LOCAL MODELS FOR THE TRIANGULINE VARIETY AND PARTIALLY CLASSICAL
FAMILIES
MODELES LOCAUX POUR LA VARIETE TRIANGULINE ET FAMILLES PARTIELLEMENT
CLASSIQUES
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ABSTRACT. We generalize Breuil-Hellmann-Schraen’s local model for the trianguline variety to certain points
with non-regular Hodge-Tate weights. With the local models we are able to prove, under the Taylor-Wiles
hypothesis, the existence of certain companion points on the global eigenvariety and the appearance of related
companion constituents in the completed cohomology for non-regular crystalline Galois representations. The
new ingredients in the proof of the global applications are results relating the partial classicality of locally an-
alytic representations (the existence of non-zero locally algebraic vectors in the parabolic Emerton’s Jacquet
modules), the partially de Rham properties of Galois representations (the de Rhamness of graded pieces along
the paraboline filtrations of the associated (¢, I')-modules over the Robba rings) and the relevant properties of
cycles on the generalized Steinberg varieties. We prove that partial classicality implies partial de Rhamness in
finite slope cases using Ding’s partial eigenvarieties.

Résumé. Nous généralisons le modele local de Breuil-Hellmann-Schraen pour la variété trianguline a cer-
tains points a poids de Hodge-Tate non régulier. Avec les modeles locaux, nous prouvons, sous 1I’hypothese de
Taylor-Wiles, I’existence de certains points compagnons sur la variété de Hecke et 1’apparition de constituants
compagnons correspondants dans la cohomologie complétée pour les représentations galoisiennes cristallines
non régulieres. Les nouveaux ingrédients dans la preuve des applications globales sont des résultats mettant
en relation la classicité partielle des représentations localement analytiques (I’existence de vecteurs localement
algébriques non nuls dans les modules de Jacquet-Emerton paraboliques), les propriétés de De Rham partiel
des représentations galoisiennes (propriété de De Rham des morceaux gradués des filtrations parabolines des
(¢, I')-modules associés sur les anneaux de Robba) et les propriétés correspondantes des cycles sur les variétés
de Steinberg généralisées. Nous prouvons que la classicité partielle implique les propriétés de De Rham partiel
dans les cas de pente finie en utilisant les variétés de Hecke partielles de Ding.
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1. INTRODUCTION

Let p be a prime number. This paper concerns about p-adic automorphic forms of definite unitary groups
and the locally analytic aspect of the p-adic local Langlands program. Its aim is to generalize several results
of Breuil-Hellmann-Schraen in [18]] (local model for the trianguline variety, existence of companion points
on the eigenvariety, locally analytic socle conjecture, etc.) to the cases when the Hodge-Tate weights are
non-regular (i.e., not pairwise distinct).

1.1. Companion points and main results. Let ' be a totally real number field and S, be the set of

places of F'* above p. Let F be a quadratic imaginary extension of ' such that every place in .S, splits in

F,n > 2be an integer and G be a totally definite unitary group in n variables over F'" that is split over F.

We fix an open compact subgroup U? =[], tp U, of G(A"Y) and a finite extension L of Q, with residue

field kz. Forall v € S,, let 3, := {r : F,} < L} and we assume |, | = [F,} : Q,]. Foreach v € S,,

we fix a place ¥ of F above v and identify F,S ~ Fj. The space of p-adic automorphic forms on G of
1
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tame level UP, denoted by S(UP, L), consists of continuous functions G(F 1) \ G(A%,)/UP — L. Let
Gy = [l,es, Gv be the p-adic Lie group G(F* ®q Q) = [[,es, G(F). Let By = [[,cg, Bo (resp.
Ty =11, s, Tv) be the Borel subgroup (resp. the maximal torus) of G, =~ Il.c s, GL,,(F;) consisting

of upper-triangular (resp. diagonal) matrices. Then G, acts on S (UP, L) via right translations. We assume
furthermore that p > 2 and G is quasi-split at all finite places of F'*. Let F be an algebraic closure of F'.
We fix a (modular) absolutely irreducible Galois representation p : Gal(F/F) — GL,(kz) so that p is
associated with a maximal ideal of some usual Hecke algebra acting on S (UP,L).

After Emerton [37], one way to construct eigenvarieties, rigid analytic varieties parameterizing finite
slope overconvergent p-adic eigenforms, is using Emerton’s Jacquet module functor for locally analytic
representations of p-adic Lie groups. There exists a rigid space over L (our eigenvariety), denoted by
Y (UP,p), on which a point is a pair (p,d), where p is a p-adic continuous n-dimensional representation
of Gal(F/F) and § is a continuous character of T}, which appears in Jp_ (II(p)*"). Here II(p) is the

sub-G,-representation of S (UP, L) associated with p cut out by a prime ideal of certain Hecke algebra,
II(p)2" is the subspace of II(p) consisting of locally analytic vectors which is an admissible locally analytic
representation of G, and .Jp, (—) denotes the Emerton’s Jacquet module functor so that .Jp (II(p)*") is a
locally analytic representation of the Levi subgroup T), of B,,.

Take a point (p, §) on Y (U?, ). The problem of companion forms seeks to determine the set of charac-
ters 8 of T}, denoted by W (p), such that pairs (p, §") appear on Y (U?, p). The existence of such companion
points (p,d') is closely related to the appearance of certain irreducible locally analytic representations of
G, explicitly determined by 8’ and p, which we call companion constituents, inside II(p)®". The existence
of such companion constituents is a special case of the locally analytic socle conjecture of Breuil [[15} [14].
Forv € S, we let p, == p | Gal(FF /)’ The general recipe for W (p) has been conjectured by Hansen
[46] which depends only on those local Galois representations p,, for v € S, and the notion of trianguline
representations introduced by Colmez [24]. One could view the problem of companion forms or locally
analytic socles as a locally analytic analogue of the weight part of Serre’s modularity conjecture.

Let D;ig(po) be the étale (¢, T")-module over the Robba ring associated with p, for v € S,,. In the
p-adic local Langlands program, locally analytic representations of p-adic Lie groups are expected to be
related to (¢, I')-modules over the Robba rings which is the case for GL2(Q,) by Colmez [25| V]. Beyond
the foundational works of Kisin, Colmez and Emerton for G‘LQ(Qp) (56! 24 139], we know in general and
especially in our setting by the global triangulation results of Liu [60] or Kedlaya-Porttharst-Xiao [54] that
the non-triviality of the Borel Emerton’s Jacquet module J, (II(p)*") (i.e. in the finite slope case) implies
that p,, is trianguline, i.e. Dig(p,) admits a full filtration

(1.1)  Fil*Dyig(py) : Diig(py) = Fil" Diig(py) 2 -+ 2 Fil' Dyig(py) 2 Fil’ Diig(py) = {0}

of sub-(¢, I')-modules such that the graded pieces are rank one (¢, I")-modules.

