 (Homp(M, E)'F ©p C™(Np, V), 1)
to the derived setting.

Remark 1.8. Let 7 : g — (g")~! be the Chevalley involution (inverse transpose) of G =
GL4(Q,) which switches B and B. Let D = 70 Dpz be the twist by the Chevalley involution of
our duality functor. Then the above theorem says that D(F§ (M, Xsm)) = F§ (MY, Xsm) up to a
degree shift, where (—)¥ denotes the dual in the BGG category O°. This is exactly the duality
expected in [EGH23| Rem. 6.2.22], and discussed in [HHS24, Thm. 1.4].

1.3. Duality for coherent sheaves. Using the Koszul resolutions, we can verify the categorical
expectation for the Bernstein-Zelevinsky duality in some global setting. The I-representations
as W and Wﬁv define coefficient systems on locally symmetric spaces with the Iwahori level at p.
The cohomologies or homologies of these coefficient systems, which define overconvergent p-adic
automorphic forms (e.g. [Urb11l [ASO8, Loelll HN17]), should be related by Poincaré duality
and induce certain Serre duality of coherent sheaves on the (patched) eigenvariety after taking
finite slope parts. In this paper, we will work in simple, and more local, settings of abstract
patched eigenvarieties.

In using patched completed homologies in [CEG™16], from a locally analytic representa-
tion 7 appeared in Theoremm we can attach two coherent sheaves A€ (), A58 () supported
respectively on two rigid analytic spaces X and X’. Here X (resp. X') is roughly the space
of deformations of a mod-p Galois representation p (resp. the dual p¥ = 7 0p up to a twist
where 7 is given by the inverse transpose). The Chevalley involution induces an isomorphism
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n: X ~ X'. The following theorem is a formal consequence of Theorem and the Poincaré
duality of completed cohomologies.

Theorem 1.9 (Theorem [5.13). Let 7 = F§(M, xsm) be as in Theorem . There exists an
isomorphism

Das (ATE()) = n* AT (Dpz (7).
of coherent sheaves on X, where Dgs(—) denotes the Grothendieck-Serre duality for coherent
sheaves on X.

1.4. Construction and proof. Now we go into more (technical) details of Theorem [1.4] -, by
explalmng the two types of resolutions A*H? @y c-Ind§ 7 Wy and A*H @9 c-Ind¥ 7 W, of a principal
series Ind§ BX where y is locally algebraic of weight .

Take n > 1. Let CI»=32(I, E) be the space of functions on I that is rigid analytic on all cosets
for certain open normal subgroup I,, C I. Let DI»=([, E) := C!»=33(], E)’ be the continuous
dual of C!»=21(I, E), the I,,-analytic distribution algebra. Consider the I-subspace

Ind%x(BI) = {f € C*(G, E) | f(bg) = x(b)f(g),Vb € B,supp(f) c BI} C IndGX

of functions in Ind% px supported on BI C G. Then the representation Wj of I in is defined
to be

(1.4) Wy = IndGx(BI) N C"~*(I, E)
of functions that are “I,,-rigid analytic” which is naturally a module over D'»~2%([, E).
Let N be the unlpotent radical of B. Using that B\BI = I N N, we may identify the space

Ind%x(BI) = Indl zx with C'*(I N N, E), the space of locally analytic functions on I N N.
There are inclusions of subspaces

(1.5) CPYINN,E) c Wy C C*(INN, E) = Indgx(BI) C Ind%x

where CP°'(I N N, E) is the space of polynomial (algebraic) functions on I N N. The maps in
are equivariant for a subalgebra D(B N I,g) C D"~ (I, E) generated by U(g) and the
distribution algebra of B N I. Moreover, as a g-module, CP°'(I N N, E) can be identified to the
dual Verma module M (\)Y in O whose appearance is also the first step for 1D

The first inclusion of induces a natural map

W, i= D" (I, E) @pgns g C** (I NN, E) = Wy
Together with the Kohlhaase-Schraen resolution (|1.2)), we arrive at least a map of complexes
(1.6) A*H? @ c-Ind§ W, — A*HE @9y c-Ind§ Wy — IndGx

Note that in contrast to the locally analytic representation Wy, the I-representation W, is finite
over the distribution algebra DI»~#(], E) and is usually considered as a (continuous linear)
dual of a locally analytic representation as Wﬁv (even though W, Wﬁv are still locally analytic
representations). The left-hand side of ((1.6)) will be the complex that is “dual” to the original
Kohlhaase-Schraen resolution in Theore for Dpz(Ind%x) = .7-"% (M(N)Y, Dpz(xsm))-

We prove that (1.6) is a quasi-isomorphism, thus obtaining the second type resolution of
IndGX in Theorem The major difficulty lies in the surjectivity of the map

(1.7) c-IndfW, — Ind%x
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The image of Wj is a union of I-translations of some Banach/Smith completion of CP°!(INN, E).
Our proof of the surjectivity boils down to some statement similar to Proposition below
on different completions of the U(g)-module M(\)V ~ CP(I NN, E) ~ C*°(N,E). We let
U (g) be the Arens-Michael envelope of the universal enveloping algebra U(g), which is a Fréchet
completion of U(g). We write G = GL, D B D N for the algebraic groups such that B =
B(Q,), N = N(Q,). The space C*(N, E) of rigid analytic functions on the analytification N
of N is a Fréchet completion of the space CP°'(N, E) of all algebraic functions.

Proposition 1.10. The isomorphism M(\)Y ~ CPY(N, E) extends to a surjection (even an
isomorphism) U (g) Q) M(N)Y — C*(N,E).

Except for the case G = SLy where we calculate explicitly (Example , the proof of
the above statement uses essentially the theory of rigid analytic D-modules and the Beilinson-
Bernstein localization for U (g)-modules of Ardakov-Wadsley (see for example [Ard14], even
though the actual proof will only use the theory developed in [AW13] for Banach completions).
The reason is that it’s easier to compare the two types of completions of U(g)-modules locally
after the localization. In the case that A = 0, the dual Verma module M (\)Y is localized to
the D-module j,Ox where j : N ~ Nwy —+ G/B. Proposition is roughly equivalent to
that the localization of U(g) Qp(g) M(A)Y is the D-module Ji"Oxen. We emphasize the non-
trivial fact that the direct image j#"Oxan is coadmissible over D which implies that C**(N, E)

is coadmissible over ﬁ(g) by taking the global section. Such direct images of D-modules were
studied by Bitoun-Bode in [BB21] and our proof is largely inspired by their methods.

Remark 1.11. As shown by [BB21], the direct image of a coadmissible D-module may not be
coadmissible. This is not the case for us with the integral weights but remains a serious issue
for more general weights. We don’t know whether the resolution holds if the weights of
the character x are not “p-adically non-Liouville” in some way, even when G = SLj. This is the
reason that we restrict to locally algebraic characters for parabolic inductions. The duality of
representations of general weights or families of representations is still mysterious to the authors.

1.5. Overview. We review the construction of Kohlhaase-Schraen in In we establish the
resolutions for representations and study dualities between complexes, thus proving the main
Theorem The proof of the surjectivity of (and Proposition is postponed to In
the last section §5| we embrace the solid formalism to discuss the duality between representations
and coherent sheaves (Theorem [1.9)).
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1.7. Notation and convention. Let L be a finite extension of Q, with the ring of integers
O = Oy, and a uniformizer w = wy. We take a finite large enough extension £ of Q, as the
coefficient field.

Fix G to be a connected split reductive group over L with a Borel subgroup B = TN where
T is a split maximal torus. We fix also split models Gp, D Bp, D Tp, over Or, of G. Let d be
the rank of T. Write G = G(L) D B =B(L) D T = T(L) and similarly N = N(L). Denote by
B = NT the opposite Borel subgroup. Let ® D ®, D A be the set of roots, positive roots and
simple roots of G, corresponding to B. Let X.(T) (resp. X*(T)) be the lattice of coweights
(resp. weights) of T.

Write g, b, t,n, etc. for the base change to E of the Q,-Lie algebras of G, B,T, N, etc. Write
U(g),U(b), etc. for the universal enveloping algebras.

Set K = Gp,(0Or), a hyperspecial maximal compact open subgroup of G. Write By =
KNB,Ty=TNK,etc. Set T~ ={tcT|t(KNN)t'CKNN}and Tt = (T")"L.

For a p-adic Lie group G, we write C'*(G, E) for the space of locally Qp-analytic functions on
G with values in E. Write D(G, E) = C'*(G, E)’ for the distribution algebra.

Let I be the preimage of Bp, (O, /@) under the reduction map K — G, (Or/wr). The
Iwahori subgroup I admits the Iwahori decomposition I = (INN)(INT)(I N N). There exists
and we fix a sequence of good open normal subgroups -+ C I,41 C I, C --- C I wheren > 1
forming a neighborhood basis of the neutral element of G and admitting Iwahori decompositions
I, = (I, N B)(I, N T)(I, N B), coming from decompositions of rigid analytic groups I, as in
[Eme06, Prop. 4.1.3].

We let C*"(I,, E') be the rigid analytic functions on the rigid space (Resy /g, In) ®1 E. Set
Cln—an(I E) = DBge1/1,9-C*"(In, E) C C'*(I,E). Since I, is normal in I and any element
g € I induces a rigid analytic automorphism of I,, by conjugation, we have ¢.C**(I,,E) =
C*(I,g Y E) = C* (g 'I,,E) for all g € I. The space C!»~"(I, E) consists of I,-rigid analytic
functions on I. Let D' ~2%(I, E) be the continuous linear dual of CI»~31(I, E).

We use 7 to denote the Chevalley involution (inverse transpose) of G, G or g. For M € O°,

we will write 7(M)Y = Hompg(M, E)"5 , see Remark

2. KOHLHAASE-SCHRAEN RESOLUTIONS

In this section, we review and extend (a little bit of) the work of Kohlhaase-Schraen in [KS12),
§2] for resolutions of parabolic inductions.

2.1. The Koszul complexes. We start with some general considerations of compact induc-
tions (from the Iwahori subgroup I) and Hecke operators. Then we turn to Kohlhaase-Schraen
resolutions for parabolic inductions (from the Borel subgroup B)

Suppose that W is a representation of the Iwahori subgroup I of the split p-adic reductive
group G over E. Consider the abstract compactly induced representation

c-Ind¥W = {f : G — W compactly supported | f(zg) = z.f(g),Vz € I}
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on which G acts by right translations. If W is a locally analytic representation of I, c—IndIGW can
be equipped with the locally convex direct sum topology so that c—Ind?W is a locally analytic
representation of G.

For g € G,w € W, we use the notation [g,w] = g[1,w] to denote the function in C—Ind?W

supported on Ig~! sending ig~! € I¢g~! to i.w. Then [g,w] = [gi,i~'w] for i € I. We also use

the notation [g, W] = [¢I, W] to denote the space of all functions in c-Ind¥ W supported in Ig~.

For a subset S C G, write [S,W] = ", s[5, W] C c-IndfW. Then c-IndfW = ®gec/1l9, W] =
Sgena/1Lgl, W].
The Hecke (endomorphism) algebra Endg (c-Ind¥W) = Hom (W, (c-Ind¥W)|1) acts on c-Ind$ W,
where the equality follows from the usual Frobenius reciprocity. For ¢t € T,
Hom;y (Wv (Ind?IW) |I) = Hom[(W, Indﬁmt]tfl [ta W]) = Homyqyp4—1 (VV, [tv W])

gives rise to a subspace of Endg(c-Ind¥W) via Ind2W = [ItI, W] C c-Ind$W.

Assume that for t € T, there is an element U; € Hom -1 (W, [t, W]) C Endg(c-Ind$W).
Equivalently, we make ¢! act on W by an operator v; : W — W in the sense that the map
w > [t,pw] is in Homy -1 (W, [t, W]). More explicitly, ¢, satisfies the condition

(t™ 2t) b (w) = hy(zw)
for x € INtIt~',w € W. The corresponding action of U; on c—IndIGW is given by
(2.1) Utlg, w] = Z [gt, by (z ™ w)], Vg € G,w €W
atI€Itl /T
by [KS12, (2.2)] (here xtl € ItI/I is equivalent to z € I/(I NtIt~1)).

Lemma 2.1. Suppose that 1y, o Y, : W — W is equal to 11, for all t1,to € T~ (in other
words, W becomes a module over the semi-group ITVI), then Uy, Uy, = Uy, -

Proof. By the Iwahori decomposition, ItI/I = (INN)/t(INN)t~t-tI/I for any t € T—. We
calculate that
U, U, [ga w]
= Y Y lgyberts, (2 (y T w))]

:Et1[€[t1[/[ ytgleltzl/l

= > lgy(taaty taty, Yo, e, (ytawty ')~ w)]
toaty L ety (INN)t5 L /t1ta(INN) (t1t2) ~Lye(INN) /ta(INN)t;
= Z [gataty, Y, r, (27 w)],

:EG(ION)/tth(Iﬂﬁ)(t1t2)71

where for the second equality, we used that x 1oy, (=) = v, (tax™1t5 1) since Y L e
to(INN)ty' € INtalty!. The result follows. O

There is an isomorphism 7'/Ty ~ X, (T) of Z-modules characterized by (x, t) = valg(x(t)) for
x € X*(T), t € T, where val, denotes the w-adic valuation. Under the identification T~ /T =
Xo(T)” ={p € Xu(T) | (o, u) <0,V € &} corresponds to the set of antidominant coweights.
It contains X.(T)o = {u € X.(T) | (a,p) = 0,Yar € ®} ~ Z4~|Al. Write Z for the center of G
and Z = Z(L). Then Z C T (]Mill7, Prop. 21.7]) and Z/(ZNK) ~ X.(T)p. Choose generators
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21,y Z4-|a] of Z/(Z N K). And we choose a splitting X.(T) =~ X.(T) & X,.(T)y where
X,(T) ~ ZIAl is dual to X*(T)NQ®. It’s easy to see that the splitting induces an isomorphism
X, (T)~ ~ NI&l @ 4= as monoids and we can choose generators to, € T~ /Ty, a € A for the
free monoid X, (T)~ N X,(T)" ~ NIl (we use the same notation as in [KS12, §1] but we don’t
require (o, tq) = —1!).

Let H = E[T~/Ty] = E[X.(T)~] be the monoid ring. Then H = E[z,tq,i = 1,--+ ,d —
Al € Al

Choose an ordering of A and we rewrite (t1,- - - ,t4) for the sequence (21, -+ , zg_|a|, ta, @ € A)
of elements in H. We write m C H for the ideal (t; —1,--- ,t5 — 1).

From now on we will always work in the situation that given W, there are operators ; for
t € T~ making W an IT+ I-module as in Lemma This implies that c-Ind¥ W is an H-module
given by (note that Uy is the identity map if ¢ € Tp.). And we will write the corresponding
Hecke operators Uy € H for t € T~ /Ty. If f: Wy — Wy is an ITT [-equivariant map, then the
induced G-map c-Ind¥W; — c-Ind¥W; is H-equivariant.

Recall for the sequence of elements (U, — 1,---,U;, — 1), there is a homological complex
A*H? of H-modules with differentials

NHE = NTIHE A A S Y (DT () A A AT A A
j=1

where ¢ : HY — H, (hy, -+, hg) — Z?:l hi(Uy, — 1) [Sta24l Tag 0621]. Note that
Hi(A"H? @3 c-Ind$ W) = Torl (H /m, c-Ind$W).

Proposition 2.2. The sequence (Uy, — 1,--- Uy, — 1) is Koszul reqular for the H-module
c—Ind?W: the natural map

A*H?E @9y c-IndFW — c-Ind§W @y H/m
is a quasi-isomorphism of E[G]-modules

Proof. This is [KS12, Thm. 2.5] with the same proof sketched below. We first reduce the
statement to the adjoint case G/Z. The operators U,,,i = 1,--- ,d — |A| acts on each [gIZ, W]
for g € G/1Z. Since gIZ/gl = gZ/g(ZNI) = g(Z/(Z N I)) = [], 2%, it’s easy to see that
U, —1,-++,U,,_ , —1 form regular sequences on c—IndIGW and c—Ind?W/(Uzi -1,i=1,---,d—
|A|) ~ c-Ind§,W.

We now consider the action of H' = E[U;,,« € A] on c-Ind¥,W. Let m’' = U;, — 1, €
A. The statement is equivalent to that Tor:]’%/(’H’ /o’ c-Ind$,W) = 0 for ¢ > 1. Recall
[KS12, Lem. 1.4], see also [Herlll Lem. 2.20]: G = [[;cq g, Kt and for any g € G there
is t € T~ such that gIt] C KT~I. Using the lemma, as in the proof of [KS12, Thm.
2.5], we have Torzl",(H’/m’,c-Ind?ZW) ~ Tor;{/(H//m’,c—Ind?ZW Q@ H’[ﬁ,a € A]) ~

Tor;'l’(}[//m/’ c—Ind?Z (G7)) where G- = KT 1Z = HmeNA K[, tnI1Z and
c-Ind$,W(G™) == [G~, W] C c-IndF,W.

We remain to show that U;, — 1, € A form a regular sequence on c-Ind¥,W(G~) as in
[KS12, Thm. 2.6] for an arbitrary ordering ai,---,aja of A. We prove by induction on
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1 < j < |A]l. Suppose that (Us, — 1)f = YXI2) (U, — 1)f* for some f,f1,--, fi=! €
c-Ind¥,W(G~). Then formally in [eg-/izlo W f = Zg;ll(Ut% — 1)(Utaj — 1)Lt =
Zg;ll(Uta_ —1) 3 50(—1)UE fi. Consider

K = g

V= [ Kt eteniz.

A

meNA Mo =T

Then Uy, Ve, W] = Ve, W] and Uy, — 12 [Vi, W] — [V, W] for i # j by [KSI2, Lem.
1.3]. Let ¢* = Zkzo(—l)Uf;j fi. Write f = > >0 ) and ¢¢ = > >0 (") where £, gb(r) ¢
[V, W] C ¢-Ind$,W(G) (this is possible since f, f* are compactly supported modulo Z). There
exists s such that f(") = 0 for all r > s. Then f = Z?;l(Utai —~1)32%_, ¢»"), which implies that

f lies in the subspace of c-Ind$,W(G~) generated by images of U,, —Li=1,---,7-1. O

Corollary 2.3. Let Wi < Wh be an injection of IT+ I-representations equipped with the cor-
responding W¢-actions. Then the induced H-map c—Ind?Wl — c-Ind?WQ induces an injection

c-Ind§W; @y H/m — c-Ind$ Wy @4 H/m.
Proof. By Proposition Tor ]t (H /m, C-IndIG(WQ/Wl)) =0. O

Now we consider parabolic inductions. Let U be a locally analytic representation of the torus
T inflated to a representation of B with the same notation. Recall the locally analytic parabolic
induction IndGU as in [Eme07, §2.1]:

IndgU = {f € C"™(G,U) | f(bg) = b.f(g),Vb € B}

with the action of G is given by right translations. For an open subset V € B\G, e.g. V = BI,
let IndGU (V) € IndGU be the subspace consisting of functions supported in V. Let Resy :
IndGU — IdGU(V), f — f -1y be the restriction map where 1y denotes the characteristic
function of V.

We take an I-invariant subspace W C IndGU (BI) such that for any t € T, Resgr(t~'. W) C
W as subspaces of Ind4U (BI).

Definition 2.4. In the above situation, we set
b W =W, f(=) = Respr(t'.f) = Respr(f(—t7")) = f(—t")1ps
for t € T~. And let U; € T~ be the corresponding Hecke operator.
Remark 2.5. Our definition of vy is slightly different from that of [KS12], where t.f(—) =

Resprf(t—t~1) = x(t)Resps(f(—t~1)) when U is a character x. Our price is that the represen-
tation c-Ind¥W @4 H/m will depend implicitly on x(t;),1 < i < d.

The defined actions satisfy the condition of Lemma [2.1

Lemma 2.6. In the above definition, we have v (xw) = (t*xt)y(w) for x € tIt—* N 1. And
Jor ti,te € T, Yy Ve, = iy,
Proof. The map Respy is I-equivariant. Hence v;(zw) = Respr(t~'ozw) = Respr(t Lottt 'w) =

(" ot Resp (1™ w) = (£ wt)ye(w). And $ptin, f =i (f (=17 )1ar) = [(~t3 47 ) 1B, 151 =
f(=t3't 1) 1p; since BIty D BI. a
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By the Frobenius reciprocity, there is a G-map
(2.2) Dy : c-Ind¥W — ndGU : [g, w] = g.w.

Proposition 2.7. For ti,ty € T~, Uy, = Uy, U, making c—Ind?W an H-module. Moreover,
the map factors through an injection

c-Ind¥W @4 H/m — IndGU.

Proof. The first statement is Lemma [2.1| and Lemma [2.6l The proof for the injection is the

same as for [KS12, Prop. 2.4]. We first recall the key input [KS12, Prop. 1.2]: suppose that

t e T,k k' € K such that ktIBNK'tIB # (), then ktIB = K'tIB, ktI = k't and kI = K'I (the

proof of loc. cit., which cites [SS91) §4, Prop. 7], works for the general split reductive group G).
We check that for t € T~

Dy (Uifg, w]) = Z grt.ap(z ) = Z grt.(t e w - 1p7)

ctIelt]]1 wtleltl /1
= > gatt e (wlpp-1,) = gw = dy([g, w))
etleltl]1

since BI = [[};-1,-1cp\ 17 BIt "2~ (by [KS12, Prop. 1.2] and I/(INtIt~") = (INN)/t(IN
N,

By definition, we have U,[g,w] = [gz, 2 t.w] for z € Z,w € W. Hence ¥y factors through
c-IndSW/ (U, —1,--- Uzya)— 1) = c-Ind$, W where the action of the center Z on W comes
from the embedding W € IndGU. The quotient c-Ind, W inherits the actions of Uy, o € A. We
only need to show that the kernel of ®),, : c-Ind¥,W — Ind§U lies in the subspace V spanned
by (Ui, — 1)[g,w] for g € G,w € W and a € A. The proof goes as for [KS12, Prop. 2.4], and
we give a sketch in our notation. By [KS12, Lem. 1.4] (recalled in the proof of Proposition ,
G = HtGT/ToZ KtIZ and for any g € G, there exists t € T~ such that glt] C KT~1. Assume
that f € ker(®},) and we prove that f € V. Since U;([g,w]) C [gItIZ, W] and V C ker(®),,),
we may assume that f € [KT-I1Z,W)]. Since Kt1I - Itol C Ktytal, up to add elements in
V, we may assume that f € [Kt"IZ,)V] for some n large enough and t = [[_ t,. Write
Kt"1Z = [I;c;kt"1Z and f = 3 [kjt" ws]. Then @),(f) = 3, kjt".w; € md%U. The
support of each k;t".w; as a function on G is contained in BI(k;t")~! = (k;t"IB)~! which are
pairwisely disjoint for different j by [KS12, Prop. 1.2] recalled above. Hence ®,,(f) = 0 implies
that w; = 0 for all j. We conclude that f = 0. O

2.2. Change the levels. For the actual application to the duality (Theorem, we need the
flexibility to shrink (or change) the Iwahori subgroup I to other open compact subgroups of G
for the compact inductions in the Kohlhaase-Schraen resolutions. In this subsection, I denotes
an open compact subgroup such that K N T C I C K admitting the Iwahori decomposition
I=(INN)INT)(INN). For example, we can take I to be the opposite Iwahori subgroup.
We still let H = E[T~/(TNK)] Dm = (U, —1)j=1,... 4. The discussions on Hecke operators at
the beginning of including Lemma apply for the compact induction c—IndIGW which
will be an H-module if W is an IT T I-module equipped with the corresponding v;-actions.
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Remark 2.8. One can also shrink the torus TN 1: take I’ such that I'NT C I'NT and replace
H by the algebra E[T~/(I' NT)]. See [Oll14] for the example when I’ is the pro-p Iwahori
subgroup.

We first take a subgroup I’ such that TNK C INB C I’ C I with the Iwahori decomposition
such that

(2.3) r'/)re ' nry=1/¢rt*nl)=INN)/t(INN)t L vteT".
This assumption implies that BI'’ = BI = B(INN).

Example 2.9. We can and will take I’ = (INN)(INT)(INN) = IN1I where I is the Iwahori
subgroup and 7 is the Iwahori subgroup for the opposite Borel B.

Suppose that W is a representation of IT" I with operators v;,t € T~ satisfying the condition
of Lemma We consider W := W|;,. Then operators 1) still act on W. We can similarly
define Hecke operators U; acting on c-Ind%’:W' as in for t € T~ making c-Ind%W' an
H-module. We get a Koszul complex A*H? @y c—Ind?’:W' )

Conversely, suppose that W' is a representation of I'T* I’ with ¢/;-actions and W = c-Indf, W'

Lemma 2.10. There are ii-actions on c—Ind?W' satisfying the condition of Lemma such
that

1/}t [g> w] = [tilgt} 1/%(“’”
for [g,w] € c-IndL W' g € INN and (t*wt)(—) = by(x—) for x € TNtIt™!,

Proof. Since c-Indf, W' = ©ger/rlg, W] and I/1' = (INN)/(I' Y N), 1y is already defined by
the formula and we check it is well-defined. For n € BNI', ¥y[gn,n~w] = [t gnt, vy (n~ w)] =
[t=tgt, t Inty(n~tw)] = [t Lgt, Yr(w)] since n € I'NtI't™L. Forx e INtlttandge INN C
INtIt™!, we can write g = ¢/i' for ¢/ € INN,7 € INB =I'NB. Since ¢, ¢'i' = xg € INtIt™",
we see i/ € BNINtIt™' = t(I N B)t~'. Then ¥yfzg,w] = Y[g, 7. w] = [t g't, ¥ (w)] =
[t gttt (w)] = [t agt, e (w)] =t at[t™ gt h(w)] = (E )i ([g, w]). O

Proposition 2.11. Let TN K C I' C I be subgroups with the Iwahori decomposition satisfying
Z3.
(1) If W = W|pr with the restricted 1-actions, then there is an H-equivariant morphism
C—Ind?jW’ — c—IndIGW which induces a quasi-isomorphism

~

A*HE @94 c-IndGW' 5 A*HE @4 c-IndFW.

(2) If W = c-IndL, W' with the induced 1 -actions given by Lemma then there is an
‘H-equivariant isomorphism C—Indg‘:W' ~ c—IndIGW which induces a quasi-isomorphism

AT @9y c-IndGW 55 AHE @9y c-IndfW.
Proof. (1) The map c—Ind%W’ — C—Ind?W, denoted by pr, is induced by the Frobenius reci-
procity applying to the I-inclusion W' = [I,W]|p C (c-Ind§W)|p. It is also induced by
c-IndtW — W : Dicr/rliswil = e piwi. Then pr([g, [i,w]]) = [g,iw] = [gi,w] for

g € G, [i,w] € c-Ind},W'. We see pr([g,w]) = [g,w] for g € G,w € W',
Let t € T, w € W and [i,w] € c-IndL, W' € c-Ind$W’. Then by definition Ufi,w] =
Zae(mﬁ)/t(mﬁ)fl[mtvwt(a_lw)}- While for [1,3w] € c-Ind§W and i € I, Uy[1,iw] = Ui, w] =
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> € (INN) J(INN)t—1 [iat, s (a~'w)]. By the explicit formula, the morphism pr commutes with the
operator U;. The kernel of pr is spanned by G-translations of elements ) ., v [i, w;] such that
Zie[/I/ iw; = 0. If i € I and a € I NN, write (uniquely) ia = a;x4; such that a; € I NN and
Tai €INBCI NtIt~!. Then t_lxa,itwt(a_lwz) Yi(2aia” Lw;) = U(a; zwl) Suppose that ¢
is chosen such that t='( N B)t C I’ (this is possible since INT = I' N T by our assumption).
In this case we have

U(w) = ST liat e )] = 3 lait, dila; i) Zzatwt i) = 0

i€l/I' ae(INN) /t(INN)t—1 i,a
for x = Zz‘e]/]’ [i,w;] in the kernel of pr so that ), iw; = 0. For the third equality we used
that when a ranges over (I NN)/t(INN)t= ' =I/(INtIt7), a;(INtIt™!) =i~ ta(INtit™1) €
I/(I NtIt~') ranges over the same set.

Let H' = E[Utf,i =1,---,d]. The fact that U;(z) = 0 for x € ker(pr) implies that pr induces
an H’-isomorphism: c-Ind$W' @y H' ~ c-Ind$W @4, H'. The map pr also induces a map of the
Koszul complexes

A*HE @4y c-IndGW' — A*H?E @y c-IndSW.
The induced maps of homologies are Tor! (H / m, c-Ind§W’) — Tor (H/m, c-Ind¥ W) which are
isomorphisms since for any H-module M, Torlt(#/m, M) ~ Torl (H' /m, M @4, H') [Sta24, Tag
00MS]).

(2) Since c-Ind$W' = c-Ind§W, we only need to check that the Hecke actions coincide.
Take t € T~. Suppose that [g,w] € cInd W and g € I. Forx € INN = I' 1N, we
can write gm = 2'¢’ where ' € INN and ¢ € INB C Iﬂtlt L. Then [gzt, (27 w)] =

[2'g't, (™ w)] = [2't, [t g't, ve(x w)]] = [2"t,([(2')"'g,w])]. Note that when z ranges
over INN/t(INN)t~t=T/(INtlt~'), 2’ ranges over the same set. Hence
Ulgwl = S lgetuew)l= S lat (s wl))
zel’ /(I'Ntl’'t—1) zel/(INtIt—1)
The result follows by definitions. O

Corollary 2.12. Let I be the Iwahori subgroup and W' be an I'-subrepresentation ofInng(BI)
(in the notation of Proposz'tz'on that is stable under the operators 1y : f + f(—t~1)-1p1 for
allt € T~. Then the induced map C—Ind?W’ — Inng factors through an injection

c-IndfW' @y H/m < IndGU.
Proof. Write Wy = IndGU (BI). Let
W := coker(c-Ind}, W' — c-Ind}, Wy|1/) = c-Ind} coker(W' — Wor)
with the induced ¢;-actions. We have a short exact sequence of H-modules
0 — c-Ind$W' — c-Ind§Wo|p — c-Ind$W” — 0.

By (the proof of) Proposition Tor}t(H/m, c-Ind§W") = 0. Hence by Proposition and
Proposition the composite

c-IndSW @y H/m < c-IndGWo|p @ H/m =~ c-Ind§ Wy @4 H/m — IndGU

is an injection. O


https://stacks.math.columbia.edu/tag/00M8
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We will also need the case when TNK C I' C I, I'NN C INN while 'NN =INN. Let W
be an IT* I-representation as before and let W' = W)|pp+p with the restriction of v-actions
satisfying the condition of Lemma [2.1

Proposition 2.13. In the above situation, there is an H-equivariant morphism c—Ind?W —
c—Ind?:W’ which induces a quasi-isomorphism

A*HE @4y c-IndFW 5 A*HE @y C-IDd?:W/.
Proof. There is a natural I-injection

1
W — Ind!W|p ~ e-Indd W - w — 7 ez]/:p[:c,x_lw].
x

Write ¢ for the induced map c-Ind§W — c—Ind%W’ . We see that

[/ I'e(Utlg, w]) - = Zhel/[' erl/([ﬂtlt—l)[gxtha h (2 w))]
D Y erf/(mﬂrll)[gff(tht_l)t, h= Ly (2 tw)]
= mG(IﬂN)/t(l’ﬂN)t*l[gxtvwt(x_ w)].

where we used that I/(I Ntit™!) = (INN)/tIn N}t ,I1/I' = (InN)/{I' " N), and
h= Y (x 7 w) = ¢y (th= Lo~ tw) if th™ "t e t(INN)t~L c INtlt~!. While

g = Y Y ket b ) = Y (gt e )]

hel/I" zel’ /(I'NtI’t—1) xel /(I'Mtl't—1)

Hence ¢ is ‘H-equivariant. For any [1,w] € c—Ind%W’ , we have

U1, w] = > [2t, iy (27 w)] = > [ta, iy (tx~ " w)).

x€(I'NN) /t(I'NN)t—1 x€t—1(I'NN)t/(I'NN)

Take t € T~ such that I NN C ¢~ 1(I’ N\ N)t. Then we can write the last term as

> S ltay gty T )

x€t=1(I'NN)t/(INN) ye(INN)/(I'NN)

B > S ftayy et w))

x€t~1(I'NN)t/(INN) ye(INN)/(I'NN)

since ty~ 1t~ e INtIt~'. Now

S ey e ) = S gy et )] = o[t gt w)])

ye(INN)/(I'NN) yel /I’

lies in the image of .. We conclude that U; annihilates coker(:). Using the argument as for (1)
of Proposition the quasi-isomorphism follows. O

Remark 2.14. Proposition is an analog of [Eme06, Prop. 3.4.11].
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2.3. Examples. We first recall the examples in [KS12]. Let x : T — E* be a continuous
character. We take good open normal subgroups I, = I,(L),n > 1 of I which admit Iwahori
decompositions. Fix n large enough such that y is rigid analytic on T'N I,,. Then Kohlhaase-
Schraen takes the I-subspace

Wi = IndGx(BI)» =" € Ind%x

of I,-rigid analytic functions in Indgx supported on the open subset BI. Since C!»~#"(I, E) =
CnnB)=an (1 n B,E)@EC(I"QN)*”(I NN, E), we see as an I N N-representation, W, can be
identified with C»N"M=an(] 0N E) the space of I, N N-analytic functions on I N N. As
t"YINN)tDINN for t € T, there is a factorization

Respr o Ad(t) : CN)=an (1 AN E) — ¢t InON)t—an (=11 ANt B) — ¢InN) =0 (1 AN ).
Since f(—t71) = x(t)"1f(t —t~!), the map 1y in Definition stabilizes W ,.

Proposition 2.15 ([KS12, Prop. 2.4]). For Wy, as above, the map Py, : c-Ind$Wy,, —
Indgx is surjective. And Py, . induces a quasi-isomorphism (see also Proposition and

Proposition
A*H @34 c-IndF Wy, =~ IndGx.

Corollary 2.16. For any sub I-representation Wy such that there exists m > n and inclusions
Win C Wy C Wym and Wy is stable under iy for all t € T, the map Py, induces a quasi-
isomorphism

A*HE @y C—Ind?Wﬁ ~ Ind%yx.