Under the Taylor-Wiles hypothesis on p, Breuil-Hellmann-Schraen proved in [18]] the existence of all
companion forms for regular generic crystalline points. In this paper, we generalize their results to non-
regular generic crystalline points. To be precise, we take a point (p, d) € Y (U?,p). We say p (or the point
(p,9)) is crystalline if for all v € S, p,, is crystalline. If p is crystalline, let (¢, ;)i=1.... » be the eigenvalues
of cpf v where ¢ is the crystalline Frobenius acting on D,is(p,) and ¢, = pf v is the cardinality of the
residue field of F,. Then we say p (or the point (p, 8)) is generic if for any v € Sy, 0y, s ¢ {1,¢,}
for ¢ # j. Assume that p is generic crystalline. A refinement R, of p, is a choice of an ordering of
the pairwise distinct eigenvalues ¢, 1, - , @y, and a refinement R = (Rv)vesp of p is a choice of a
refinement R, for each v € S,. In fact the refinements R, correspond to triangulations of Drig(pv) as
by [5]. Then the conjectural set of characters W (p) admits a partition W (p) = [[5 Wr(p) where
Wr(p) =11,e s, Wr, (pv) and each Wg (p,) is a finite set which can be explicitly described by R, and
p. Remark that the partition of W (p) according to the refinements is also the partition under the equivalence
relation that § ~ ¢’ if and only if §~ 1§ isa Qj-algebraic character of 7,,. Our main theorem is the following.

Theorem 1.1 (Theorem [.12). Assume that UP is small enough and assume the Taylor-Wiles hypothesis
(cf. : F is unramified over F'™, F doesn’t contain non-trivial p-th root of unity, UP is hyperspecial at
any finite place of F that is inert in F and p(Gal(F /F(%/1))) is adequate. Let (p,8) € Y (UP,75) be a
point such that p is generic crystalline. Then there exists a refinement R of p such that 6 € W (p) and for
any §' € Wr(p), the point (p, ') exists on Y (UP, p). Moreover, all the companion constituents associated
with Wg(p) appear in I1(p).
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Remark 1.2. In [18]], the above theorem was proved under the extra assumption that for each v € S, the
Hodge-Tate weights of p,, are regular (pairwise distinct). But a stronger version was proved in [18]: in
regular cases, (p, d’) exists on Y (UP, p) for any refinement R’ of p and §' € Wx/(p). This stronger result
is easy to get from Theoremin regular cases using locally algebraic vectors in II(p) and is not available
in this paper for general crystalline points due to the non-existence of non-zero locally algebraic vectors in
I1(p) when p is non-regular (the non-existence can be seen using the results on infinitesimal characters in
[33])). See Remark [5.24]for a partial result. The existence of all companion points in generic non-regular
crystalline cases will need other methods.

The method in [18] was firstly replacing the eigenvariety Y (UP,p) by a larger patched eigenvariety
X,(p) in [17,[16] constructed from the patching module in [20]. The patching method allows us to reduce
the study of the geometry of the patched eigenvariety to that of its local component, called trianguline
variety, which parameterizes local trianguline Galois representations. Then Breuil-Hellmann-Schraen used
a local model to describe the local geometry of the trianguline variety at certain points. We prove Theorem
[T.T]by developing further the theory of local models. The major new inputs are the following two results.

Firstly, we construct local models of the trianguline variety for certain points with possibly non-regular
Hodge-Tate weights and prove that the trianguline variety is irreducible at those points (Theorem [T.4).
Those local models are algebraic varieties which are similar to the regular cases and reflect the phenomenon
of the existence of companion points or companion constituents on the eigenvariety or in the space of p-adic
automorphic forms.

Secondly, we show that for a general point (p, §) € Y (UP, p) where p may not be de Rham above p, the
existence of certain companion constituents, which we call partially classical constituents, will force the
local Galois representations p,,, v € S, satisfy certain special properties for which we say p,, are partially
de Rham (Theorem [I.5). The partially classical constituents are locally analytic representations of G,
which will give rise to the existence of certain locally algebraic vectors inside some non-Borel parabolic
Emerton’s Jacquet module Jq , (IT(p)*") of IT(p)*", where @Q,, is some parabolic subgroup of G, containing
B, and is not equal to B,,. Let Mg, be the Levi subgroup of @, containing 7},. Then Jg  (II(p)*") is a
locally analytic representation of Mg, which, in analogue with the case of Borel Emerton’s Jacquet module,
should correspond to some so called (after Chenevier [22], see also [3]) paraboline filtrations of Dyig(py)

Fil§), Drig(pu) : Drig(po) = Filg3, Drig(pv) 2 -+ 2 Filg Drig(py) 2 Filgy, Dyig(pu) = {0}, 0 € S,

where the ranks of the graded pieces of the above filtrations should be sizes of the blocks of the Levi
subgroup Mq,,. Since we are always in the finite slope cases, we only focus on those paraboline filtrations
that are sub-filtrations of the trianguline filtrations (I.T). This means that there exist integers 0 = s, <
Sp1 < o < Sy ty—1 < Syt = 1 such that

Filfy Diig(py) = Fil*" Dyig(py).

From (¢, I")-modules over the Robba rings one can always obtain semi-linear Galois representations over
Fontaine’s ring Bgg after Berger (e.g. [4]), thus we can define the de Rham property for (¢, I')-modules
as for p-adic Galois representations. Our result then states that the appearance of certain locally algebraic
vectors in Jg, (II(p)*") implies that the graded pieces

Fil®v Drig (pq; ) /Filsv’ii ! Drig (pu)

are de Rham (¢, T')-modules for i = 1,---¢,,v € S,. Recall that locally algebraic vectors in §(U”, L)
with respect to the action of G, are p-adic avatars of algebraic regular automorphic forms which correspond
to p-adic Galois representations that are de Rham over p with regular Hodge-Tate weights. Hence the result
on partially classical constituents can be viewed as a form of generalization with some functoriality of the
classical correspondence, beyond ordinary cases ([31], etc.).

Remark 1.3. Partial de Rhamness as well as partial classicality was proposed by Ding in a narrow sense
for 2-dimensional Galois representations [28, 29] [30]] and partial classicality was also mentioned by Ding
for his partial eigenvariety for GL,,(Q,) [32]] which we will use. Our results combine and generalize both
Ding’s works.

Our key step (Proposition[4.7) to prove the existence of the companion constituents or companion points
for a point x = (p,d) as in Theorem goes roughly in the following way (see also especially
Example[I.8). It will also simplify the relavent arguments in [18]] even for the regular case. As in [18], there
are cycles (closed subspaces) passing through x on the eigenvariety which correspond to the appearance
of companion constituents in II(p)?". By the second result above, those cycles corresponding to partially
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classical constituents (with respect to some parabolic subgroups) are partially de Rham which means that the
corresponding Galois representations are partially de Rham. On the other hand, the local model also gives
rise to cycles near = on the patched eigenvariety, which are expected to match those cycles corresponding to
companion constituents. The point is that the partially de Rham properties are determined by the datum of
local models, and it turns out that the partially de Rham cycles on the local models are exactly those cycles
that should match partially classical constituents (Theorem[T.6). Then a finer study of the local models tells
that there exist non-partially de Rham cycles passing through = which implies the existence of non-partially
classical companion constituents inside IT(p). In this way, we can obtain all companion constituents that
can be seen by the local models (those constituents in Theorem [I.T)).
In the remaining parts of this introduction, we give more details on the above results and their proofs.

1.2. Local models for the trianguline variety. We now explain our local results on the trianguline variety.
For v € S, the trianguline variety X,;(p,) with respect to p, := 7 | Cal(FF/F) is a rigid analytic variety,
a point of which is given by a pair (r, §) where  is a deformation of 5, and § = (;)1<;<n is a character
of T, = ((F,7)*)™, such that the subset of points (r,J), where r is trianguline and § corresponds to the
graded pieces of certain trianguline filtration of r as (I.I)), is Zariski dense.

We take an L-point z = (r,d) of X,i(p,). The weight wt(d;) of each character 0; is a number in
Ff ®q, L ~ ®;ex, L and we write wt(d;) € L for the 7-part of wt(d;) for each 7 € ¥. The multiset
{wt,(6;) | i € {1,--- ,n},7 € X,} is also the 7-Sen weights of r (the generalized Hodge-Tate weights,
counted with multiplicities). Then ¢ is locally Q,-algebraic if forall i = 1,--- ,n,7 € 3, wt,(d;) € Z.

We say 0 is generic if for any i # j, both 5;15]- and 6;15j\NormF;r/@p |p» where |p|, = p~1, are not
Qp-algebraic characters (i.e. not of the form z — [] .5 7(2)F where k, € Z forevery T € %,).

In the case when J is generic and locally QQ,-algebraic, r is almost de Rham in the sense of Fontaine
[41]]. Fontaine’s theory associates r with a finite free F, ®g, L-module Dpar (r) of rank n and a linear
nilpotent operator N acting on Dpqr (7). The space Dpar(r) is equipped with two filtrations, both are
stable under the action of N. One filtration is the Hodge filtration denoted by Fil,. Another filtration
Dy := Dpqr(Fil*Dyig(r)) comes from a trianguline filtration Fil® Dyig(7) on Dyig(r) determined by the
point = (we emphasize that the functor Dyqr (—) is also defined for these (¢, I')-modules).

For 7 € %, define Dpgr,~(r) := Dpar(7) ®OrLgg FHier L, Fil; s := Fil, ®OrLgg, FHier L and
Dre =D, ®L®QPFU+,1®T L. Then for each 7 € ¥, D:. D1 - CDrpisa comf;lete flag of the
L-space Dpag,-(r). The graded pieces of the Hodge filtration Fil, , have L-dimensions that are equal to
the multiplicities of the 7-Sen weights.

LetG :=Respy o (GL, pt+)®0,L = [1;c5, GLn/ 1 be the algebraic group which acts on Dyar (1) ~
(Ff @, L)™ ~ 11, ex, L™, P be the standard parabolic subgroup of block upper-triangular matrices in
G that is conjugate to the stabilizer subgroup of the Hodge filtration Fil, and B the Borel subgroup of
upper-triangular matrices of G. Let g (resp. b, resp. p) be the Lie algebra of G (resp. B, resp. P). The
datum (N, D,, Fil, ) associated with the point = can define a point z,qr of the following algebraic scheme

(1.2) Xp:={(v,;1B,92P) €gx G/BxG/P|Ad(¢9;")veb,Ad (g5 ") vep}

where G/B, G/ P are flag varieties and Ad denotes the adjoint action. Let W ~ HTGZU S, (resp. Wp) be
the Weyl group of G (resp. of the standard Levi subgroup of P) where S,, denotes the n-th symmetric group.
Then Xp is equidimensional and its irreducible components X p,, are parameterized by w € W/Wp
(see Definition 2.1). Let w = (wr)rex, € [[,cx, Sn be an element such that wt,(d,, (1)) < -+ <
Wt (dy, (ny) for all 7 € ¥, and we use the same notation w to denote the image of w in W/Wp. The
following theorem is proved in [18] when P = B, i.e. when r has regular Hodge-Tate weights (wt,(d;) #

wt(9;) forall 7 € X, 4 # j).

Theorem 1.4 (Theorem [3.8). Let x = (r,8) be an L-point of Xui(p,,) such that § is generic and locally
Qp-algebraic. Then up to formally smooth morphisms of formal schemes, the completion )?m (Do) Of the
trianguline variety X4,i(p,) at x is isomorphic to the completion X Paw,2par of Xp,w at Tpar. Moreover,
the trianguline variety X,i(p,)) is irreducible at .

The proof of Theorem [I.4]follows the strategy for regular cases in [18]. The difficulty in our situation is
to show that X p ,, is unibranch at x,qr, i.e. the completion of the local ring of Xp,, at z,qr is irreducible
(Theorem . When P = B, it was proved by Bezrukavnikov-Riche in [7] that for w €¢ W, Xp ,, is
Cohen-Macaulay and based on the Cohen-Macaulay result, Breuil-Hellmann-Schraen proved that X ,, is
normal in [18]] which in particular implies that Xp ,, is unibranch. We prove that Xp,, is unibranch at
Zpdr based on the normality of X g ,, (here w € W). There is a natural birational proper map f : X5 ,, —
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Xp,y, of integral varieties. We can prove that the fiber f~!(zpqr) is connected (Proposition [2.11)). Since
X B, 18 normal, the connectedness of the fiber is enough to establish the unibranch property that we need
(Proposition . The important problem whether X p,, (or Xt,i(p,) at =) is Cohen-Macaulay or normal
remains unsolved.

1.3. Partially classical families and partial de Rhamness. We need some more notation to state the
result on partially classical companion constituents. For a point (p,d) € Y(U?,p), d = (0,)ves, =

((0v,1)i=1,- ;n)ves, is a character of T, = [T, cg T = Hvesp((Fj)X)”. Let

A= ()\T)TEEU,UESP = (()\T,i)izl,"'ﬂ’L)TEZU,’UESP = ((Wt‘r(ai))i:L»-- ,n)TEE,U,UESp

be the weight of §. When ¢ is locally algebraic for which we mean that A, ; € Z forall 7 € ¥,,v € Sp,
Orlik-Strauch’s theory [61]] can construct a (generically irreducible) locally analytic representation £(\, 9)
of G, from A and (the smooth part of) § which is a subquotient of some locally analytic principal series
representation (cf. §4.3).