Proof. Use Proposition Proposition (Corollary and the surjectivity of ®yy, . O

We now give examples of W; that satisfy the assumption of Corollary whose duals will
be more convenient for us. Take an open normal subgroup H C I with Iwahori decomposition
H = (HNN)(HNT)(HNN) and such that H is uniform pro-p, see [ST03, §4] and the
proof of [OS15, Thm. 5.5]. Equip H with a p-valuation w and ordered basis hi,--- , hq, for
dy = dimg, H compatible with the Iwahori decomposition and root groups, see [OS10, §3.3.3].
The ordered basis induces ZgH ~ H as p-adic manifolds. Upon shrinking H, we assume that
w(h1) =+ =w(hg,) = w € N using the method in [Laz65, Prop. 1I1.3.1.3].

The distribution algebra D(H, E) is the continuous dual of C'*(H, E). We consider its Banach
completions

Dy(H,E)={ Y dob®|ds € E, lim |dg|pr2i @@ h) = o}
aeN?H
for < 1 where b; = h; — 1 and b® = (h; — 1)** --- (hq,, — 1)%xu. Since I normalizes H, the
conjugation of x € I induces an automorphism of D, (H, F) (see the discussion in the proof of
[ST03, Thm. 5.1]). We let D,(I, E) = E[I]@g( Dr(H). Let C"(I, E) be the continuous E-dual
of D,(I, E) with the open compact topology, a Smith space with an open compact lattice over
Op. Then C"(I, E) = [l,e1/n 9-C" (H, E) where

C'(H,E)={ ) ca @) (de) | sup [calpr™ 240 < oo}
1 d a

aeN?H H
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forx = (z1, - ,zay) € ZZH ~ H in terms of Mahler’s basis. Moreover, similarly as Cn"N)=an(] ),
we have (cf. [RJRC22, Thm. 3.40 (2)] and [OS10, Prop. 3.3.4])

C'(I,E) = (D.(I,E)) = (D,(BNI,E)®D.(INN,E)) =C"(BNI,E)®rC"(INN,E).

By [Laz65, 111.1.3.8] (and see also [RJRC22, §4.1.3]), C"(I, E) D C'==([, E) for r sufficiently
close to 1. We set

Wy, = Ind%x(BI)NC" (I, E).
Then Wi ,,, C Wy, for r sufficiently close to 1.

Lemma 2.17. The operator ; in Definition stabilizes Wi, for r < 1 sufficiently close to
1. Hence the conclusion of Corollary[2.16 holds for such W

Proof. As in the case for CI»=2%(I, E) and W ,,, we need to show that if f € C"(I NN, E), then
Res;x(f(t —t71)) is still in C"(I NN, E). Since I N N is a product of its root subgroups and
the conjugation of t acts on each of them, we reduce to prove the similar result for O C L =
G,/ (L) and for the action of wy, on Of, or C" (O, F), namely to show that f(—) — f(wr—)
sends C"(Or, E) into C"(Op, E) C C(Of, E). Choose a Zy-basis 1 = ey, - ,eq, of Op with
coordinates x1,--- ,xq, € Zp,. Then xwy, factors as Of, 5 ZgL RN Or = ZgL where 7 is a Z,-
linear automorphism of O, and 7 : (z1,--- ,2q,) — (P21, -+ ,p"Lag, ). Since the definition
of D, (Or, E), as well as C"(Or, E), is independent of the choice of ordered basis, 7 induces an

automorphism of C"(Op, E) and we may assume that L = Q, and wy, = p. For simplicity, we
—n —(n+1)
assume that w(l) = 1. Take n such that pil;j <r < pip p=T . Then CP"Zr—30(Z,, E) C
7<"+1>a75(a)

C"(Zy, EB) C CP"" B2y, E) = {Xospca(l)lim, . ealpp 71 = 0} by [Laz63,
I11.1.3.8] where s(>" a;p’) = >, a; if a; € {0,1,--+ ,p — 1}. The result follows. See also [JN19]
Cor. 3.3.10] and Lemma for the dual version. O

3. DUAL COMPLEXES

In this section, we establish the main theorem on resolutions of representations constructed
from the functor F§ in [OSI5] (Theorem [3.15) and study the duality between these complexes

(Theorem |3.21)).

3.1. Banach modules over the distribution algebras. We recall the definitions of various
distribution algebras and use them to construct locally analytic I-representations as a continu-
ation of

Let D(g, BN 1) be the subalgebra U(g)D(BNI, E) generated by U(g) and D(BN I, E) inside

D(I, E), which was considered in [OS15] §3.4] or [SS16, §4]. Define similarly D(g, B). Note that
D(g, BN 1) = U(g) @y DB NI) [0S15, Prop. 3.5].

Definition 3.1. If M is a D(g, B)-module such that M is finitely presented over U(g) and
B-locally finite (i.e., M is the union of its finite-dimensional B-subspaces), we let

Wy (M) := Dy(I, E) ®pq 5y M-

Since M is assumed to be a finitely presented D(g, B N I)-module, W (M) is a finitely
presented D, (I, E')-module.
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By definition, D, (I, E) = E[I] @) Dr(H, E) while
D,(H, E) = E[H] ®ggm) D,»m (H™) = E[H] @ggm) Ur(9)

for m such that % <" < p_ﬁ ([OS15) (5.5.6)] for p > 2) where U,(g) is the closure of
U(g) in D,(I, E). Moreover, by [OS15, Sublemma 5.6], the closure of D(g, BN I) in D, (I, E) is
a subring Dy(g, B N I) such that D,(I, E) = @) pmpnr)09Dr(g, B N I) where d; denote Dirac
distributions and H™(BNI)=H(BNI)ND,(g,BNI).
For M in Definition we write M, := U,(g) ®ug) M = Dy(g, BN I) ®p(g,BAI) M ([SS186,
Lem. 4.6]). Then we get
Wy (M) = EBgeI/H’"(EﬂI)(STMT'

Note that U(g) = lim U, (g) is a Fréchet-Stein algebra with the Fréchet-Stein structure (cf.
[ST03, §3], [SSI6, Prop. 4.8]). Let M := U(g) Qug M = @rﬁr- Similarly, D(I,E) =
lim D,(I,E).

Lemma 3.2. The functors M — W (M) are ezact on M that are finitely presented as U(g)-
modules and Wy, (M) # 0 for r sufficiently close to 1. Moreover, if M is a simple U(g)-module,
then M, is a simple U,(g)-module.

Proof. The exactness follows from the flatness of U,(g) over U(g) by [ST03, Rem. 3.2] and that
U(g) is flat over U(g) [Schi3al Thm. 4.3.3]. The simplicity of M, when M is simple is well
known [OS15, Thm. 5.7] and we give a sketch. We may suppose that M, # 0 (cf. [Schi3al
Lem. 4.3.6]), hence M C M,. Let 0 # N C M, be a sub-U,(g)-module. We may assume that
N is finitely generated since U,(g) is a Noetherian Banach algebra, N is closed in M, equipped
with the induced canonical Banach topology. One then shows that the t-weight spaces of N are
contained in M, cf. [FAL99, Cor. 1.3.22] or see [Sch13al Prop. 2.0.1]. If N # 0, then N contains
M and N = M,. O

Lemma 3.3. Suppose thatt € T~ and M is a D(g, B)-module such that M\U(g) € (’)Elg (JOS15,

Def. 2.6]) and is B-locally finite. The action of the Dirac distribution 6,1 € D(g, B) on M
extends continuously to a map M, — M, and induces an operator 1y : WW(M) — Wh,r(ﬂ)
satisfying (t 1at)i(=) = (z—), Vo € I Nttt

Proof. The D(g, B)-module M admits a presentation
D(9,B) ®@pp gy 0 — D9, B) @ppmo — M =0

where o, 0’ are finite-dimensional B-representations over K. This is possible since B acts on M
locally finitely and the same statement holds for D(g, B) OpBE) T = D(g,BNI) Qp@BnLE) T =
Ul(g) @) 0- By base change we get the exact sequence

Di(9, BNI) ®pparpy 0 — Dr(8, BNI) @ppng gy o — My — 0.

To extend the action of §;-1 to M,, it’s enough to verify the existence of the extensions for
Dy(9, BNI) @pparp ™= Ur(9) Qu@ T T =0, o’ (and use the uniqueness of such extensions).

While U, (g) Ry T = U, (g) Q) T = U.(n) ®p 7 using U,(g) = U,(n)®@gU,(b). We can get
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the §,-1-action on U,(n) @ 7 since §,-1U,(n) C U.(n)d;—1 for t € T~ and 7 is B-stable. As
an I-representation, W, (M) = C—Indﬁ{m (Bn I)MT' The t-operator on W (M) is defined using
Lemma [2.10) U

3.2. The resolution for principal series. We continue with the principal series Indgx from
and with the notation there. We will construct I-representations W, for Indgx that do
not satisfy the assumption but might satisfy the conclusion of Corollary Let A = wt(y) €
(EH Q] be the weight of the locally analytic character y. We assume that A € (Z4)FQ@]
namely ¥ is locally algebraic.

Consider the subspace CP°/(IN N, E) = C*°(N,E)1; 5 C Wy, C Ind%x consisting of poly-
nomial functions on I N N, identified to the coordinate ring of (Resy, /Qpﬁ) ®q, £. By [Eme07,
Lem. 2.5.8], CP°(IN' N, E) is a D(g, B)-module. Actually, by the explicit description in loc.
cit. (see also Remark [3.4 below), its restriction to U(g) is the dual Verma module M ())Y in the
category O° (the BGG dual of the Verma module of the highest weight \) when restricted to g.
In the following, we write M(\)Y for the D(g, B)-module C*°!(I N N, E).

More generally, by [Brel5, Prop. 3.6], there exists a natural injection of (g, B N I')-modules
(where M € Oglg and ysm is a smooth character of T, see more in ,

(3.1) Hompg(M, E)"F @5 Yem < Homp(M, E)"E @ C°(N, Xsm) C FG (M, Xsm)-

Here Hompg (M, E) is a left g-module induced by the g-action on M and the involution of g given
by multiplying —1. The superscript n%o denotes the subspace of elements killed by finite powers

of ng = n. The first injection of sends xsm to the constant function 1,7 on I N N. And
the image of the last injection is the space of locally polynomial functions compactly supported
on N inside F§ (M, xsm) [Brel5, (16) & Prop. 3.6]. The image of Homp(M, E)'F ®p Xsm in
W, (see consists of polynomial functions on I N N.

Remark 3.4. We have Ind$y = F§(M(—)), xsm) in the notation of [OST5]. There are isomor-
phisms of U(g)-modules (in the last identity the involution of multiplying —1 of g switches left
and right U(b)-modules)

00

C*(INN, E) ~ Sym*(n") ~ Homp(U(g) QU (b) X LB = HomU(b)(U(g)J{)ﬁ :

Note that Hom(U(g) @y (=), E)"F is the dual Verma module in OP for the Verma module
U(9) @y A € O°. (According to [Hum08, §3.2], (U(g) ®u (@) A)Y is constructed by taking the
left U(g)-module Hompg (U (g) ) M E)"5 and then composing with the Chevalley involution
(inverse transpose) of g.)

Since Wi, as well as its dual, is a D, (I, F)-module, extending the module structure over
D(I,E), the D(g, BN I)-map M(\)Y < W;, from (3.1), extends to a continuous map

W, Wy = WU,T(M()‘)V) =D, (I, E) ®D(g,§m]) M()\)v — Wy, C Indgx.

Lemma 3.5. The map iw,, : Wy, = Wy, is Yr-equivariant for t € T, where the {-actions
on Wy, are given by Lemma for the D(g, B)-module C*°'(I NN, E) ~ C*° (N, E).
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Proof. Write Mior M(\)V. For f € CPY(N, E) Respr CPYINN,E), ¢y is just the action of
tt on the D(g, B)-module C*°!(N, E) (composed with Resp; on CP°/(I NN, E)). Hence the
map M — Indgx(BI ) from 1| is Yy-equivariant by Definition By continuity, the same

holds for M, C Wy, (M) — Indgx(BI). For [g, f] € Wy,(M) = c—Indgm@m)MW the element

Vi (iw, . (9, f])) € Ind%x(BI), where g € NN 1, is equal to f(—t"'g) - 1p;. While (see Lemma
2.10))

iw,, (I gt e (N)]) = (T gt) (F(—t ) 1gr) = f(=(t gt)t " )ipr = f(—t"'9)|Br

since t gt € I'if g€ NNI and t € T~. Hence iw,, i Y-equivariant. ]

Proposition 3.6. The map Py, , : C—Ind?Ww — Indgx induced by iy, , factors through an
injection (where H,m are given in )

c-Indf W, @y H/m — IndGx.

Proof. By the discussion before Lemma c-Ind$ W, = c-Ind§ (M (\)V), where I' = H™(B N
I) contains I N B with the Iwahori decomposition. Since the map M(\)Y < W;, is injective,
so is the map (M(X)Y), < W;, as (M(A)V), has the same length over U,(g) as the length
of M(\)Y over U(g) by Lemma Moreover, the i-actions on W, given by Lemma is
the one in §2.2f induced from the ¢;-actions on (M (\)V),. Apply (2) of Proposition J and
Corollary or W' = (M(\)Y),, we get the injectivity. O

Remark 3.7. If M(\)Y is simple, then the module W, is topologically of finite length as a
D, (I, E)-module, with the same length as the U(g)-module M (\)V by results in [OS15]. In this
case the map iy, , is injective and Proposition follows directly from Proposition But
this is not true in general. It may happen that M C M(\)Y is a D(g, P N I)-module for some
parabolic subgroup P 2 B (for example if xgy is trivial, M = E and P = G). Then the map

D,(I,E) Rp(g, A1) M — W, factors through the quotient D, (I, E) Dp(g,Pr) M.

3.3. Beyond dual Verma modules. We extend the Kohlhaase-Schraen resolutions for princi-
pal series in the last sections to representations F§ (M) constructed from some D(g, B)-modules
M in [OS15] extended in [Brel6l Appendice] or [SS16, §4] that we will review below.

Consider a D(g, B)-module M such that M € Oslg and such that we can choose a presentation

0—=0—=U(g) @ueyoc — M —0

for a finite dimensional B-representation o. For such a presentation and r sufficiently close to 1
(which we will assume from now on), consider

Wi (0¥) := (IndGe")(BI) N C"(I,0) C IndGo"

where 0¥ = Hompg(o, E) with the subspace topology of C"(I,0). The continuous E-dual of
Wir(0V) is equal to D, (I, E) ®p(p,g) 0. By definition

FE(M) = (Ind§o")° = (P(G, E) @p(s,r) 0)/D(G, E))’

where the last superscript denotes the strong dual. Explicitly, the action of r® y € U(g) ® o
on Ind§oY sends f: G = ¢¥ to g — (r- f)(9)(y) € C*(G, E) where the Lie algebra action x- is
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induced by left G-translations. We also consider
Wir(0") := Dr(I, E) @pq 15 CP” (I NN, 0)

where CP°(I NN, oY) is the space of (I N N)-polynomial functions supported on I and with
values in oV. Then CP(I N N,¢") = Homyp)(U(g),0")™ = Homp(U(g) @) 0. E)* (see
[Eme07, (2.5.7)] or discussions around (3.1])). As in Lemma[3.5] there is a natural 1»-equivariant
Dy (I, E)-map iy, (ov) : Wyr(0V) = Wyr(0V) where we equip W, (o) with the ¢y-actions
given by Definition
There is a Yy-stable sub-D,.(I, E)-module
Wi (1(M)") = Dy(1, E) ®p(g,Brr) Homp(M, E)

nee

of Wy »(¢") where for short we write 7(M)" := Hompg (M, E)™ with the usual dual left actions
of U(g) and B. Consider also the I-subspace

Wi (T(M)") := Wy (0¥)° = Wy (0¥) N FE (M)

of Wy ,(¢¥') which is 1/;-stable (since the action of @ commutes with right translations and restric-
tions on G which are used to define v;) and has the continuous dual given by D,.(I, E)®D(97 BnnM
(see the proof of [OS15, Prop. 3.11)).

ZWh,T(Uv

)
Lemma 3.8. The composite map Wy, (T(M)¥) C Wy,(c¥) ™ = Wy, (c") factors through
a Pi-equivariant I-map iy, (rryv) @ Wyr(T(M)Y) = Wy (7(M)Y) C Wy, (c¥). Moreover,
W, (r(M)V) S independent of the presentations of M and is induced by .

Proof. Since W, (7(M)V) is generated as a D, (I, E)-module by 7(M)" and Wy ,(7(M)") is a
D,(I, E)-submodule, it’s enough to show that Hompg(M, E)* c cP°(INN,oV) is contained
in the subspace Wy ,.(¢")* NCPINN,o") =CP(IN'N,o")?. By [Brel5, Lem. 3.3], CP°/(I N
N,c")? = Hompg(U(g) @y o, B = Hompg((U(g) ®U(v) 0)/0, E)"". The factorization
follows. The independence of the presentations follows from [Brel5l Prop. 3.4 (ii)]. O

The 9)¢-equivariant map 4y,  (,v) induces an H-map
c-Ind¥W . (0V) — c-Ind§ Wy ,.(0V)
and we have G-maps (see Proposition
Pyy, (o) c-IndfWr . (0V) = c-Ind§Ws ,.(0V) @3y H/m — IndGo
for 7 € {b,#}. By the above lemma, the map restrict to an H-map
c-Ind$W, . (1(M)Y) — c-Ind§ Wy . (r(M))
and finally (use Corollary
Dy, (r(aryv) : IndPWe o (7(M)Y) = ¢-IndFWh 1 (7(M)Y) @9 H/m — Fg(M).