We fix vg € Sp, 70 € 3, and a parabolic subalgebra q., of block upper-triangular matrices of gl,,,
the Lie algebra of GL,, ;. We assume that the standard Levi subalgebra m., of g, is isomorphic to
glg, s X o xglg, g, oo xgl,,_,  where 0 = sg < -+ < 85 < --- < 84 = n. Suppose that
Ar, is a dominant weight of m., or explicitly, A, o > An» for every a < b,a,b € [s; + 1, 5,41] and
0 <4 <t—1 Let L, (Ar) be the finite-dimensional irreducible m,-representation of the highest
weight A, Let Q, =[], ¢ s, Q. be a standard parabolic subgroup of G, such that its 7-part Lie algebra
Lie(Qy,) Dp o L is equal to q,,. Then the companion constituent £(\, d) is partially classical (with

respect to @, and the set {7y }) in the sense that we have (by an adjunction formula, see §5.3))
(1.3) Homg, (L(A,9),I1(p)™") #0 =  Homp, (Lmr0 (Aro)s Jo, (TI(p)™)) # 0.

Assume that (p, ) is a point on Y (UP, p) such that ¢ is locally algebraic and satisfies certain generic
condition. Then Dyig(py, ) is associated via the point (p, d) with a trianguline filtration Fil® Dyig(p,, ) as
(L.1) which in turn leads to a filtration D,, s = HTGZ% D; o of Dypar(py,) with a nilpotent operator
Ny, = (N7)res,, where every N, keeps the filtration D, o. Fori = 1,--- ,t, we let gr* Dyig(pu,) =
Fil® Dyig(puv, ) /Fil* ' Dyig(py, ) be the graded pieces of the paraboline sub-filtration Fil®® Dyig(py, ) cor-
responding to m,,. In the case of Galois representations, an almost de Rham representation p, is de Rham
if and only if the nilpotent operator on Dpqr(py) is zero. We can identify Dpar,+, (88% Drig(pv,)) =
Dypar (g% Drig(pv,)) @1 oy Fib 1070 L with D, 5, /Dr, s;,_, equipped with the restriction of the action
of N;,. We say that the (¢, I')-module gr®: D.is(py,) is {70 }-partially de Rham if the restriction of the
nilpotent operator N, on D, ,./D-, s, , is zero.

Theorem 1.5 (Theorem|5.13). Let (p,d) € Y (UP, p) be a point such that § is locally algebraic and generic
(Definition . If the To-part weight A\, of  is a dominant weight for m., and Homg, (L(A, 8), (p)*") #
0, then for every 1 < i < t, the graded piece gr® Dyig(py, ) is a {10 }-partially de Rham (p,T')-module.

Theorem is in fact a corollary of the global triangulation results and Ding’s construction of partial
eigenvarieties in [32]] which was based on the work of Hill-Loeffler [48]. Assume that A\,, is dominant
for m.,. The partial eigenvariety of Ding, denoted by Y (U?,5)(\},), is a subvariety of Y (U?, p) roughly
consisting of points = = (p,d,) € Y (U?,7) such that Homp; (L, (Ar,), Jq, (IL(p2)*")) # O where
m/_:= [m,,, m. ] is the derived subalgebra of m,. Such construction forces that for any point (p.,0,) €
Y (UP,p)(N,,), the To-part weight Ay -y = (Mg, rg,i)i=1,... ,n Of J,, satisfies that Ay 7.0 — Az,rg.b = Arga —
Aro.b are non-negative integers independent of x for every a < b,a,b € [s; +1,8;41] and 0 < i < ¢ — 1.
Then the arguments of Berger-Colmez in [6] and the global triangulation show that the subset of points
x € Y(UP,p)(\,,) such that a suitable twist of gr®: Dyig(ps,v, ) is {70 }-partially de Rham is Zariski closed.
The feature of Ding’s construction is that such constrain on the m9-weights A, -, still allows A, ,, to vary
and to be dominant with respect to g, := gl,, even if A, is not. The usual eigenvariety arguments imply
that the subset of classical points, where there exist non-zero locally algebraic vectors in II(p,) and §,
admit dominant weights, is Zariski dense in Y (U?,p)(\, ). It follows from the classical local-global
compatibility when ¢ = p that classical points are de Rham (p, are de Rham) where gr®: Dyig(pz.4,) 18
automatically {7 }-partially de Rham. Combining the Zariski dense and closed statements leads to Theorem

T
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1.4. Existence of companion constituents. The key observation to prove Theorem|I.1]is that Theorem [I.3]
is reflected by the local models of the trianguline variety. There is a closed embedding Y (U?, p) — X, (p).
Here the patched eigenvariety X, (p) is equidimensional and can be identified as a union of irreducible
components of Xi;(p,) x Xzr x U9 where X1:i(p,) := [[,c s, Xiri(P,), U9 is an open polydisk and X5»
is certain tame part.

Let z = (p,0) € Y(UP,p) C X,(p) be a generic crystalline point as in Theorem Let G :=
H/uesp Respy /g, (GLn/FJ )®q, L andlet W ~ HueSP,TEEU S, be its Weyl group. A companion character
in Wr(p) is certain character 0 ,, for some w € W (Definition with weight wwg - A. Here A =
(Ar)res, ves, € H’UGSP,TGEH Z" is a “dominant” weight in the sense that A, ; — A ;41 > —1 forall 7 and
1 <4 < n — 1 which is determined by the Hodge-Tate weights of p, wy is the longest element in W and
wwy - A denotes the usual dot action. In [18], for each companion constituent £(wwyq - A, QR’UJ), there is an
associated cycle [£(wwy - A)] on X, (p) in the infinitesimal neighbourhood of « such that [£(wwyg - A)] # ()
if and only if Homg, (£(wwo - X, 05 ,,), I(p)™) # 0.

The idea of [[18]] is to compare the cycles [£(wwq-\)] with the cycles pulled back from Steinberg varieties
via the theory of local models for X,i(p,). Let P =[], . s, P be the standard parabolic subgroup of G
where each P, is the parabolic subgroup determined by the Hodge filtration of p,, as in Theorem[I.4]and let
B be the standard Borel subgroup of G. Let g, p, b be the Lie algebras as before and let u be the nilpotent
radical of b. The (generalized) Steinberg variety

Zp ={(v,01B,92P) € g x G/B x G/P | Ad (97 ") v € w,Ad (95 ") v € p}

is a subvariety of X p. Let Wp be the Weyl group of the standard Levi subgroup of P. Then any w € Wp
fixes wg - A under the dot action. The irreducible components Zp ,, of Zp are also parameterized by cosets
w € W/Whp (see for details). Pulling back each Zp,,, defines a cycle 3p,, on X, (p). The spirit of
[18]] expects that 3p,, C [L(wwp - N)].

Let ¢ = mg + ng C g be the Lie algebra of a standard parabolic subgroup () of upper-triangular
block matrices of G’ where ny, is the nilpotent radical and m is the Levi factor of diagonal block matrices.
Recall that partial de Rhamness means the vanishing of the nilpotent operator on the graded pieces of the
paraboline sub-filtration which, in the notion of local models @]), is translated to that the entries of the
upper-triangular matrix Ad(g; ! )v in certain Levi diagonal blocks are zero. Hence if wwy - A is a dominant
weight for m, then Theorem|1.5|implies that the cycle [£(wwyg - )] is contained in the locus pulled back
from the subspace of Zp cut out by the condition Ad(g; 1)V € ng. The following elementary result for
which we state as a theorem is the counterpart on the local models.

Theorem 1.6 (Theorem [2.24). For each w € W/Wp, the irreducible component Zp ,, is contained in the
subspace of Zp where Ad(gfl)u € ng if and only if wwo - A is a dominant weight for mq.

Remark 1.7. When P = B, we can replace the irreducible component Zp ,, in Theorem by the char-
acteristic variety associated with the G-equivariant D-module of the localization of the irreducible U (g)-
module L(wwg - 0) of the highest weight wwy - 0 (Proposition. This will give a more conceptual proof
of the “if”” part of the theorem. However, we do not need characteristic cycles in contrast to [18] (our new
argument will be simpler than that in loc. cit., even for regular cases). Moreover, it is the “only if” part that
will play a role.

We illustrate how Theorem [I.6] works in the proof of Theorem [I.1] and the difference between regular
and non-regular cases by the following basic example.

Example 1.8. We assume n = 3, x = (p,0) € Y(U?,p) and that § = 0p ,,, has weight A\ which is
“dominant”. Take 79 € X,,,v9 € Sp. Assume A, 1 > Ay, 2 and that for any 7 # 79, A1 > A2 > Ars.
Suppose that we are in the case when Wx(p) = {% ) 9% 5w, } Where s = (s7)rex, ves, is a simple
reflection such that s, - Ay = A\ if 7 # 79 and sr, - (Arg.1, Arg.2, Are.3) = (Mg — L A1 + 1, Ar.3)-
Then there is an equality of the underlying closed subspaces of cycles near x:

(1.4) [,C(IU()’U)Q : )\)] U [ﬁ(SUJoUJO : )\)] = 3P,wo U 3P,swo

where both sides describe the fibers of the infinitesimal neighbourhood of = over the weight wgwg - A\. The
left-hand side of (1.4) comes from the construction of the eigenvarietiy using .JJp,(—), and the knowledge
of possible companion constituents for p in the situation. The right-hand side is provided by the local model
where both 3 p ., and 3 p 5., are non-empty. By methods in [[18]] and Theoremwe know [L(wowg-\)] #
() (Proposition . We need to prove that [L(swowp - A)] # @ which will imply (p, 0% ..,,) € Y(U?, D)
and Homg, (L(swowo - A, 85 g, ) L(p)™) # 0.
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Firstly assume that the Hodge-Tate weights of p are regular. In this case A\r1 > A2 > A3 for all
7. Hence X is a dominant weight. The locally analytic representation of the form L£(\, 0z ., ) is locally
algebraic and the cycle [£(wowp-A)] is then contained in the de Rham locus. However, Zp ,,, is equal to the
locus where v = 0 in Zp = Zp. From which we get [L(wowo - A)] C 3pw, and 3psw, L [L(wowg - N)].
Hence [£(swowp - A)] # 0 by (L.4). This is the strategy used in [[18] for such situation.

Now assume that the 7o-Hodge-Tate weights of p,,, are not regular and are equal to (2,1, 1) so that
Aro = (2,2,3) and 55, - Ar, = (1,3,3). Theorem|L.5]implies that the cycle [£(wowp - A)] is {70 }-partially
de Rham with respect to the standard Levi subalgebra gl, x gl; of gl5. Since (1, 3, 3) is not dominant with
respect to gly x gly, Theoremtells that the cycle 3 p s, is not fully contained in the {7y }-partially de
Rham locus (with respect to gl, x gl;). Hence 3p 5w, € [L(wowp - A)] which forces [L(swowq - A)] # 0
by (L.4).

Remark 1.9. The above strategy also allows obtaining certain companion points or constituents for non-
de Rham trianguline representations. Theorem [I.6|suggests a partial classicality conjecture (a converse of

Theorem|[I.3)) for almost de Rham representations with regular Hodge-Tate weights which is closely related
to the locally analytic socle conjecture (Proposition [5.21).

1.5. Outline of the paper. We give a brief overview of the contents of the paper.

studies the varieties appearing for the local models. The unibranch property of the local models is
proved in §2.3] (Theorem 2.12). §2.5|contains the results on the generalized Steinberg varieties (Theorem
[2.24). §2.6)is a complement of §2.5|to provide a point of view from geometric representation theory.

§3] establishes the local models for the trianguline variety in the non-regular cases. This part follows
closely with [[18] in the regular cases. The first sections are devoted to recall and generalize the deformation
theory of trianguline (¢, I')-modules. transports the results on the Steinberg varieties in to the
trianguline variety via the local models.

§4] contains our main results on companion points and constituents and their proofs. §4.1] concerns the
existence of local companion points on the trianguline variety. §4.7]is to recall the global settings and §4.3|
recalls the theory of locally analytic representations and the definition of companion constituents. §4.4]is
the core part where we prove the main theorems (Theorem and Theorem [4.12). The key induction
step is Proposition which uses the results on Steinberg varieties in §2.5]and Theorem [4.4] The proof of
Theorem [4.4] absorbs the results, postponed in §5] on the partially classical companion constituents.

§B]concerns the partially classical families and the partial classicality. A large effort (§5.2}§5.5) is for the
construction of the partial eigenvarieties and studying their basic properties where most results have been
obtained by Ding. We adapt his method in our setting to get the patched and more partial versions. The
aim is to prove Theorem in §5.6]on the partial de Rhamness of partially classical constituents which
have been used in §4.4] discusses the conjecture on partial classicality and several results for almost
de Rham representations.

In Appendix [A] we generalize certain result of Berger-Colmez in [6] on de Rham families of Galois
representations to almost de Rham families of (¢, I")-modules (Proposition . The result we get is
stronger than what we need (in the proof of Proposition and Theorem and is possibly known to
experts. We include a proof as it might be of use in the future.