To simplify discussions, we will focus more on subquotients of principal series. Suppose that
X = 2 Xem is a locally algebraic character of T' where A is the weight of x and s is the smooth
part. Then the principal series Ind%x can be written as FE(M) for M = D(g, B) ®p(B) Y=
(U(g) ®up) (=) ®r Xap where B acts diagonally (on the first factor by integration) and g
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acts on the second factor trivially. In the notation of [OS15], F§ (M ®g xan) = F§ (M, Xsm) for
M e (’)glg with the algebraic B-action. Note that 7(M ®g xqu)¥ = 7(M)Y @£ Xsm-

Proposition 3.9. Suppose that 0 — My — M — M; — 0 is a short exact sequence of U(g)-
modules in Oglg and let xsm be a smooth character of T'. Then for r sufficiently close to 1, we
have a short exact sequence of complexes for 7 = (4/t,7):

0 — A*H? @y c-IndFWo (1(M1)Y @ xem) = A HE @y c-IndSWe (7(M)Y & Xem)
— A*HE @9y c-IndF W (1(Mp)" @ Xsm) — 0.

Moreover, we have a commutative diagram

0 — c-Ind$Wo(7(M1)Y & xom)/m — c-Ind§Wy (1(M)Y @ xem)/m — c-IndFWo(7(Mp)Y & Xem)/m — 0
1 1 !

0O —m— Jrg(MleSm) fg(M, Xsm) ” Fg(Mmem) — 0

where the rows are exact and all vertical arrows are injective. Moreover if 7 = (8,1), the vertical
maps are isomorphisms.

Proof. The functoriality of W is similar as in [OSI5, Prop. 4.7] or by [Brel5, Prop. 3.4].
The exactness of taking W is the proof of [OS15, Prop. 4.2] or Lemma . By Proposition
the homologies of the Koszul complexes concentrate in degree 0. Hence we get the short

exact sequence of degree 0 homologies. If M is a Verma module, then @Wum(ﬂ.( M)V @yem) iInduces
an injection c-Indf W, (7(M)" @ Xem) @3 H/m < FG(M, xsm) by Proposition As any
irreducible M in Oglg is a quotient of a Verma module, the injectivity of general M follows by
the snake lemma and an induction on the length of M. If 7 = (4,r), the surjectivity follows
similarly using the result of Kohlhaase-Schraen, i.e., Proposition ([l

3.4. The surjectivity. We prove the surjectivity of the map
Dy, , : c-IndfW, . (M(N)Y) = IndGy

constructed in §3.2] for locally algebraic characters x using Proposition that will be proved
in §4.3]later. Then we can deduce from the surjectivity the main theorem on Kohlhaase-Schraen
resolutions (Theorem [3.15).

We introduce some notations which serve only for the proof below. The exponential map
exp : 1 — N is an isomorphism of L-analytic spaces. Choose basis of T in the root spaces
compatible with the Or-lattice we obtain the L-analytification a®" ~ A4mL N We obtain an
isomorphism of the analytic spaces N*" ~ AYMLN with the ball of radius s denoted by Nir;,
satisfying that Noj(L) = NN K. For h € Z, let N}, = N‘gwdg(L) which may or may not be
a group. Using the Baker-Campbell-Hausdorff formula, N, is a normal subgroup of N NI for
h > 0 large enough. We say that a compactly supported locally analytic function f € C*(N, E)
is h-analytic for some h > 1 large enough if f is rigid analytic on each left Nj-coset. If f is
supported in N N I, this is equivalent to that f is rigid analytic on each right Nj-coset since
C*(Nyg, E) = C*(gN, E) for any g € NN 1. Let A, C (Ind%x)(BI) ~ C*(I NN, E) be the
subspace of functions that are supported on B\BI and is h-analytic. For h large enough, A, is
the I-representation Wy 5, in @ We recall again the result of Kohlhaase-Schraen.
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Proposition 3.10 ([KS12, Prop. 2.4]). The map c-Ind§A;, — Ind$Gy is surjective for h > 1
large enough.

Proposition 3.11. The map @y, , above is surjective if x has integral and antidominant (with
respect to b) weights.

Proof. Combine Proposition and Lemma below. The proof of Lemma will use
Proposition [£.11] O
Lemma 3.12. The image of @y, = contains Aj, C IndGx(BI) the space of all h-analytic func-
tions on C*(I NN, E) for any h > 1.

Proof. The image of Wy, = (D (1, E) ®p, M (X)) under the map 4y,  contains the image
of Ur(g) ®ur(g) M(N)Y, especially the space M(A)Y = CPYI NN, E) C (Indgx)(BI) of Q-
polynomial functions on I N N.

For h > 0, we write C**(IN_j, E)1,5 for the space of functions on /NN that are restrictions
of rigid analytic functions on N _j, i.e., power series

/L' .
Y ooa 11 X0, € E
ieNdimeW aed~,j=1,-,|L:Qp|

that satisfy certain convergent condition where X, ; are coordinates of the root subgroup
Resr /g, Ga corresponding to the negative roots o € 7. This is a Banach space.

Lemma 3.13. The image of U,(g) @y g) M(N)Y under the map iy, . contains C**(N _p, E)1 ;15
for some large enough h.

Proof of Lemma[3.13 This is a reformulation of Proposition which is proved for L-Lie
algebras and L-analytic functions. We explain how to strengthen the result for Qp,-Lie al-
gebras. Write g = HUeHom(L,@p)gg. As in [Brel6, App. 9], there exists a factorization
Ug) = 9,U(85) = ®oUp(gs) — Ur(g). Similar factorization exists for C**(N_j, E) and
®sC7*(N_ps, E) where o-an means o-rigid analytic functions: we only need to consider
O, C Sp(L(T)), the rigid unit ball. By definition C*~**(Op,, F) = E(T) while

C*™ (O, E) = O(Resy /g, (Sp(L(T))) ®g, E) = O(] [ Sp(E(T))) = 8. E(T),

see [Emel7, §2.3]. The decomposition of the space of analytic functions into spaces of o-analytic
functions is compatible with the actions of o-Lie algebras. The result follows. O

We now prove that the image of ®yy, = contains Ay, for any fixed large enough ho > 1. Take
t € T, i.e., take t such that for any n € N, ligk_>OO thnt=*% = 0. The action of t* € T
on Ind$y, f(—) — f(—t*) = x()*f(t~* — t*) induces an isomorphism C*™(N_p, E)1; 5 =~
Can(tkﬁ,ht_k, E)ltk(lﬂﬁ)t*k' Hence the image of (IDWW contains Can(tkﬁ,ht_k, E)lt’f(lﬂﬁ)t*k'
Take k large enough such that t*N_ptF ¢ Who. The inclusion t*N_pt=% Nho is in-
duced by an inclusion of rigid analytic subsets. Then we see the image of ®yy, = contains
C*™(Np,, E) 110wy all rigid analytic functions on t*(I N N)t=* that converge over Nj, D
thN _pt=k.
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For any rigid analytic function f € C*(Np,, E) C Ap,, write f, for the restriction of f on each
coset t*(I N N)t~%g,g € t*(I N N)t"¥\N},. The translation g.f, is in Can(ﬁho,E)ltk(mﬁ)t,k.
Using translations by Nj,, we see that the image of ®yy, , contains C(Np,, E).

Any function in Ap, is a linear combination of translations by elements in I N N of such
functions in C*(Np,, E), hence is also in the image of ®yy, . O

Example 3.14. We explain the idea for Lemma by calculating explicitly in the case L = Q,
and G = SLy. In this case g = E.(e, f, g) is spanned by

() e )

We take norm | — |,, on U(g) such that |e|, = |f|n = |hln = p". And let U(g), of U(g) be the
Banach completion with respect to this norm.

Take x for the coordinate of N = {(i 1> |z €Qytand NN I = {<i 1) | z € pZ,}.

Let x be a character with weight A € Q,. Consider M (\)¥ = CP(N, E) ~ C*/(N, E)1, 5 C
Ind%y. Then CP°(I NN, E) is spanned linearly by z*1 nw for k € N. Lemma reduces to
that the image of U(g)n ®y (g CP(IN'N, E) contains

Can<ﬁfh7E) == {Z az’xi | a; e E’%ﬂ |ai’phi = 0}
7 7

for some h. The element f acts on CP°/(N, E) by the derivative for 2. We calculate that

(e.x’“)(G 1)):%13%1&((; 1) (1 D)

1
= lim 2 (( T+at t i v )
t—0 14t That 1

A
(14 xt)k

And similarly h.z¥ = (X + 2k)z*. The U(g)-module M (\) is generated by the highest weight
(with respect to b) vector 2 and possibly 2**! if A = —k € Z<p. Let a = 0 if A ¢ Z<g and

o = —A + 1 otherwise. The above formula shows that z® = (—1)! [TZ} ~—L—e’.z® for i > 1.

. _ J=0 A+a+j
For g = 3,5  az®™ € C*"(N _p, E), we can rewrite it as

L — 1 eh).x®.
g‘”é}‘”’n;ax+a+ﬁ )

= %\tzox(l +at)7! = —(A+ k)2

el converges in U (g)n if and only if liny, Hi_p*nz‘ai

OO Fat)

— “1)g— 1
The sum u := ) ;5 (—1)'a; =T 0rats)
Sfince lim, a;p~"" =0, we find that the element g = u.z® lies in the image of U (g)n ®y(g) M(N)Y
i

p(h—n)i

lim —— :
PO +at))
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Such h exists if —(\ + «) is of positive type (Definition [4.8). This holds at least for all A € Z
k

k—s(k

using that |k!|, =p  »=T >p @1 for a positive integer k.
On the other hand, if —(\ + «) is not of positive type, we don’t know whether Proposition
[B.11lis still true.

Theorem 3.15. Let M € (’)glg and Xsm be a smooth character of T, then for 7 € {1}, the

resolution in Proposition mduces a quasi-isomorphism
A HE @3¢ c-Ind§We . (1(M)Y & Xsm) = Fg (M, Xsm)
of complexes of D(G, E)-modules.

Proof. This follows from Proposition [3.11] Proposition [3.10] Proposition [3.9] and the snake
lemma. O

Remark 3.16. One can consider W, (M) := D»~3(], E) ®p(g,Br1) M instead of W, ,(M).

There are maps Wy, (M) — W, ,(M) — W, /(M) for r sufficiently close to 1 and n large
enough. These maps are injections at least if M = D(g, B) ®p(p,p) 0 for a finite-dimensional

B-representation o and induce quasi-isomorphisms (using Proposition and Corollary
A*HE @4 c-IndF W, (M) =~ A*HE @4y c-IndF W, (M)
between n and r-versions. The quasi-isomorphisms also hold feneral M in Theorem

by considering a presentation of M as in the proof of Lemma and the right exactness of
— @y H/m.

3.5. Duality for complexes. We can already observe certain duality between different Koszul
resolutions in Theorem At present, we will establish the duality only for complexes (The-
orem . The duality between locally analytic representations will be discussed later in
We continue with the notation in The continuous linear E-dual W;,(c¥)" of Wy, (c")
is Dr(I, E) @p(pnr,p) o and the dual of Wy ,.(7(M)Y) is D,(I, E) @p(g pnry M. We adapt the
convention that g.f(—) = f(¢g~'—) for f € Homg(W, E) for an I-representation VW and g € I.
As in Lemma for t € T'7, there is a 1,1 operator on D,(I, E) ®@p(y pnr) M extending the

action of & on M. We obtain also U;,—1 operators on ¢-Ind$D, (I, E) ®p(g,Bn1) M, as in

Lemma 3.17. Let t € T~. The transpose 1y of ¥y on Wy, (7(M)V)" = D,(I, E) @pg,n1y M
coincides with Yy—1.

Proof. Let H™ be the subgroup after Deﬁnitionsuch that D,.(I, E) = E[I|@ggm Ur(g). The
canonical pairing D(I, E) x C'*(I, E) — E is I-equivariant of left I-modules (the left I-action
on D(I, E) comes from the transpose of its left action on C'*(I, E') composed with the inverse
involution). The pairing refines to pairings 6,D(H™, E) x 6,C'*(H™,E) — E for g € I/H™
where 0, € E[I] is the Dirac distribution. Hence the dual of d,U,(g) can be identified with the
direct summand 6,C"(H™,FE) = C"(H™g,E) C C"(I,E) for g € I/H™. We see for m € M, C
D.(I, E) @pg,pnry M,g € T and f € Wy, (1(M)) C Ind%oY (BI), we have m(f) = m(f1pym)
and (8,m)(f) = m(g~.f).
Hence for m € M C D(G, E) ®@p(g,p) M, g € I,

(W (6gm))(f) = 8gm(yef) = Sgm((t~".f)1pr) = m(((g~'t 7). f)1pr) = m((g~ 't ™). f),
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Where the last equality is calculated for ¢~ 't~ 1f € IndG V. By the construction (see Lemma

, Yy-1(8gm) = b;-1t.m for g € I N B. Hence
(G- Bym)) (f) = (Brypmst.m) (F) = (tam)(tg 471 F) = mlg™ 71 f).

We see 1 = -1 on §,.M for g € I N B. Since M is dense in M, demBé .M is dense in
D, (I, E) ®p(g,Bnry M and both operators are continuous, the result follows. O

We discuss some generality of Hecke operators. Let WY be the (continuous) dual of an I-
representation W (with the open compact topology). Suppose that there are i;-actions on W
which induce Uj-actions on c-Ind§W. For t € T, let UY be the transpose of U; acting on
c—Ind?Wv under the following G-invariant pairing

(3.2) c-Ind$WY x c-Ind$W — E : ( Z g9, fql, Z g, wyl) Z fq(wg),

geG/I geG/I geG/I
such that (x,Upy) = (UYz,y) (see Lemma or Lemma below for the existence of the
transpose). Let 1,-1 := 1) be the transpose of 1; on WV so that 1,1 (x.f) = (txt 1), 1 f for
x € I'Nt~'It. This allows us to define the corresponding Hecke operator U,-1 on c-Ind?WV.

Lemma 3.18. The transpose U\ of Uy is equal to U,
Proof. We calculate that for f € WY, g € G and w € W,

U/ (L Mg w]) = [0 A eer/arn— lgwt, e (@™ w)])
= Za;el/(mtltfl)mg*ljfl f((g:vt)wt(m‘lw))

The intersection INg~ 11t~ # () if and only if g € It~'1. And for g = 2/t where 2’ € I and x €
I, gxt = 't ‘2t isin I if and only « € I NtIt~'. Thus Utv([ I =X weran-1my [zt~ (w

F@ew))] = Xperyaner et b (@] = U ([1, £]). O

We consider the left and right G-actions on the space C(lja(G , E) of compactly supported locally
analytic functions on G given by right and left translations: (I7f)(—) = f(g—h). For a locally
analytic representation w, we write

DY, (7) := Homg(7,C*(G, E)) = Homg(E, Homg(r,C2(G, E)))

where G acts on f € Homp(m,C*(G, E)) by g.f(—) = r4(f(¢~'~)) and we take the continuous
Hom’s. The space D%, () is a right D(G, F)-module induced by the left translation on the
target C(G, E) and we make it into a left D(G, E)-module using the involution g + g~* of G,
or consider the left action of G on C'*(G, E) by g.f = f(¢g~'—). We will ignore the topology of
DY, () in this section (we refer to Theorem for the discussion on “topology”).

Lemma 3.19. Let W be a locally analytic D(I, E)-module over a Smith/Banach space (so that
WY is a Banach/Smith space).
(1) We have DY, (c-Ind$W) = c-Ind§WY. And under this identification, [g, f]([h,w]) =
(¢ € gIh ™t f(g~1g'hw)) € C*(gIh~1, E) C C*(G, F).
(2) If U : c-nd§W — c-Ind§W is a G-equivariant map, then DY, (U) : c-IndfWY —
C—Ind?Wv under the identification in (1) is the transpose of U under the pairing .
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Proof. (1) Homg(c-Ind§W, C2(G, E)) = Hom;(W,C"(I, E) ®pn £[G]). Since W is a Banach or
Smith space over E and C¥(G, E) = ®4ep glgC* (I, E), we have ([Sch13b, Cor. 8.9] or [RIRC22,
Lem. 3.32])

HomE(W,Cla(I,E)) = @QGI\GHomE(W,Cla(gfll,E)).
Taking I-invariants

Hom;(W,C*(I, E) @ g5y E[G]) = Hom;(W,C*(I, E)) @1 E[G].

Using [RJRC22, Thm. 3.40], there is an I-isomorphism

Hom; (W, C™(I, E)) = Homp(; py(D(I, E), WY) = WY

which sends f € WY to w € W — (g — f(gw)). Finally, for f € WY, we see [g, f]([h, w]) =
rh-([g, FI([L,w])) = rh-(lg-1.(¢" = fg'w))) = (¢ = fg~'g'hw)).

(2) By definition, for f € c-Ind$WY,w € c-Ind$W, f(w) € C*(G, E), we have (g.f)(w) =
lg—1 f(w), f(g-w) =7y f(w). Hence the pairing below

c-IndfWY x e-IndfW — C*(G, E) = E, (f,w) = (f,w) := (f(w))(1).

is equivariant for the left actions on c-Ind¥W" and c-Ind¥W and the trivial action on E. Using
that [g, f]([h,w])(1) is not zero only if h € gI, we can check that the pairing (—, —) coincides
with .
On the other hand, the operator DOBZ(U ) is characterized by for g € G, f € c—Ind?WV,w €
c-Ind¥w,
(DY (U). ) (w)(g) = F(Uw)(g),
and by the G-equivariances of U and DOBZ(U ), characterized by the equality

for all f,w. Hence DY, (U) is the transpose of U. O

We return to Koszul complexes. Let m C H act on c-Ind§W for W = Wy(M) taken as in
Proposition Apply the functor DOBZ for the Koszul complex A*H¢ @y c—Ind?W, the “dual”
DY, (A*H? @4 c-IndFW) is then a complex of G-modules in cohomological degrees [0, d].

Lemma 3.20. The complex ID)%Z(/\'Hd Rn c—IndIGW) 1s equal to the Koszul complex
A*HE @44 c-IndFWY [—d]

where H acts on c-Ind?WV by the transpose of its action on c-IndIGW and [—d] denotes the
cohomological degree shift.

Proof. Suppose that #H is a commutative ring, A is a ring, M is an (A, #H)-bimodule with
commutative actions, and let NV be an A-module. Let ¢ : H™ — H™ be an H-linear map
inducing ¢pr 0 H™" @y M — H"™ ®y M. For a perfect H-module P, we have functori-
ally Homa (P ®y M, N) = Homy (P,Homu (M, N)) and RHomy (P,Homa(M,N)) = PY &,
Hom (M, N), where PV := RHomgy(P,H) [Sta24, Tag 08JJ]. Take P = H™ H", we see
Homa(—, N)(¢n) : Homa(H™ @y M,N) — Homa(H™ &3 M, N) can be identified with the
tensoring over H of the transpose ¢V : (H")Y — (H™)Y with Hom4 (M, N).

Apply the same reasoning for connecting maps of A*H? Q@ C—Ind?W, we see the “dual”
DY, (A*HE @3 c-IndFW) is calculated by Homgy (A*HY, H) @y c-Ind§WY where H acts on
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c-Ind?WV by the transpose in Lemma We get the desired identification using that
Homy (A*HY, H) = A*HY—d] the autoduality of the exterior algebras, cf. [Ser97, §A.2, Ch.
Iv]. O

We can now prove our main theorem on the duality.

Theorem 3.21. Let M € (’)glg and xsm be a smooth character of T. Consider the resolution by
c—Ind?Wﬁ,r(T(M)V@)E Xsm) Of fg(M, Xsm) in Theorem . Then there is a quasi-isomorphism
Dy (A*H @y c-Indf Wy, (1(M)" @ Xsm)) = Fgg(Homp (M, E)™, Dpz(Xem))

of complexes of E|G]-modules.

Proof. By Lemma the dual complex is A*H? @ c-Ind§W ,.(7(M)Y @ Xsm)V[—d] for the
action of U;,—1 operators. By Lemma and that Wy (7(M)" @ xsm)” = Dr(I, E) @p(g,inB)
(M ® x51), the transpose U,—1 comes from the t-actions or 9,-1-actions on M ® x5} in the way
of Lemma

Let I’ = I N1 where I is the opposite Iwahori. We may assume that _the uniform pro-p
subgroup H in is a normal subgroup for both I and I. By Proposition m

(3.3) AHE @y C—Ind?Wﬁ’r(T(M)v ® Xsm)” ~ A*HE @y C—Ind%Wm,«(T(M)v ® Xsm) " |1
While D, (I, E) @p(g pnry (M @ xau)|lir = Dr(I', E) ®p(grnp) (M ® xgn) and
C—Indj}/DT(I’, E) @p(g.rnpy (M ® Xs_n%) =D,(I, E) Op(g,7nB) (M ® X;é) =t Wy (M ® Xs_n;)

Hence by (2) of Proposition [2.11]
(3.4) N H @y e-IndG Wy, (1(M)Y @ xem) V|1 = A"H? @9 - Ind$W, (M @ x5).-
Combining (3.3)), (3.4) and Theorem we have

A HC Qn c—IndIGWw(T(M)V ® Xsm)" ~ A HE Qn c—Ind?Wh’r(M ® Xs_ni) ~ ]—g(T(M)V, Xs_nb-
Checking the degree shift, we get the desired quasi-isomorphism. O

4. LOCALIZATION AND COMPLETION

This section aims to prove Proposition (used for Proposition |3.11)) using the Beilinson-
Bernstein localization of Ardakov-Wadsley [AW13].

4.1. The localization functor. We recall the settings and results in [AW13]. We change
the notations from previous chapters. Let G be a connected split reductive group over Op. We
assume that G is semisimple and simply-connected. Fix a Borel subalgebra B and the unipotent
radical N and the opposite groups B,N. Write X = G/B for the flag variety over Op. Let
G = G(L),B = B(L) as before. Let g, b, etc. be the Lie algebras over Oy..

There is the moment map

B:T"X =G xB (g/b)* — g¢*,
inducing a homomorphism U(g) — D as filtered Oy-algebras. Here H = B/N, D = (§*D)~()H

for ¢ : X := G/N — G/B and Dg denotes the sheaf of (crystalline) differential operators on X.
The sheaf of algebras D (locally isomorphic to Dx ®@ U(h)) is equipped with a natural increasing
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filtration Fp, D,m > 0 (induced by order of differential operators) as in [AW13, §4.6] such that
gr(D) ~ Sym@XT for the enhanced tangent sheaf 7 = (f*TX)H. The fiber of D at the point
B € X with respect to the left Ox-action is equal to U(g)/alU(g).

Identify H = B/N = T, the maps U(g) — D and U(t) — D coincide on the center Z(g) =
U(g)® of U(g) via the Harish-Chandra morphism Z(g) — U(t)""> ([AW13] §4.10]). And U(g)
is also equipped with the Poincaré-Birkhoff-Witt filtration so that gr(U(g)) = Symg, g.

There is a set of collections Sx of affine Zariski opens of X that trivialise { as in [AW13| §4.3].

The n-th deformation D of D is defined to be the subalgebra >, W F D whose wg-adic

completion is denoted by D [AW13] Def 5.9] with Dn L= D ®o, L which are sheaves for
the Zariski topology on X. Note that Dn = hm Dn / @D, is supported on the special fiber of

—

X. Similarly we define U(g),, = U(w}g) and U( )n,- The limit U(gL) fm o U(g)n,r is the
Arens-Michael envelope of U(gy).

Fix an Op-linear map A : w}h — O which induces a character A : U(h), := U(w"h) —
Or. The sheaf of deformed twisted differential operators 1s defined by ([AW13, Def. 6. 4])

D) = D, Qu(p), A With the wr-adic completion D’\ and DA = D)‘ ®p, L. Let Z/{A Z/{A
be corresponding completions for U := U(g), Q(U(g)G), A s In [AW13, §6.10]. And we write

EL\L,ZIH\L, ete. for DQL,LZ)L‘\L, etc. if A = 0. Then [AWI3| Thm. 6.10] says that the map

—

Ui L= D)‘ nL induces an isomorphism
U, ~T(X,D),).

Let Loc™ : Mod(@) — Mod(ignA’\L) be the localization functor
M — EQ\L ®@ M.

Let p be the half sum of all positive roots (of B).

Theorem 4.1 ([AW13, Thm. 6.12]). Let A € Homp, (w}h, Or).

(1) If X+ p is dominant (A + p,aV) ¢ {—1,—2,---} for any positive (with respect to b)
coroot ¥ of H, [AW13], §6.7]) and regular (i.e., the stabilizer of XA + p under the action
of the Weyl group is trivial), then the functor Loc® and the functor T'(X, =) of taking

global sections induce an equivalence of the categories of coherent modules over Z/IQ 7 and
A
Dn,L

(2) If \ + p is dominant but not regular, then Loc® and T'(X, —) still induce an n_equivalence

between coherent Z/{A -modules and the quotient of the category of coherent D)‘ 1, -modules
by the full subcategory of modules that are in the kernel of T'(X, —).

Remark 4.2. In [AW13], the prime number p needs to be very good for G [AW13] §6.8]. This
assumption is removed in |[Ard21] §5.3]
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Let M be a coherent U(gy)-module with infinitesimal character given by A. The localization
M = DAL ®y», M is a coherent module of D} = DQ,L and I'(X, M) = M (this is essentially

—_— —

the classical localization). Let ]\77:; = L{;L\L ®L{AL M and M,, 1, := Loc)‘(]\m).

Lemma 4.3. For V € Sx,

— —

Mn,L(V) - DQ,L(V) ®'D2,L(V) M(V)

—

Proof. Since Sx is coherently acyclic (even affine) for the sheaves of rings 571 1, and 511 L, in the

sense of [AW13, Def. 5.1] by [AW13, Cor. 5.9, Thm. 5.13], so is for their quotients DQL,DT/}L
(JAW13, Lem. 6.11]) by the same proof. For any V € Sx, we get M(V) = D27L(V)®UAL M and

M r(V) =D} (V) e
The result follows. 7 O

—_—

Moreover D} ; (V) = D) V) ®o, L by [AW13, Prop. 6.5]. Hence m(V) is the completion
of the coherent module M(V) over DQ (V) with respect to the p-adic topology induced from
the lattice DN(V) C D;)L(V).

]\7,:,; (writing a finite presentation of M using free Ur){, ,-modules).

4.2. Dual Verma modules for dominant weights. We consider the localization of dual
Verma modules with dominant weights.

Suppose that A is integral (for the group H) and A\ + p is dominant with respect to b
(equivalently, wo(A\) — p = wo(A + p) is dominant with respect to b, where wy is the longest
element in the Weyl group). Take M = M(wy(\))Y the BGG dual of the Verma module
M(wo(N) =U(gr) ®y(5) wo(A) in the category O of the (—p)-dominant (for b) highest weight
wo(A). Consider the Bruhat cells X3, = BwB/B C X. The inclusion jqy, : X, < X is an open
embedding.

Lemma 4.4. There is an isomorphism of U(gr)-modules,
M(wo(N)" = (X, ((Juo,sOX.y) ®ox ON)) ®0, L).

Here juyg« is the usual direct image functor for Ox-modules and O(X) is the line bundle G xB )\
over X consisting of functions f on G such that f(gb) = A~1(b)f(g) for b € B. And,

Mn,L A ((jwo,*OXwO) ®Ox O()‘)) ®OL L
as DAL—modules under the equivalences in Theorem .

Proof. This is [BG99, Prop. 4.4]. We give some explanation. The sheaf ( jwm*Oxwo) ®o, Lisa
Dr, = Dy, -module for the trivial weight 0 and the translation (ju,,«Ox,,, )L ®ox O(A) becomes
a D}-module via the identification D} ~ O(\) ® D, ® O(A)~!. The action of D= (f*DG/ﬁ)H
on O(\) C (f*OG/N)H:)‘ factors through the quotient D} since U(h) C D in [AWI3, Prop.
4.6] acts via the character \, see [Kas88, §6]. If A = 0, M (wp(0))Y = M (ww-0)" for w = wy
(here w*A = w(A — p) + p), the result is [BK81 Cor. 5.8], or Lemma below. In general, if
A is dominant for b, I'(X, O(\)) has B-highest weight A\, B-highest weight wg(\), see [Jan03|
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Prop. 11.2.2]. The global section of the geometric translation Locy(M(0)) ® O(A) when A\ + p
is b-dominant is the translation T;”S{gUO(A)M(O)V = M(wo()\))V by [HumO8, Thm. 7.6] and the
proof of [BG99, Prop. 2.8]. O

Taking global sections, the U(gr)-module M (wo(N))Y = T(X, M, 1) = Ox(Xu,)(A) can be
identified with O(Np) after trivializing the line bundle O(X);, over X, = NwoB/B. Let &~
be the set of roots of N. We fix a decomposition N ~ [] . s Gq into root subgroups with
coordinates X,,a € ®~ so that N ~ Spec(Og[X,,a € ®7)).

Lemma 4.5. Fiz a trivialization of O(X) on X3, . The section /ﬁm\L(XfUO) is equal to the Tate
algebra E{( Xy, € ®7).

Proof. Without the completion, M, (X7, ) is equal to the space C*(N,L) = O(NL). By
Lemma W(Xfuo) is the completion of CP°'(N, L) for the p-adic topology on DQ,L(Xwo) ~
Dy, 1(N) = L[ X4, 00, € 7] [AWI3, Lem. 6.4], a Weyl algebra. By definition [AW13] §3.5,
§5.7] and by [AW13| Prop. 5.7, §1.7], ﬁ;(ﬁ) is the completion of D, 1,(N) for the p-adic norm

| Z Aij HX;aH3£a| :S}lp|)\i,j!|wL];”Za]a‘
Z:(lQ)J:(]Q)GN@_ o (03 ,]

Since M, ,(N) ~ D, .(N)/(9ay @ € ®7) as left Dy, 1,(N)-modules (up to a twist), we conclude
that

M 2(N) =Dy, £ (N) /(D0 € ®7) = E(Xq,a € ©7)
is the Tate algebra O

On the other hand, let x» : T'— L* be an L-analytic character with the weight A. Consider
the locally analytic principal series

IndSx, = {f : G = L locally analytic | f(gb) = x,"(b)f(g),¥b € B}

with the usual left action of G given by g.f(—) = f(¢~!—). Fix an isomorphism N ~ NB/B.
Consider the subspace CP°(N, L) = O(N), of polynomial functions on N, which is equal to the
dual Verma module M (X)Y = (U(gz) @p(p,) )Y in O°L as in Remark . Via the isomorphism

C*(NB/B, L) ~ C**(NwoyB/B, L) : f(—) = f(wo—),

we see again that the U(gr)-module CP°'(NwoB/B, L) is isomorphic to M (wo()))Y the twist by
wo of M(N\)V.

Lemma 4.6. The two U(gr)-module structures on CP° (N, L) ~ M (wo(\))V (via woCP'(N, L) C
dSya and CP(N, L) = (X, My, 1)) coincide.

Proof. The U(g)-module structures on Ox, () both come from the infinitesimal action of

G = G(L) on O(NwoB)B=* given by (z.f)(g) = %f(exp(—tx)g) for g € G,z € g and f regular
near a neighborhood of g. O
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4.3. Completion near the boundary. We will prove Proposition [4.11] by studying the com-

pletion Mn . of the coadmissible DA L -module M,, 1, in Lemma
We take a finite covering

S ={V, = wNwyB/B,w e W}

of the flag variety X where W denotes the Weyl group of G. Let 0X = X —X7, be the boundary
(Weil or Cartier) divisor which is also the union UsX,,,s of codimension one Schubert varieties
where s runs over all simple reflections [BB05, Prop. 2.3.2]. For all V € S, let fy € O(Vp)

be an element cutting out the boundary V N9dXy (note that the Picard group of V7, is trivial
[Sta24l, Tag 0BDA]).

Take one V € S. Let A = O(Vy) = L[Yi,---,Y]] where [ = |®7|, A = L(Yy,---,Yy),
D :=D, (V)= Alw}0, - ,w}0] and ﬁn,L = Dy, (V). Write |- | ; for the norm

l
2 NIl =suelnl,
i=(i1, - i)eNl  j=1 !
and f = fyv € A.
The reason that A[%] is a finitely generated D-module lies in the theory of b-functions
(IMNMO91, Cor. 3.1.2]).

Theorem 4.7 ([MNM91, Thm. 3.1.1]). For any u € A, there exist non-zero polynomials
b(s) € L[s] and P(s) € Dls| such that

b(s)f~tu = P(s)f~*u
after specializing s € Z.

The behavior of the D-module A[%] under completion is studied in [BB21]. We adapt the

arguments in [BB21] to our case. We recall the following definition.

Definition 4.8 ([BB2I, Def. 3.1]). Let A € Q,. We say that X is of positive type if A € Z>g
. . piM B .

or there exists M > 0 such that lim o) 0, equivalently ([BB21, Lem. B.2]) the

type of A which is, by [Ked22, Def. 13.1.1], the radius of convergence of the formal power series

Zz‘zo,z‘#/\ )\z—_zi, is positive.

Remark 4.9. Recall that a number )\ € @p is p-adic non-Liouville if £\ have type 1 [Ked22l,
Def. 13.1.2].

Lemma 4.10. Let u be an element in A such that the coefficients of the polynomml b( ) in
Theorem |4.7 are in Q[s]. Then there exists M > 0 such that the series >0 aip™ L for

a; € A converges in Dn L @D (A[?]) provided that lim; , |a;| 7 = 0.