1.6. Acknowledgments. This is part of the author’s PhD thesis. I would like to express my sincere grati-
tude to my advisor Benjamin Schraen for introducing me to the subject, for many helpful discussions and
suggestions, and for his reading and comments on earlier drafts of this paper. I would like to thank Simon
Riche for answering my questions and helpful suggestions and thank Yiwen Ding for answering my ques-
tions. Part of the work in this paper was presented at the Paris-London Number Theory Seminar (online)
in November 2020, and I would like to thank the organizers for their invitation. This work was supported
by Ecole Doctorale de Mathématique Hadamard (EDMH). I would like to thank the anonymous referee for
helpful comments and corrections.

1.7. Notation.

1.7.1. Reductive groups. Let G denote a connected split reductive group over a field £ with a maximal torus
T, a Borel subgroup B containing 7" and the Levi decomposition B = TU. Write B for the opposite Borel
subgroup and U for the unipotent radical of B. Write R* (resp. R, resp. R™) for the set of all positive roots
with respect to B (resp. roots, resp. negative roots with respect to B) of G. Write A for the set of positive
simple roots. For a root «, denote by oV the corresponding coroot. We have in particular {(a¥, ) = 2,
where (—, —) denotes the pairing between the lattices of coweights X, (T") and weights X*(7") of T. Write
W for the Weyl group of G and for & € R, denote by s, € W for the corresponding reflection. Let
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S = {sa | @ € A} be the set of simple reflections. For every w € W, we fix an element w € N¢(T)(k)
that is sent to w via the isomorphism N¢(T')/T ~ W where Ng(T') denotes the normalizer of T in W.
We have («, sg(p)) = (sg(a),p) fora € R, 5 € A, u € X.(T).

We use fraktur letters g (resp. b, resp. p, resp. t, resp. u, resp. u, etc.) for the Lie algebra of G (resp. B,
resp. P, resp. T, resp. U, resp. U, etc.). Denote by Ad : G — End(g) the adjoint representation. For a Lie
algebra g, denote by U(g) the universal enveloping algebra.

If P is a standard parabolic subgroup of GG containing B, let P = M p Np be the standard Levi decompo-
sition, where M p is the standard Levi subgroup containing 7'. Let By;, = BN Mp and Uy, = U N Mp.
Let Rp C R be the set of roots of Mp and let RS, = Rt N Rp, Ry, =R NRp,Ap = ANRp. Let
mp (resp. np, resp. by, resp. ups,) be the Lie algebra of Mp (resp. Np, resp. By, resp. Ups,). In
particular, np = u.

Write Wp for the Weyl group of Mp. Let Ig(—) denote the length of elements in W with respect to the
set of simple reflections in S. We use the symbols <, >, <, > to denote the strong Bruhat order (resp. partial
Bruhat order) on W (resp. W/Wp) with respect to the Coxeter system (W, S) [8l §2.1, §2.5]. Write W ¥
for the set of elements w € W that are the unique shortest elements in the cosets wWp (cf. [8, §2.4]). Then
W = WFPWp. If w € W, let w = w"wp be the unique decomposition such that w” € W¥ wp € Wp
(8, Prop. 2.4.4]). The map W — WP . w— wP is order preserving ([8, Prop. 2.5.1]) and the partial
order on W/Wp is induced by the order on W via the bijection W <+ W/Wp. For w € W/Wp, let
lgp(w) := lg(w?) where wf € W N wWp. When it is clear from the context, for w € W, we use the
same notation w to denote the coset wiWp € W/Wp. Write wy (resp. wp,) for the longest element in W
(resp. Wp).

We write BwP/ P for the Schubert variety in the flag variety G/ P corresponding to w € W/Wp. It is
the closure of the Schubert cell BwP/P in G/P (cf. [53] 11.13.8]).

A weight A € X*(T') which is also viewed as a weight of t is said to be a dominant (resp. antidominant)
weight for a standard Levi subgroup Mp or its Lie algebra m p (with respect to By, or byy,,) if (a¥, A) > 0
(resp. (@¥,A) < 0)foralla € Ap.

The dot action is given by w - A = w(A + p) — pforall w € W and A € X*(T) where p is the half sum
of all positive roots.

1.7.2. Local fields. Let K be a finite extension of Q, with a uniformizer wy. Write Og for the ring of
integers of K and kg for the residue field. Let K be an algebraic closure of K and C' be the completion of
K. Let K, be the maximal unramified subfield of K. Write G := Gal(K/K) for its Galois group. Let
Bz = Biz(C),Bar = B3 [}] be Fontaine’s de Rham period rings, where ¢ is Fontaine’s 27i. Let K (/150
be the extension of K by adding all p-th power roots of unity, and we define I' s := Gal(K (1100)/K).

Take L a finite extension of QQ, that splits K. Let Cy, denote the category of commutative local Artinian
L-algebras with residue field L. If A € Cy, let m 4 be its maximal ideal and the tensor product — ® 4 L is
always with respect to the map modulo m4. Let X be the set of embeddings 7 : K — L.

Write 7 for the Q,-rigid analytic space parametrizing continuous characters of K * (cf. [54, Exam.
6.1.5)and T, =T xq, L. If A is an affinoid L-algebra, and 6 : K* — A* is a continuous character,
ie. locally Q,-analytic, then define the weight wt(5) € Homg, (K, A) : x — L5(exp(tz)) |¢=o. We
identify Homg, (K, A) with K ®q, A via the trace pairing of K and let wt.(J) be the 7-part of wt(J) €
K ®Qp A= HTGE A.

Let € be the cyclotomic character of Gx and we still use € to denote the character N/, [Nx/q, |0,
of K* where Nk /g, is the norm map and | — |, is the standard valuation of Q,. For any a € L*, let
unr(a) : K* — L* be the unramified character sending wg to a. If k = (k,),ex € Z=, write z¥ for the
character K* — L* : z = [[cx 7(2)F7. If § = (8;)ier : (K*)! — A* is a continuous character of
(K*)! for a finite set I, we write wt(8) := (wt(8;))ics € (K ®g, A)’ and similarly for wt,(8). If A is
a finite local L-algebra and 6 : K* — A*, then we say J is (QQ,-)algebraic (resp. locally (Q,-)algebraic,
resp. smooth) if § = z¥ for some k € Z* (resp. wt,(J) € Z C A,¥7 € X, resp. wt(5) = 0). We say
J: (KX¥)I — A% is (Q,-)algebraic (resp. locally (Q,-)algebraic, resp. smooth) if d; is (Q,-)algebraic
(resp. locally (Q,-)algebraic, resp. smooth) for all ¢ € I.

If X is a rigid space, we write R x i for the Robba ring of K over X ([54, Def. 6.2.1], our notation
follows [18])) and if A is an affinoid algebra, write R4 x = Rgpa),x- If 6 : K* — I'(X,0x)*
is a continuous character, let Rx x () (or Ra k() if X = Sp(A)) be the rank one (p,I'x)-module
over Rx g constructed in [54, Cons. 6.2.4]. If Dx is a (¢, 'k )-module over Rx k., set Dx () =
Dx ®rx x Rx,kx(0).