Proof. Let sg > 0 such that b(s) has no zero in Z>,, we get
P(s—1)---P(s0)

S = s 1) b(so)

f70u

for s > sg.
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By the assumption, all the roots of b(s) are of positive type by [DGS16, Prop. VI.1.1]. By

[BB21, Lem. 4.1], there exists an integer M such that for all ¢ > 0, pMiW
5:50

unit ball of ﬁmL: the p-adic completion of Or[Y1,---,Y;,w} 01, ,w}0)]. We take one such
M.
Let ¢ = > ;50 aipMi%u € A(#) for a; € A with lim;|a;|; = 0. Then g can also be
Mi P(i—1)--P(s0)
I1:=s, b(s)

are bounded, the element >,  aip

lies in the

written as Zz‘ZSO a;p f7%0u up to finitely many terms. Since ligiHOO a; = 0 and

Mi P(i—1)---P(s0) Mi P(i—1)---P(s0)
I1:=s, b(s) I1:=s, b(s)
the series g = Zizo aip™ flu converges in Dn L ®p A[ ]. O

converges in D,, . Hence

Proposition 4.11. Take M = M (wo(\))Y for A+ p dominant with respect to b and integral for
H. Let ./\//IE = Lock(m) Then the restriction map ./\/lnL( ) = Uﬁ‘L Sy, M(wo(N))Y —

/\//IE(X;’UO) contains (in the notation of Lemma
ON"(<pM)={ > apMZa®[Xi | N el lim |\, =0}
i=(G0)a NPT a |i]—o00

for some M > 0.
Proof. By Lemma the localization of M (wg(A))Y is the pushforward of Ox(\)] xg,- Hence
for V.e S, M, (V) = Ox(A)(V — 9X) ®p, L = OXL(VL)[L]()\). Here OXL(VL)[L]()\)
denotes the twist by Ox, (A) for the action of DQ Denote also by X, € M, (X7, ) the image
of the coordinates of N ~ NwoB/B in (’)X(VL)[fV] = Ox (X5, N V)[ .

We fix a trivialization of txg : Mnr|xs, = Ox(A)|xg, [f] Oxlxs, [1] Since m is a
sheaf, to prove the proposition, we only need take M such that the sequences

SApMlixt = ST ApMEaie) TT Xie
v ieEN®T «

converge in the completions m(V) = EQ\L(V) DA, (v) (Ox, (VL)[f%](A)) (Lemma for

all V € S provided that hgl A =0.
There are only finitely many V € S, thus we can focus on one V. On V the line bundle

O(A) can be trivialized and there are isomorphisms D) ; (V) ~ 571\,;(V) [AW13l, Prop. 6.5].
Under this isomorphism, we can identify M,, 1,(V) with the D,, 1,(V)-module Ox, (VL)[ ] via

v OX()\)|V[%] o~ OX|V[%], i.e., we can assume A = 0 if we focus on the completion over V.
Write f = fv.
The trivializations txg, ~and v of OX(A”X%O and Ox(A)|v may not be compatible over

VNXs,. The composite vy o txe lvrxsg, 1 Ox(V — 8X)[%] ~ Ox(V — 8X)[1] = (’)X(VL)[l] is
wo
Ox (V —0X)-linear and is determined by an element 1y otxt |VOX§’U (1) = 7z in Ox (X5, NV)~
wo

for some u € Ox(V),n, € Z. Nevertheless, we can always write in M, L(VL)[f] that X, =

fna fnu for « € @~ and for some g, € A := Ox, (V) and n, > 0 under the tr1v1ahzat10n .

Then X! = (f,f‘a )iflfu in A[?].
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The split reductive group G with B C G, as well as the inclusion V C G/B and the line
bundle Ox (\) for A integral, can be defined over Q. Hence we can take u such that b(s) € Q[s]
satisfying Theorem for our A, u, f.

Take My such that |ga|; < pMo for all a. Let M; > 0 such that Lemma holds for
M, f = fv and u. Then the series

L . ia . : o pMij

D D I b T DD DRl | CIE o

[e%

i€EN®™ iEN®™ 320 37, iana=j

converges in EL\L(V) D, 1(V) A[%] if lim, A; = 0 and M > Mo + M1(3_, (1 + nqa)) by Lemma
410 O

5. DUALITY OF PATCHING MODULES

Using solid formalism of locally analytic representations in [RJRC22] [RJRC23|, we will define
the Bernstein-Zelevinsky duality functor Dpz(—) (Definition and then discuss coherent
sheaves arising from the patching functors (Definition [5.10).

Our notations follow largely [RJRC23]. We consider the p-adic local field F as a solid con-
densed ring. A solid E-space is roughly the condensed version of a complete locally convex
topological E-space. Write Modpg for the (oco-)derived category of solid E-modules, associated
to the analytic ring Em := (E, Op)m, and write Modg. for its heart with respect to the natural
t-structure.

If D is an associative solid E-algebra (we will only consider non-derived/static condensed
rings), we write Modpg (D) for the stable co-category of left D-modules on Em-spaces. Let G
be a split reductive p-adic Lie group as before. We will take for example D = Eg[G] the solid
Iwasawa algebra or D(G, E) the locally analytic distribution algebra [RJRC23] §2.1]. Note that
if D = Em[G] or D(G, E), there is a canonical involution of D induced by the inverse map
of G which induces an equivalence of the categories of left and right D-modules. We denote
the involution by ¢. We write ¢(—) ®157. —, or just — ®%7. —, for the relative tensor product
(see [Lur07, §4.5]) of Modpgg (D), an analog of complete tensor products. There are condensed
non-derived or derived Hom’s for D-modules Homp(—, —), RHomp(—, —) € Modgg. If M, N €
Modgg (D) and S is a profinite set, then RHomp (M, N)(S) = RHompg(E[S], RHomp(M,N)) =
RHomp(E[S] ®% M, N).

We will focus on the category Modpg(D(G, E)) of solid D(G, E)-modules. There is a full
subcategory Replﬁl (G) of (derived) solid locally analytic representations of G, which is the

derived category of its heart Repg’:j(G) [RIJRC23, Prop. 3.2.6].

5.1. Cohomological duality. Let I C G be the Iwahori subgroup as in Suppose that
W € Modgg(D(1, E)), we define the compact induction

c-IndfW := Em[G] @i W = D(G, E) @1 gy W
If W € Mody(D(I, E)), then c-IndfW = D(G, E) ®p(s,p) W is in Mody_(D(G, E)) (since
D(G, E) is free over D(I, E) and Modg. is stable under direct sums which are exact).

Remark 5.1. If W = W(x) (in the notation of [SC19, Prop. 1.7]) arises as a classical LS
space of compact type, then (c-Ind$W)(x) = Homp(E, c-Ind§W) = c-Ind$W(x) since E is
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compact in Modgg. One may equip (C—IndIGW)(*) with certain topology as in loc. cit. However,
this topology may not coincide with the locally convex direct sum topology on C—Ind?W(*). If
V= hgrlZ V; is a locally convex inductive limit of Banach spaces with compact injective transition
maps, then V = hglz [CGN23, Lem. 2.19], which is not true in general.

Suppose that W = W(x) for W(x) = Wo(1(M)" @ xsm) with c-IndfW(x) — 7(x) =
FS(M, xsm) as in Theorem (notation in where 7 = FE (M, xsm). Then W(x) is a
classical D(I, E)-module whose underlying topological space is a Fréchet space or a Smith space
with elements in # acting continuously on c-Ind$W(x). If W is a Banach space, c-Ind¥W(x)
with the locally convex inductive limit topology is an LF space. The augmented complex

A*H? @4 c-IndFW(x) — ()

is an exact complex of LF-spaces where all morphisms are strict by the open mapping theorem
[Emel7, Thm. 1.1.17].

Proposition 5.2. Let W, be as above, then the map VW — 7 induces an acyclic augmented
complex

A*HE @ c-IndfW — 7
in Modgg(D(G, E)).

Proof. The map W(x) — 7w(x) induces W — 7 in Modgg(D(G, E)) and 1y : W(x) — W(x)
induces 1y : W — W via the fully faithful embedding of [SC19, Prop. 1.7] (note that Fréchet
and Smith spaces are compactly generated). The general construction in §2.1| applies formally
to give the desired complex. We remain to show the complex is exact.

We show that A*H? @y c-Ind§W ~ c-Ind$W @4 H/m. We check that for any extremally
disconnected set S, the complex A*H? @ (c-Ind¥W)(S) concentrates in degree 0. While
(c-Ind$W)(S) = Homp(Fa[S],c-Ind§W) = c-Ind¥YHomp(Em[S], W) since Fm[S] is compact.
Hence the complex of S-points concentrates in degree 0 by Proposition replacing W by
HOIIlE(E.[S], W)

We assume first that W is a (condensed) Banach space so that c-Ind¥W is an LF space.

We prove the surjectivity of c-IndYW — 7. We write K for the kernel of c-IndfW — m,
and write c-Ind?W = hé% F,, where F, are Fréchet spaces and K, = F,, N K, the kernel of
F, — m. Since 7 is LF (7 is LS of compact type [RJRC22, Cor. 3.38]), the map F,, — 7
factors through some Fréchet subspace of m [RJRC22, Lem. 3.32]. By the fully faithfulness
of [RJRC22, Prop. 3.7], the map F,, — 7 in Hompg(F,,n) arises from some F, (%) — m(x).
The kernel is a Fréchet space denoted by K, (x) closed in F,(x). We let m, = F,,/K,. Then
(Fn/Ky)(x) = F,(x)/Knp(*) as Fréchet spaces by [Bos21l Lem. A.33]. By the surjectivity of
c-Ind$W (%) — 7(%), we know that (%) = hgn (%) as sets. Equip ligln Tn (%) with the locally
convex inductive limit topology, then the map hgqn (%) — m(*) is a topological isomorphism
if w(x) is equipped with the classical locally convex topology as an LF space by the open
mapping theorem. Since filtered colimits are exact [SC19, Thm. 1.10], it remains to show that
7 =lim m,. Write 7 = lim By, as a colimit of Fréchet spaces with injective transition maps.
Then 7(x) = lim B, () if we equip 7(x) with the locally convex inductive limit topology. As
Hompg(7(*), m(x)) = lim lim Hom g (7, (%), By (%)) by [Sch13b, Cor. 8.9], we see the two direct
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systems (7, (%))n, (Bn (%)), are equivalent. Then the same holds for (7, )y, (Bm)m by the fully
faithful embedding of Fréchet spaces to solid E-spaces. Hence 7 = hﬂn B, = hﬂn Th.

We need also show that the map H? ®y c—Ind?W — c—IndIGW maps surjectively on the
kernel K = hﬂn K, of C—IHd?W — . This can be proved in the same way as in the preceding
paragraph using the surjectivity of H¢ @ c—Ind?W(*) — K(%).

Finally, we suppose that W is a Smith space, for example, W has the form W;,(M). Then
there exist Banach spaces W, W' with injections W’ C W C W’ such that the result holds for
W', W". Using Proposition and Corollary A*H ®9; c-Ind$W concentrates in degree
0 and there is an injection H/m @ c-Ind$W — H/m @3 c-Ind$W'. Since the surjection
c-Ind$W” — 1 factors through the injection H/m @ c-IndfW < m ~ H/m @ c-Ind$ W', the
map c-Ind¥W — 7 is also surjective. g

We consider the D(G, E)-bimodule C*(G, E) = C'*(I, E) ®p(1,p) D(G, E) as in

Theorem 5.3. Suppose that W € Modg. (D(I,E)) is a D(I, E)-module over a Smith E-space.
Then there is an isomorphism of solid D(G, E)-modules

RHom g (c-Ind$W, C*(G, E)) ~ c-Ind§ WV
where WY = Hom (W, E) with the usual dual action of I.

Proof. Since C2(G, E) is nuclear being LB ([Bos2I, Thm. A.43]) and W is Smith, we have
RHom;(W,C*(G, E)) = Homz(W,C*(G, E)) = WY ®g . C*(G, E) (see [RIRC22, Lem. 3.8 &
Cor. 3.17]). We have (use [RJRC23| Lem. 3.1.7])

RmE. Q] (C_IndJGW7 C(I:a(Gﬂ E)) = RmE. 1] W, Céa(Ga E))
= RME.[I} (E7 RME(W7 C(I:a(Gﬂ E)))
= RME.[I} (E, wY ®%,I Cia(G7 E)))
= (W) ®x) ®é.m CG, B)[~ dim G]

by [RJRC23, Prop. 3.1.12] where x = det(g)~! is a right G-module as in loc. cit. Then one sees
that

RHom g ) (c-IndfW, CA(G, E)) =~ (L(WY) @ x) ©fzqn C*(, E)) @ gy PulG)[— dim G].

By [RJRC22, Prop. 4.41], W is a D"(I, E)-module (in the notation of [RIRC23, §3.1]) for h
large enough and is locally analytic. By the equivalence in [RJRC23, Thm. 4.1.7] (we use also
the notation in loc. cit. below),

(V) ® x) @pgu €, B)[~dim G] =~ RHompy (n(W,C*(I, E))
= RmMod%c. (1,5 (TW, 5*C(I, E)).

since both W and C'%(I, F) are (derived) locally analytic. Note that j*C'(I, F) = (DI, E) ®
X [dim G])j, (here x ! is viewed as a bimodule over D(G, E) where G acts trivially on the right
and via x~! on the left) and j*W = (W) large by [RIRC23, Exam. 4.1.9]. Use the trick as
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before we get (see also [RJRC23| Prop. 4.1.13])

R@Mod(};‘ (D(L,E)) (j*W> j*cla(Iv E))

R@h RHom gy (W,LDh(I,hE) ® X_l[dirln G])

R@h(b(wv) ® x) ®E.[[] DI, F) ® x~*[dim G]

t(WVY)[dim G].

where we used that D"(I, E) are idempotent over Eg[I] [RJRC22, Cor. 5.11] and that WV is a

D"(I, E)-module for h large. The result follows by returning the right module to a left module
via the involution . 0

Definition 5.4. For V € Modgg(D(G, E)), we define
Dyz(V) = RHompyg(c: (V, C2(G, B))

which is in Modgg(D(G, E)) (a priori may not in Rep%. (G)!) via the left translations of
C*(G, E) by G.

Remark 5.5. Let CS°"(G, E) be the space of compactly supported continuous functions on G
with values in £. Then the space of derived locally analytic vectors of C<™ (G, E) is C*(G, )
(Cem(G, E) = @, C(gl, E)* by [RIRC23, Prop. 3.1.6 (3)] and C°™ (g, E)f!* =
Cceont(gl, B)® since C"(gI, E) is admissible [RJRC22, Prop. 4.48]). By the adjunction in
[RIRC23, Prop. 6.2.1], if V € Repg, (G), we have

Dpz(V) = RHom (V. CE™™ (G, E)).

Similarly by loc. cit., since RI'(g,C2(G, E)) = CS™(G, E) (using the Poincaré lemma in the
proof of [RJRC22| Prop. 5.12]) is the space of compactly supported smooth functions on G, we
see if V' is a smooth representation of G, then

DBZ(V) == RMDstyx(G’E) (V, Cgm(G, E))

where D¥"(@G, E) is the smooth distribution algebra in [RJRC23, §5.1]. This recovers the classical
definition of the duality for smooth representations [Ber92), IV.5].

Theorem 5.6. Let M € (’)glg and Ysm be a smooth character of T. Then there exists an
isomorphism of locally analytic representations

Dpz(FG (M, Xsm)) = FE(Homp (M, E)™, Dpz(Xsm))-

Proof. The arguments for Theorem together with Proposition [5.2| and Proposition [5.3| give
the duality. O

5.2. Stein spaces. For the discussions on patching functors later, we make some preparation
for coherent sheaves on Stein spaces, following [RJRC23].

We let s > 1 and S = Og[[X1, -, X;]] ~ Ogl[Z;]] where Og[[Z;]] denotes the Iwasawa
algebra. Let S — R be a local morphism of complete Noetherian local rings. We choose a
presentation of R over S: let A = S ®o, m B for some B = Og|[[Y1,---,Y:]] and suppose that

o . .- . + X{l Xh +
R = A/I for an ideal I C A. For positive integers h, k, we let S} = OE<7,'~ — ), B =

k
(’)E<Y71, e ,YT;), Sp = S,j[%], and similarly Aik = S ®o,mB; . Let R;:k = A;k/l. We write
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Ap = App, Ry, := Ry, ), for short. Finally, define Fréchet-Stein algebras Srig . — yLIlh Sh, Rr8 .=
@h Ry, A'is .= @h Ajp. Then A'le = Grie ®%7. B"8 ([Bos21, Cor. A.65, Cor. A.67, Prop.
A.68)).

The rigid generic fiber Spf(R)"8 of the formal scheme Spf(R) over Spf(Og) admits a covering
by affinoids Spa(Rh,RZ). From any complete Huber pair as (Rh,R;f) we obtain an analytic
ring (Rp, R )m by [And21, Thm. 3.28]. We write Mod, p, R )m for the (oo-)derived category

of (R, R )mw-modules and write Mod?R e for its heart [SC19, Prop. 7.5]. For A’ > h, by
hsfp

[And21) Prop. 3.34, Lem. 3.31] (cf. [RIRC23| Lem. 2.1.9]), the map (Ry, R}, )m — (Rn, R} )m
of analytic rings factors through (R, R},)m — (Rn, Op)m = (Ri, O + R)")m — (Rp, R} )m
where R%O denotes the subset of topologically nilpotent elements. Here (Rj, Op)m denotes the
analytic ring induced from Opm [And21, Prop. 2.16], and Mod (g, 0,)g = Modgg(Rp) is the
category of condensed Rj-modules whose underlying condensed E-vector spaces are solid. The
category of quasi-coherent sheaves on Spf(R)™® is then equivalent to the limit (cf. [RJRC23,
§2.1.2, §4.1])

Mod, (R"®) := limMod, 5 R yw = i Modrg (Rp).
h h

Thus a quasi-coherent sheaf on Spf(R)" can be given by a sequence (M},);, where M), are solid
Rp-modules together with My, ®]L:ih’7- Ry, = My, for b/ > h. If (Mp)n, (Np)n € Modcg.(Rrig),
then
RHomMod%:-(Rng)((Mh)h, (Nn)n) = R@RHomRh(Mh, Np).
h

There is a “global section” functor
(5.1) ju : Mod (R"8) — Mod g (R™) :
(Mh)h — R@Mh.
h

Conversely, we have the “localization”:
(5.2) j* : Mod g (R™®) — Modif (R") :
M — (M @i g Ri)n-

Recall by [RIRC22, Prop. 5.10], Aj, and A*® are idempotent algebras over A, namely Ay, ®f‘7.
A, = Aj, and AU ®fl7. ATs = A"&. Moreover, A" and A, are flat over A [ST03, Prop.
4.7]. Since R = A/I, similar statements hold for Rj, R"6. We see R; = A ®£1 A/I and
R = A8 @ A/I. Hence Ry, = A, @4, g R and Ry @% g R = (A4 @ m An) 04 g A/T = Ry,

And Ry, @fix g B = Rpy @i g B @i g Bn = Ry O m By = R

Lemma 5.7. The functor j. in 18 fully faithful with the left adjoint j*.

Proof. The statement is proved in [RJRC23|, §4.1]if R = A = OE[[ZZH is the Iwasawa algebra of a
compact p-adic Lie group. In this case A"8 = D(Zg, E). The fully faithfulness and the adjunction
property of j, is [RIRC23, Cor. 4.1.8]. In general, R = A/I for A = Og|[Z%]],d = t + s.
There are functors i, : Mod%.(ﬁrig) - Mod{ (A"8), Mod g (R") — Modpg(A™8) given by
restrictions via the ring maps A™® — R"& and A — Rj. The functors j, and j* defined above
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(we use the same notation for A and R) commute with i,: since R, = Ay, ®f‘rig - R"2 we have

J*M = (R, ®érig’. M), = (Ap ®irig,l M)y, for M € ModE.(Rrig). Using the statement for
A, for any M = (My), € MoquC.(Rrig), the natural morphism i,j*j. M = j*jiie M — i M
is an isomorphism. Notice that the functor i, is conservative, namely a morphism M — N of
RM&-modules (or Rj-modules) is an isomorphism if and only if it is an isomorphism of A'-
modules (this can be checked on the abelian level by taking cohomologies). Hence the counit
maps j*j.M — M are also isomorphisms which implies the fully-faithfulness of the functor j,
for R. O

The ring maps S — A — R induce morphisms
Spf(R)"s —— Spf(A)rie = Spf(S)8 x Spf(B)"s

\ J/g

Spf(S)re

of rigid analytic spaces. These maps admit -functors: i', i) = is, g', g1, etc., for the six functor
formalism in [Cam24) §3] (building on [Man22]) of quasi-coherent modules using, for example,
[Cam24l, Prop. 3.3.6]. We will not essentially need the general machinery as we will treat only
coherent sheaves later as in Lemma below.

Lemma 5.8. Suppose that M = (M ;)nk € Mod%c. (A"8) and M = j,M € Mod g (A"8). Then
the natural map M — Rl'glh(sh ®§7.M) is an isomorphism and g.M is the quasi-coherent sheaf
attached to the S™8-module M wvia the localization.

Proof. By [RJRC23| Cor. 4.1.5], the inverse systems (S, ®§7. M)y, is equivalent to (note that
Homp (Sh, E) is Smith)
(RMS(ME(SfH E)[_8]7 M))h
Taking inverse limit
Rlim, Sy ®5g M = Rlim, RHomg(Homp/(Sy, E)[~s], M)

=R @h,h',k RHomg(Hom g (Sy, E)[—s], My 1)

= Rlim, . S 5w M
= Rlim, , Mpp=M

where we applied loc. cit. again for the inverse system over h to get the third equality. O

For an affinoid algebra like Sy, an object M € Modgg(Sh) is said to be perfect if M is
quasi-isomorphic to a finite complex of finite projective Sp-modules (cf. [And21, Prop. 5.12]).

Lemma 5.9. Suppose that M € Modgg (R"8) such that M ®§rig a Sn is a perfect Sp-module
for all h. Then M = j,M € Modgg(R"8) is in the essential image of j. where M = j*M.

Moreover, there exists an isomorphism fuM = fiM in Mod(};.(Srig).

Proof. Fix h. We first prove that there exists k such that Mg, := M®§rig g Sh is an Rp, p-module
(extending the R-module structure). In other words, we find k such that the natural R-map
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Mg,
Ms, = Ms, @§g Sh, we see Ay @ g Ms, = (Sh ©p.m Br) @8z, gpm Ms, = B @ a (S®pm
B) ®§®E,le. Mg, = By, ®%7. Mg, . Hence it is enough to show that there exists k such that

the B-action on Mg, extends to By (recall that By, ®é7. By, = By). By [RJRC22, Thm. 4.36],
it suffices to show that the cohomology groups H"(Mg, ) for all n are Bi-modules for some k.
Since Mg, is a perfect Sp-module, there exist finitely many n such that H" (Mg, ) # 0 and these
cohomology groups are finite Sp-modules, in particular Banach spaces. The desired action of
some By, follows from [RJRC22, Prop. 4.41].

Now we prove f, M = fiM. Since i is a closed embedding, 4/ M = i, M. We may assume
R =A. Let Mg, = (Mh,k: = Msg, ®ﬁ’. Ah,k;)k; € l'mk MOdE.(Ah’k). Then My, = Mg, ®ﬁ’.
Ap i ®ﬁ7. Ap i = My, for k above and k' > k. We calculate that for Nj, € Modgg(Sh),

— Ry ®IL%7. Ms, = App ®ﬁ7. Mg, is an isomorphism. Since Ay = S, Qg m By and

RHomg, (Mg, , Ni,) = RHomg(Ms, @ g Ak, Np)
= hﬂk’ RHOmA(MSh, ng(Ah,k’a Nh))
= lim,, RHomp(FE, RHomg, (Mg, , RHomg(Apx, Ni)))
= RHOmB(E, R@Sh (Msh, hﬂk’ RHOJth,kU Nh)))

where for the last equality we used that E is a compact B-module (cf. [RJRC22, Thm.
5.7]) and Mg, is a compact Sp-module being perfect (JAnd21, Lem. 5.46, Cor. 5.51.1]).
The map RHomg(Ap v, Niy) = RHomp(Bj, Np) — RHomg(Ap g, Np) for k" > k' factors
through RHompg (B, E) ®é}- Ny, by [RJRC23, Lem. 4.1.4]. Hence ligk, RHomg(Apr, Np) =
liy,, RHom p(By, E) @7, g Ny = Homp(B"®, E) ©} g Nj,. And by [RIRC23| Exam. 4.1.9],
(5.3)

(Anx®% m (Homp (B, E)®% @ No))k = (Br©p mHomp (B, E) % @ Nu)ik = (Bi @5 m Nalt))x-

By Lemma gxM = (Mg, )p,. Hence

RHomyoqse (gris) (9+M, (Np)n) - = Rlim, RHomg(Ms, , Np)
= R@h RHOIIIA(MSh, h_n}k/ RmE(Bk’¢ E) ®§,l Nh)
= Rlim, RHom(Ms,, HomE(Brng, E) ®% m Nn)
= R&inhﬁk/ RHOIHA(MSh, "/4h7k/ ®S’,. Nh[t])
= RHomyeqge (aris) (M, 9" (Ni)n)

= RHOHlMOd%C (Srig)(g!M, (Nh)h)
[

where for the fourth equality we used (5.3) and the fully faithfulness of j; [RJRC23, Thm. 4.1.7]
since Mg, and Homp(B"S, E) ®f g Nj, are derived locally analytic for the action of ZLts. We

used that g is cohomologically smooth of relative dimension ¢ for the fifth equality. We conclude
that g,M = ¢ M by the Yoneda lemma. O

5.3. Patching functors and patching modules. The Taylor-Wiles-Kisin patching method
has been indispensible for p-adic Langlands program and motivated Emerton-Gee-Hellmann’s
categorical p-adic local Langlands conjecture [EGH23, §3]. The abstract formalism of the patch-
ing functor for GL,,(Op)-representations was proposed in [EGS15, §6] and the patching of com-
pleted cohomologies or GL,,(L)-representations was carried out in [CEGT16]. The method was
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applied to locally analytic settings by Breuil-Hellmann-Schraen in [BHS19|, etc. and more re-
cently in [HHS24]. We will work with the abstract patching modules reviewed below. The Serre
duality of patching modules in this subsection is well-known at least in modular settings (e.g.
[Man21), Man24]). Our purpose is to explain its direct relationship with the Bernstein-Zelevinsky
duality for locally analytic representations.

We assume the existence of the following abstract patching data. We suppose that G =
GLg4(L),d > 2 with the standard Iwahori subgroup I.

Let Soo — Roo be a local morphism of complete Noetherian local rings over O with the
residue fields Op/wpg. Assume that there exists s > 1 such that Soo = Op[[X1,---, Xs]] ~

Ogl[J]] for J = Z;. Then the Iwasawa algebra Soo[[I]] ~ OL[[I]] where IT=1xJ=1Ix Zs.

Similarly, write G=GxJ.

Suppose that there is a (big patching) module M, over the ring Ro[GLy,(L)] such that there
exists an isomorphism My |g ~ Soo[[H]]* as topological H-modules for an open normal pro-p
subgroup H C I. Hence My, is finite projective over Suo[[I]].

We assume the existence of the Poincaré dual of M., consisting of the following data. Suppose
that there are isomorphisms 7 : Soe — SL, Res — R, of local Og-algebras and M/ is a big
patching module over R, . We assume that there exists an Ry, x GLj,(L)-equivariant Syo-linear
isomorphism

Homg_ 7] (Moo, Seo[[I]]) = M,

where Sy, Rs acts on M/ via 7. The existence of such isomorphism is provided in [Din24]
Cor. D.9] which is a patched version of the Poincaré duality of completed cohomologies ([CE12]
§1.3]). The map 7 in [Din24] is essentially induced by p +— p¥ ® €'~ of Galois representations
where (—)V is the linear dual and € denotes the cyclotomic character (see [Zhu20, (3.9)] in terms
of the Cartan involution of the C-group).

With the big patching modules, we can define patching functors for locally analytic represen-

tations. Let ML = D(I, E) @5, [(7]),m Moo and define similarly M, Using that M, is finite

projective over So[[I]], we obtain an Ru-lincar D(I, E)-isomorphism

RHomy, & ) (M8, D(G, E)) = RHomy, ;) (M5E, D(I, E)) = M

(1,E)
where D(G, E) = RHomp_ (C2(G, E), E) with two left D(G, E)-module structures given by
left and right multiplications (cf. [ST05] or [RJRC23| §4.2]).

Set RS = yglh Ry, S5 = l'th Sy, as projective limits of affinoid E-algebras as in which
are Fréchet-Stein algebras. Recall we have a localization functor j* D for solid Rss-modules.
Let M58 := j*MLE ¢ Mod%c.( ~) and similarly Mgo'®.

Definition 5.10. We define the patching functor 25 : Modgg(D(G, E)) — Mod%c.(R?og) (fol-
lowing the notation of [EGH23]) by

ALE(m) := j*ME ®1L>(G,E),l m=j*(MJ# ®1L)(G7E),l )
for m € Modgg (D(G, E)). Similarly define Ql;’?g(w) = Me ®ZL)(G naT

For convenience, we also define the functor A58 : Modgg (D(G, E)) — Modpg( 8) by

™ ASS() := MLE ®%(G’,E),l @
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so that ng;g =j%o AE}C%.
If W is a locally analytic I-representation concentrated in degree 0, then

AZE(e-IndFW) = ME @7, ) m - IndfW = MLE ©p(r pym W

since MZY# is finite projective over D(I, E) ®rpm D(J,E). We see AS8(c-IndF (—)) is exact
on Modg. (D(I, E)). Suppose that the Hecke algebra H acts on c-Ind¥W as in and m
is the corresponding maximal ideal of #, then H acts on c—Ind?W as homomorphisms of
D(G, E)-modules. Apply A% to the complex c-Ind$W @ H/m = ANHT @y c-Ind¥W in
Modgg (D(G, E)), we see

A8 (c-Ind$W ®@L H/m) ~ A"8(c-Ind$W) @% H/m.
And the isomorphism holds after pulling back via j*.

Lemma 5.11. Let W € Modg. (D(I,E)) be a solid locally analytic representation over a Smith

E-space. There exist isomorphisms of solid Séiog—modules
Mcg’orig ®1L7(I,E),l WY =~ R—Homsg@g (MEE ®1L>(I,E),l W, 558) = 7H0ms§§(Méiog ®@p(1,5)m W, S5E).
Proof. We calculate that

M™® ®%; pym Wv N -
~  RHomp, 7 ) (M5, DI, E)) ®F ) o (PULE) ®p; ) @ W)
~ RHom

Homy, 7 5 (Mae*, D(I, E) ®1L7(1,E),- WY)

where for the last equality we used that M2 is fintie projective over D(I, E). While D(I, E )®{3( [E)m
WY = (S5 ®%7. D(I,E)) ®%(.I’E)’. WY = gh8 ®§7. WY = SHE @ m WY since WY is flat over
E [Bos21, Cor. A.65]. As S&& is nuclear [RIJRC22, Prop. 3.29] and WY = RHomg(W, E)

for W Smith, we have SL8 ®§’. WY = RHomp(W, S58) (cf. [Bos2l, Prop. A.55]). Take the
adjunction (cf. [RJRC23, Lem. 3.1.7])

RHomy, 7 E)(M;;g,p(’f, E)®% oaW’) = RHom (M2, RHom (W, S58))

= RHompg;(E, RHomp, [[](Moo , RHom (W, S58)))

= RHOHIE.[J}(E RHomE(Mrlg ®E.[I} W, Sng))
(M.

OO ®E ]stgjg)u

LL0M o 17

= RHomE.[J
we get the result since S5 = D(J, E) is an idempotent algebra over Em|J]. O

The following proposition is a standard result of the eigenvariety machinery.

Proposition 5.12. Let W = W, (7(M )Y ®@xsm) as in Theorem. Then the solid S5&-module
ARE(c-Ind$W) @k H/m is a perfect object in Mod (S8,

Proof. We need to show that (S), ® griz g ASE(c-IndFW)) ®% H/m is a perfect S,-complex for
each h. We would like to write a proof for W = DIn—an(] | ) Dp(g,INB) M for some n in Remark
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3.16)and M = 7(M)" ®Xsm. Then Méég Qp,E)mW = Méég Qp(1,E),m Dln—an([ E) Op(g,1nB) M.
This will not change ALE(c-Ind$W ®F H/m).

Since MZ# is finite projective over D(f, E), we can write MLE = e.D(f, E)* c D(I, E)
for some integer a and a D(f, E)-linear projection e : D(f, E)* — D(T, E)®. Then S Dgriz g
A&g(c—lnd?W) =e.(S,QpmW)*. Fort € T~,U; € Hinduces e.(S,@paW)* — e.(Sh@paWV)".
Since W is Smith, e.(S, ®zm W)* is a compact object in Modgg(Sy). We claim that if ¢ is
sufficiently regular (t~1(I, N N)t C I,11 N N), then U, is a trace class map [SC20, Def. 13.11].

By the construction (Lemma and Lemma , Y+ W — W, is induced from the
multiplication xt~! on

D["_an(fn(f N E), E) ®D(g,[ﬂ§) M = Dan(ITH E) ®D(g,[nﬂ§) M.
Hence 1, factors through the E-map
L DU D= (] By g o T DI (L E) @y, o) M.

We show that ¢ is trace-class. By [RJRC22, Lem. 3.36], we need to show that the map factors
through the Banach space DI»—21([, E)B ®p(g.1nB) M attached to the target ([RIRC22, Def.
3.34]). If M = D(g,I N B) @pnp 0 = Ulg) ®y ) o for a finite-dimensional representation
o of B, then D»~2(], EF) Op(g,INE) M = pU»nN)=an(1' N N E) @ o and ¢ factors through
DUInNN)=an(1 N, EYB @p o since t (I, N N)t C I,,11 N N is relatively compact in I,, N N (cf.
[Eme06, Prop. 4.2.22]). In general, M admits a presentation as in Lemma

Ulg) @y o = Ulg) @pg o — M

for some ¢, 0’, which can be used to show that ¢ factors through D»—22(I, E)B Op(g,INB) M,

the cokernel of DUn"N)=an(1 \ N, EYB @ o' — DUn"N)—an (1A N, E)B @p 0.
The base change to Sp of ¢ is still of trace-class (cf. [And21l Rem. 5.31]), as well as the
following map (by checking the definition or using [Bos23l Lem. A.14])

(5.4)
(Sh ®S§og,l Mélog) ®D(I,E),I fD(t*IIntﬁI)*an(I, E) ®D(g,[ﬂ§) M = 6.(Sh Qnm D(t—llntﬁl)*an(L E) ®D(g,]ﬁ§) M)a

= (Sh @ gric @ MiE) @p(1,5),m D" (1, E) @p(g 1) M = e.(Sh @ p.m D" "1, E) @p(q 1) M)".