LOCAL MODELS FOR THE TRIANGULINE VARIETY AND PARTIALLY CLASSICAL FAMILIES 9

1.7.3. Miscellaneous. For a positive integer n, write S,, for the n-th symmetric group.

If  is a point on X, a scheme locally of finite type over a field or a rigid analytic variety, then we denote
by k() the residue field at z. Write X4 for the underlying reduced subspace.

If X is a scheme locally of finite type over a finite extension L of Q,, then we write X8 for its rigid
analytification ([12, §5.4]). If R is a commutative Noetherian complete local ring over Oy, of residue field
finite over ky,, then we denote by Spf(R) the formal scheme defined by R with its maximal ideal and we
write Spf (R)rig for its rigid generic fiber in the sense of Berthelot ([27, §7]).

If R is a commutative ring, then write Rred .= R /J for its nilreduction where J is the nilradical of R.
If R is a commutative Noetherian local ring, denote by R the completion of R with respect to the maximal
ideal of R. R

If Z is a topologically finitely generated abelian p-adic Lie group, then we write Z for the rigid analytic
space over (Q,, parameterizing continuous characters of Z (cf. [54} Prop. 6.1.1]).

If g is a finite-dimensional Lie algebra over a field k, then we use the same notation g to denote the affine
scheme over k such that g(A) = A ®y, g for any commutative k-algebra A.

If V is a module over a ring R and I is an ideal of R, then write V'[I] for the subset {v € V | av =
0,Va € I}. If V is a vector space over a field with a linear action of a group G, then write V& for the
subspace {v € V' | gv = v,Vg € G}.

2. UNIBRANCHNESS

In this section, we study some generalized version of the varieties built from Grothendieck’s simultane-
ous resolution in [62], [7]] and [[18]].

We fix a connected split reductive group G over a field k£ with characteristic that is very good for G ([55}
Def. VI.1.6], we will only need the case when char(k) = 0), with a maximal torus 7', a Borel subgroup
B = TU containing T" and a standard parabolic subgroup P = MpNp. Let g (resp. b, resp. p, resp. &,
etc.) be the Lie algebra of G (resp. B, resp. P, resp. T, etc.). Let W be the Weyl group of G.

2.1. The varieties. We shall define the varieties that we are going to study. Define the following schemes
over k:

Xp:={(,01B,02P) € g x G/Bx G/P | Ad (g, ") v € b,Ad (95 ") v € p}
Yp :={(v,gP) € bx G/P | Ad (g_l) veEp}.

If P = B, then Xp is defined in [18] and we denote by X := Xp,Y := Yp. The scheme Xp (resp. Yp)
is equipped with a left G-action (resp. B-action) given by g (v, 1B, g2 P) = (Ad (g) v, g1 B, gg2 P) for
any g € G, (v, 1B,92P) € Xp (tesp. b(v,gP) = (Ad(b)v, bgP) for any b € B, (v,gP) € Yp). The
morphism G xZ Yp — Xp sending (g, (v, g1 P)) to (Ad (g) v, 9B, gg1 P) is an isomorphism, where the
notation of G x Z Yp is taken from [53, 1.5.14]. Let U be the opposite unipotent subgroup with respect to
B. The projection G — G/ B is locally trivial: G is covered by open subsets of the form gUB, g € G and
gUB ~ U x B as varieties. Hence Xp ~ G x? Yp is covered by open subschemes that are isomorphic to
U x Yp. Note that U is smooth.

Suppose w € W/Wp. Let Up,, = {(q1B,g2P) € G/B x G/P | g 'g2P € BwP/P} be the equi-
variant partial Schubert cell in G/B x G/P. Then Up,,, is a locally closed subscheme in G/B x G/P of
dimension dim G — dim B + 1gp(w) ([53} 11.13.8]). We let

2.1) Vpw = {(v,;1B,92P) € Xp | g; 'goP € BwP}

be the preimage of Up,, in Xp under the natural projection Xp — G/B x G/P and define ng w =
{(v,gP) € b x BwP/P|Ad(g7") v € p} similarly.

Definition 2.1. For every w € W/Wp, let Xp,, (resp. Yp,,) be the Zariski closure of Vp,, in Xp (resp.
the Zariski closure of VE » 1N Yp) equipped with the reduced induced subscheme structure. When P = B,
we write X, (resp. Y,,,) for Xp ,, (resp. Yp ).

We define a variety gp := {(v,gP) € g x G/P | Ad (g7 *) v € p} ~ G x” p and denote by § := gp.
The projection to the first factor ¢p : gp — g is the (partial) Grothendieck simultaneous resolution ([55}
VL8]). The scheme X p is isomorphic to g x4 gp as in [18] for X.

Define prp : Xp = g X4 gp — @ to be the projection to the first factor and prp, to be its restriction
to Xp,,. Similarly, we can define morphisms pry, and pry, ,, which send (v,gP) € Yp C b x G/P to
v € b. Welet g"°® C g (resp. g"°¢~"°) be the open subscheme of g consisting of regular elements which
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by definition are those elements in g whose orbits under the adjoint action of GG have the maximal possible
dimension (resp. regular semisimple elements). Let g*°8 := qjgl(greg ) (resp. gree s = qgl(greg*“)).

Proposition 2.2. (1) The scheme Xp (resp. Yp) is reduced, is a locally complete intersection, hence
Cohen-Macaulay, and is equidimensional of dimension dim G (resp. dim B). Its irreducible com-
ponents are X py, (resp. Yp.,) for w € W/Wp.

(2) For each w € W/Wp, the morphism Prpy @ XpPw — g (resp. pr}é’w : Ypy — b)is proper
birational surjective and is an isomorphism over g*°8 (resp. b*°8 := b N g™°8).