Recall by definition (2.1)), U; is given by

(5.5)
M2 @prpymW — M2 @p(G.p)m c-IndfW = MIE @p gy m W
mew—me® Z [2t, (2 w)] = Z t7 a7 bm @ ¢y (z tw).
xel /(tIt—1NI) z€(INN)/t(INN)t—1

The formula for (5.5 defines a map

(Sh®sgog7.M;g)®E,.Dln7an(j7 E)®D(g,]ﬁ§)ﬂ N (Sh®sgiog7.M§)g)®E7.D(t*11ntﬂl)*an(L E)®D(g,[ﬂ§)ﬂ'



BERNSTEIN-ZELEVINSKY DUALITY FOR LOCALLY ANALYTIC PRINCIPAL SERIES 43

The above map descends to the following map (cf. [Eme06, Lem. 4.2.11]).
(5.6) (Sh @gris g MEE) @p(1,)m DI, E) @pyq 1) M
— (Sh Dgrie g MEE) @p(r.)m D DTN B) @y i) M.

Hence Uy : e.(Sh, @ pmW)®* — e.(Sh, @ pm W)® is trace-class being the composite of and
the trace class map by [CS22, Lem. 8.2]. By discussions in [CS22, §9] and the proof of
[CS22, Prop. 9.11] or [And21, Lem. 5.51], cone(1—U;) = Sy ® g g ASE (c-IndFW) % 1/ (U, 1)
is a perfect Sy-complex. In a more classical language, the map U; can be factored as e.(S, @ m
wye 4 v ER e.(S, ®pm W)? for some Banach Sp-module V' (that is a direct summand of an
orthonormalizable Banach Sp-module). Then cone(l — U;) ~ cone(l — g o f) with go f an
Sp-compact operator on V' and is perfect over S, by the classical Fredholm theory (see [Eme06,
Prop. 2.2.6]).

Finally, H/(U; — 1) is a Noetherian regular ring (finite étale over a polynomial ring, of the
form E[Uy,,---, U]/ (U --- U = 1)), hence has finite global projective dimension [Sta24),
Tag 000E]. We get that H/m admits a finite projective resolution over H/(Us — 1). Hence
Sh ®gris g AZE(c-IndSWY) @ H/m = (S}, Rgric ARE(c-Ind§W) @ H/(U; - 1)) ©F v _1) H/m
is also a perfect Sp-complex ([Sta24] Tag 066R]) We finished the proof. O

For M = (My), € Mod%c.(Rng) we let

Dgs(M) == RHom, g () (M, f'(Sp)n)

where f : Spf(Rso)™® — Spf(Ss)™® is induced by S — Roo as in §5.2] and (S);, denotes the
structure sheaf of Spf(Ss)™8. The following theorem should be compared with [Zhu20, Conj.
4.5.1 (1)] and [EGH23, Conj. 6.1.14 (3) & Rem. 6.2.22).

Theorem 5.13. Let M € Oalg and Xsm be a smooth character of T. Let m = F§ (M, Xsm) as in
Theorem[5.6, Then there exists an isomorphism

Das (ASE(T)) = 7" ALE(Dpz (7).
in Modj, (REE).
Proof. Write }"g(M y Xsm) = c-IndGW ® ‘H/m as in Proposition E using Theorem such
that WV is Smith. By Proposition Amg(c Ind§WaL H/m) is a perfect object in Modo‘lC (S5E) ¢
Mod g (SHE). By Lemma 5.9} AT (c-TndSW L, H/m) = 7,25 (c-IndS W &, H /m) and
A8 (c-Ind$W @ H/m) = £A8E(c-Ind§W oF, H /m).
One can check formally that the isomorphism in Lemma [5.11]is Ctible with the actions

of H, where H acts on As8(c-Ind9WV) via the transpose in Lemma By Theorem m and
the Koszul duality [Ser97, Chap. IV.A.2] (we omit the pullback * in the following)

RHom gis (A5 (c-IndFW) @ H /m, SE)

~  RHomy (M /m, RHom gris (ASE (c-TndF W), SKE))
ASTE (c-IndFWY) @ H /m[—d]
AZTE (Dpy(c-IndSW ©F H /m)).


https://stacks.math.columbia.edu/tag/00OE
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Applying the adjunctions, we get identifications of RY& module objects in Mod%c. (Séiog):

f*RﬂomModog.(R&g) (ASE (c-Ind§W @F, H/m), f*(Sh)n)
= RHomMOd%c- (Séiog)(f! rolg(c_lndIGW ®’§/{ %/m)7 (Sh)h)
= RHomMod%c. (S;iog) (f*%glg, (C_IndIGW ®%.L 7-[/n‘l)a (Sh)h)
= j*RHomS&g(Agg(c—Ind?W @ H/m), S5&)
— L2 (Dpy(c-IndFW ®F H /m))
where for the third equality, we used the fully faithfulness of j. (for So) and Lemma The
functor f. sending Mod%c. (R58) to RoS-modules in Mod%c. (S5&) is fully faithful (composed with

the global section functor for Modj, (S5#) it gives that for Mod%.(Rgf) in Lemma . We
conclude that

RHom, (AL (c-IndFW @F, H/m), f'(Sh)n) ~ AL (Dpz(c-IndSW L H /m))

odj (R5E)
which gives the desired isomorphism. O

REFERENCES

[And21]  Grigory Andreychev. Pseudocoherent and perfect complexes and vector bundles on analytic adic
spaces. arXiv:2105.12591, 2021.

[Ard14] Konstantin Ardakov. D-modules on rigid analytic spaces. In Proceedings of the ICM, volume 111, pages
1-9, 2014.

[Ard21]  Konstantin Ardakov. Equivariant D-modules on rigid analytic spaces. Astérisque, 423, 2021.

[ASO08] Avner Ash and Glenn Stevens. p-adic deformations of arithmetic cohomology. 2008.

[AW13] Konstantin Ardakov and Simon Wadsley. On irreducible representations of compact p-adic analytic
groups. Annals of Mathematics, pages 453-557, 2013.

[BBO05] Anders Bjorner and Francesco Brenti. Combinatorics of Cozxeter groups, volume 231. Springer, 2005.
[BB21] Thomas Bitoun and Andreas Bode. Extending meromorphic connections to coadmissible D-modules.
Journal fir die reine und angewandte Mathematik (Crelle’s Journal), (778):97-118, 2021.

[Ber92] Joseph Bernstein. Notes of lectures on Representations of p-adic Groups. 1992.

[BG99] Alexander Beilinson and Victor Ginzburg. Wall-crossing functors and D-modules. Representation The-
ory of the American Mathematical Society, 3(1):1-31, 1999.

[BHS19] Christophe Breuil, Eugen Hellmann, and Benjamin Schraen. A local model for the trianguline variety
and applications. Publications mathématiques de l’IHE"S, 130:299-412, 2019.

[BK81] Jean-Luc Brylinski and Masaki Kashiwara. Kazhdan-Lusztig conjecture and holonomic systems. In-
ventiones mathematicae, 64(3):387-410, 1981.

[Bos21] Guido Bosco. On the p-adic pro-étale cohomology of Drinfeld symmetric spaces. arXiv:2110.10683,
2021.

[Bos23] Guido Bosco. Rational p-adic Hodge theory for rigid-analytic varieties. arXiv:2306.06100, 2023.

[Brel5) Christophe Breuil. Vers le socle localement analytique pour GL, II. Mathematische Annalen, 361(3-
4):741-785, 2015.

[Brel6] Christophe Breuil. Socle localement analytique 1. Annales de I’Institut Fourier, 66(2):633-685, 2016.

[Cam24]  Juan Esteban Rodriguez Camargo. The analytic de Rham stack in rigid geometry. arXiv:2401.07738,
2024.

[CE12] Frank Calegari and Matthew Emerton. Completed cohomology—a survey. Non-abelian fundamental
groups and Iwasawa theory, 393:239-257, 2012.

[CEG*16] Ana Caraiani, Matthew Emerton, Toby Gee, David Geraghty, Vytautas Paskiinas, and Sug Woo
Shin. Patching and the p-adic local Langlands correspondence. Cambridge Journal of Mathematics,
4(2):197-287, 2016.



[CGN23]
[CS22]
[DGS16]

[Din24]

[EGH23]
[EGS15]

[Eme06]

[Eme07]
[Emel7]
[Far06]

[FAL99)

[Her11]
[HHS24]
[HM24]
[HN17]
[Hum08g)]
[Jan03]
[IN19]
[Kas88]

[Ked22]
[KS12]

[Laz65]
[Loell]

[Lur07]
[Man21]

[Man22]
[Man24]

BERNSTEIN-ZELEVINSKY DUALITY FOR LOCALLY ANALYTIC PRINCIPAL SERIES 45

Pierre Colmez, Sally Gilles, and Wiestawa Niziol. Arithmetic duality for p-adic pro-étale cohomology
of analytic curves. arXiv:2308.07712, 2023.

Dustin Clausen and Peter Scholze. Condensed mathematics and complex geometry. Lecture notes,
Bonn-Copenhagen, 2022.

Bernard Dwork, Giovanni Gerotto, and Francis J Sullivan. An Introduction to G-Functions, volume
133. Princeton University Press, 2016.

Yiwen Ding. Towards the wall-crossing of the locally Qp-analytic representations of GLy(K) for a
p-adic field K (with an appendix by Yiwen Ding, Yongquan Hu, Haoran Wang). arXiv:2404.06815,
2024.

Matthew Emerton, Toby Gee, and Eugen Hellmann. An introduction to the categorical p-adic Lang-
lands program, 2023.

Matthew Emerton, Toby Gee, and David Savitt. Lattices in the cohomology of Shimura curves. In-
ventiones mathematicae, 200(1):1-96, 2015.

Matthew Emerton. Jacquet modules of locally analytic representations of p-adic reductive groups I.
Construction and first properties. Annales scientifiques de I’Ecole normale supérieure, 39(5):775-839,
2006.

Matthew Emerton. Jacquet modules of locally analytic representations of p-adic reductive groups II.
The relation to parabolic induction. J. Institut Math. Jussieu, 2007.

Matthew Emerton. Locally analytic vectors in representations of locally p-adic analytic groups, volume
248. American Mathematical Society, 2017.

Laurent Fargues. Dualité de Poincaré et involution de Zelevinsky dans la cohomologie équivariante des
espaces rigides. preprint, 2006.

Christian Tobias Féaux de Lacroix. Einige resultate iiber die topologischen darstellungen p-adischer
liegruppen auf unendlich dimensionalen vektorraumen iiber einem p-adischen korper. In Schriftenreihe
des Mathematischen Instituts der Universitdt Miinster. 3. Serie, Heft 23, 1999.

Florian Herzig. The classification of irreducible admissible mod p representations of a p-adic GLy,.
Inventiones mathematicae, 186(2):373-434, 2011.

Eugen Hellmann, Valentin Hernandez, and Benjamin Schraen. Patching and multiplicities of p-adic
eigenforms. arXiv:2406.01129, 2024.

Claudius Heyer and Lucas Mann. 6-functor formalisms and smooth representations, 2024.

David Hansen and James Newton. Universal eigenvarieties, trianguline Galois representations, and
p-adic Langlands functoriality. Journal fir die reine und angewandte Mathematik, 2017(730):1-64,
2017.

James E Humphreys. Representations of Semisimple Lie Algebras in the BGG Category O, volume 94.
American Mathematical Soc., 2008.

Jens Carsten Jantzen. Representations of algebraic groups, volume 107 of Math. Surv. Monogr. Provi-
dence, RI: American Mathematical Society (AMS), 2nd ed. edition, 2003.

Christian Johansson and James Newton. Extended eigenvarieties for overconvergent cohomology. Al-
gebra & Number Theory, 13(1):93-158, 2019.

Masaki Kashiwara. Representation theory and D-modules on flag varieties. Kyoto University. Research
Institute for Mathematical Sciences [RIMS], 1988.

Kiran S Kedlaya. p-adic Differential Equations. Cambridge University Press, 2022.

Jan Kohlhaase and Benjamin Schraen. Homological vanishing theorems for locally analytic represen-
tations. Mathematische Annalen, 353:219-258, 2012.

Michel Lazard. Groupes analytiques p-adiques. Publications Mathématiques de VIHES, 26:5-219, 1965.
David Loeffler. Overconvergent algebraic automorphic forms. Proceedings of the London Mathematical
Society, 102(2):193—-228, 2011.

Jacob Lurie. Derived algebraic geometry II: Noncommutative algebra. arXiv preprint math/0702299,
2007.

Jeffrey Manning. Patching and multiplicity 2* for Shimura curves. Algebra & Number Theory,
15(2):387-434, 2021.

Lucas Mann. A p-adic 6-functor formalism in rigid-analytic geometry. arXiv:2206.02022, 2022.
Jeffrey Manning. Mod ¢ multiplicities in certain U(4) Shimura varieties. 2024.



46 MATTHIAS STRAUCH AND ZHIXIANG WU

[Mil17] James S Milne. Algebraic groups: the theory of group schemes of finite type over a field, volume 170.
Cambridge University Press, 2017.

[MNMO91] Z. Mebkhout and L. Narvdez-Macarro. La théorie du polynéme de Bernstein-Sato pour les algébres de
Tate et de Dwork-Monsky-Washnitzer. Annales scientifiques de UEcole Normale Supérieure, 4e série,
24(2):227-256, 1991.

[O114] Rachel Ollivier. Resolutions for principal series representations of p-adic GL,. Minster Journal of
Mathematics, (7):225-240, 2014.

[0S10] Sascha Orlik and Matthias Strauch. On the irreducibility of locally analytic principal series represen-
tations. Representation Theory of the American Mathematical Society, 14(20):713-746, 2010.

[OS15] Sascha Orlik and Matthias Strauch. On Jordan-Hélder series of some locally analytic representations.
Journal of the American Mathematical Society, 28(1):99-157, 2015.

[RJRC22] Joaquin Rodrigues Jacinto and Juan Esteban Rodriguez Camargo. Solid locally analytic representa-
tions of p-adic Lie groups. Representation Theory of the American Mathematical Society, 26(31):962—
1024, 2022.

[RJRC23] Joaquin Rodrigues Jacinto and Juan Esteban Rodriguez Camargo. Solid locally analytic representa-
tions. arXiv:2305.03162, 2023.

[SC19] Peter Scholze and Dustin Clausen. Condensed mathematics. 2019.

[SC20] Peter Scholze and Dustin Clausen. Lectures on analytic geometry. 2020.

[Sch13a] Tobias Schmidt. Verma modules over p-adic Arens-Michael envelopes of reductive Lie algebras. Journal
of Algebra, 390:160-180, 2013.

[Sch13b] Peter Schneider. Nonarchimedean functional analysis. Springer Science & Business Media, 2013.

[Ser97] Jean-Pierre Serre. Algebre locale, multiplicités: cours au Collége de France, 1957-1958, volume 11.
Springer Science & Business Media, 1997.

[SS91] Peter Schneider and Ulrich Stuhler. The cohomology of p-adic symmetric spaces. Invent. math,
105(1):47-122, 1991.

[SS97] Peter Schneider and Ulrich Stuhler. Representation theory and sheaves on the Bruhat-Tits building.
Publications Mathématiques de l’IHE:’S7 85:97-191, 1997.

[SS16] Tobias Schmidt and Matthias Strauch. Dimensions of some locally analytic representations. Represen-
tation Theory of the American Mathematical Society, 20(2):14-38, 2016.

[ST03] Peter Schneider and Jeremy Teitelbaum. Algebras of p-adic distributions and admissible representa-
tions. Inventiones mathematicae, 153:145-196, 2003.

[ST05] Peter Schneider and Jeremy Teitelbaum. Duality for admissible locally analytic representations. Rep-

resentation Theory of the American Mathematical Society, 9(10):297-326, 2005.
[Sta24] The Stacks Project Authors. Stacks Project. https://stacks.math.columbia.edu, 2024.
[Urb11] Eric Urban. Eigenvarieties for reductive groups. Annals of mathematics, pages 1685-1784, 2011.
[Zhu20]  Xinwen Zhu. Coherent sheaves on the stack of Langlands parameters. arXiv:2008.02998, 2020.

INDIANA UNIVERSITY, DEPARTMENT OF MATHEMATICS, RAWLES HALL, BLOOMINGTON, IN 47405, U.S.A.
Email address: mstrauch@indiana.edu

UNIVERSITAT MUNSTER, FACHBEREICH MATHEMATIK UND INFORMATIK, EINSTEINSTRASSE 62, H48149 MUNSTER,
GERMANY
Email address: zhixiang.wu@uni-muenster.de


https://stacks.math.columbia.edu

	1. Introduction
	1.1. Motivation
	1.2. Duality for Kohlhaase-Schraen resolutions
	1.3. Duality for coherent sheaves
	1.4. Construction and proof
	1.5. Overview
	1.6. Acknowledgements
	1.7. Notation and convention

	2. Kohlhaase-Schraen resolutions
	2.1. The Koszul complexes
	2.2. Change the levels
	2.3. Examples

	3. Dual complexes
	3.1. Banach modules over the distribution algebras
	3.2. The resolution for principal series
	3.3. Beyond dual Verma modules
	3.4. The surjectivity
	3.5. Duality for complexes

	4. Localization and completion
	4.1. The localization functor
	4.2. Dual Verma modules for dominant weights
	4.3. Completion near the boundary

	5. Duality of patching modules
	5.1. Cohomological duality
	5.2. Stein spaces
	5.3. Patching functors and patching modules

	References