Proof. The proof goes in the same way as that in [[18] §2.2] and we only give a sketch here. The fiber of the
projection Vp,,, — Up,, over a point (¢1.B, g2 P) € Up,, C G/B x G/Pis

{(r,91B,92P) € Xp | v € Ad(g1)b N Ad(g2)p}

which is isomorphic to b1 Ad(w)p as schemes where @ € W is the shortest element in wWp. The variety
b N Ad(w)p is an affine space of dimension dim B — lgp(w) ([10, Prop. 3.9 (ii)] or Lemma [2.6] below).
Using [18] Lem. 2.2.2] we see that Vp,, is a geometric vector bundle over Up,,, of total dimension dim G.
Hence Xp,,, is irreducible of dimension dim G for every w € W/Wp. The scheme X p is a union of the
subsets Xp,,,w € W/Wp and is locally cut out by dim G — dim B + dim G — dim P equations from a
smooth variety g x G/B x G/ P. Thus X p is locally of complete intersection, hence Cohen-Macaulay and
equidimensional of dimension dim G. The reducedness of X p and (2) for X p can be proved by the same
arguments in the proof of [18, Thm. 2.2.6] using Lemma below to argue that each Xp ,, contains one
point in the fiber over any point of g™~ of the map prp : Xp — g. The proof of results for Yp is similar
or using the results for X p together with the isomorphism G' x? Yp ~ Xp. ]

There is a natural proper surjective morphism of schemes ¢g p : § — gp, (v, 9B) — (v, gP). In fact,
the surjectivity can be tested over an algebraically closed field and for closed points since the source and
the target are both algebraic varieties. For any geometric point (v,g) € g x G such that Ad (g_l) veEp,
one can always find an element h € Mp such that Ad(h~tg~1)v € b, then the point (v, ghB) € X is sent

to (v,gP) € Xp by qp,p. Now we have a factorization of ¢ : g 72" §p I8 g. The following lemma is a
plain generalization of [18, Prop. 2.1.1].

Lemma 2.3. The morphism qp : gp — @ is proper and surjective. It is finite over g'°® and is étale of
degree |W/Wp| over gre8—=s,

Proof. The properness of gp comes from the factorization gp : gp < g x G/P — g and the fact that the
flag variety G/ P is proper. Since gg = ¢p © gp,p and gp is surjective by [[18, Prop. 2.1.1], gp must be
surjective. Since ¢p is quasi-finite over g*°#, for any point s € g8, the fiber qgl (s) is finite, hence the fiber
qgl(s) =qBp (qgl(s)) is finite using the fact that the map ¢p p is surjective. Hence ¢p is quasi-finite
over g"°¢ and thus is also finite over g"®® since gp is proper. Let t"°% be the open subscheme of t consisting
of regular elements in the Lie algebra t of the torus 7'. By the proof of [55, Thm. VI.9.1] and the assumption
that the characteristic of k is good for GG, the morphism "¢ x G /T — g™¢ =% : (¢, ¢T) — (Ad (g)t, gB) is
an isomorphism. The Weyl group W acts on the right on t*°¢ x G//T by w(t, ¢T) = (Ad(xvr~1)t, gwT) for

w € W. Then the composite map ¢/ : t°°8 x G/T = gres—=s I8 gres=ss 5 a Galois covering with Galois
qgB.P _1

group W. Consider the morphism ¢ p : t*°8 x G/T = a5 (ge>) "5 ¢! (g"# "), One check
that ¢ p factors through ("¢ x G/T')/Wp, the étale sub-covering of ¢} associated with the subgroup
Wp. We only need to verify that the induced morphism of varieties (t°¢ x G/T)/Wp — q¢p'(g"8~*)
is an isomorphism. We may assume £ is algebraically closed. If two k-points (¢1,91), (t2,92) € (£°8 X
G) (k) are sent to the same point in gp, then Ad(g;)t; = Ad(gz)ts and g 'go € P(k). Since t;,t, are
regular, their centralizer in G is 7. Comparing the centralizer of Ad(g;)t; and Ad(g)ts we get g5 'g1 €
Ng(T)(k) N P(k). Thus the image of g5 'g; in the Weyl group lies in Wp. Hence the map on k-points
((te& x G/T)/Wp) (k) — qp'(g"8*)(k) is a bijection. Now using an infinitesimal argument as in
Step 2 and Step 5 of the proof of [55, Thm. VI.9.1], and notice that both (t"8 x G/T")/Wp (being an
étale covering of the smooth variety g"®¢~%%) and qgl(greg_ss) (being an open subscheme of the smooth
variety gp) are smooth varieties, we conclude that the map (£°8 x G/T)/Wp — ¢p'(g"&™) is an
isomorphism. O

We have a surjective proper morphism pp : X = g xg 9 — Xp = g Xggp fromgpp : g — gp
by base change. For w € W, we will use the same notation w to denote the image wWp in W/Wp
when it is clear from the context and write Xp ,, VP, Up, etc. for simplicity. The natural morphism
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G/B x G/B — G/B x G/P sends Up 4, to Up,, for every w € W. Thus the open dense subscheme
VB, of Xy, is sent into the open dense subscheme Vp,, of Xp,, by pp. Since X,, is a reduced closed

subscheme of X and Xp,, is Zariski closed in Xp, pp sends each X,, into Xp,,. We let pp,, be the

.. . . w Plpw ~ .
restriction of pp on X,,. Then there is a factorization pr Buw ' Xuw Pre x Puw X g. Since both pr Bw

and prp,, are proper birational morphisms by Proposition @ so is pp,,. We have a similarly defined
morphism p%}w : Y, — Yp,, for every w € W and we get a sequence of proper birational morphisms

Y Y
Pp.aw PTp w . .. .
Yy — Yp, — b.Since Xp,, (tesp. Yp,,) is irreducible, we have

Proposition 2.4. For every w € W, the morphism pp,, : Xy, — Xp,, (resp. p};’w 2 Yy, = Ypu)isa
proper birational surjection.

Remark 2.5. Assume w € WP, then the map pp, : Xop = Xpa (reps. pp,, : Yo = Yp,,) induces an
isomorphism of open subvarieties V., = Vp (tesp. V3, = V3 ):if v € band g = biv € BwP
satisfy Ad (g7!) v € p, then Ad (g7 ') v € b by Lemmabelow.

The following lemma is elementary (see [10, Prop. 3.9 (ii)]). But it is the combinatorial reason for
several results in this section, therefore we include a proof here.

Lemma 2.6. Let w € W, then the following statements are equivalent:
(1) we Wr;
(2) If v € b, then Ad(w) v € p if and only if Ad(w)'v € b;
(3) {a € RT |w(a) € RT}NRE=0;
(4) w(R}p) C RY;
(5) Ad(w)(mpNu) Cu

and for any w € W, 1gp(w) = [{a € R* \ R} | w(a) € R7}|.

Proof. We have s,(RT) = {—a} U RT \ {a} for every a € A ([531, Lem. 10.2.B]). Hence for a € A,
{a/ € RT | wsa(a’) € R™}| isequal to [{o/ € Rt | w(a’) € R™}| — 1 if and only if w(a) € R™.
Hence lg(ws,) = lg(w) — 1 if and only if w(«) € R™, from which we deduce (3) = (1). Conversely we
assume (1). Then w(Ap) C RT. Hence (1) = (3). The equivalence between (3), (4), and (5) is trivial.
The assertion (2) is equivalent to that w™!(RT) N Ry = 0 or w(Rp) N RT = () which is just (4) with a
minus sign. Now if w € W and we write w = wPwp,wp € Wp. Since wp(RT \ R}) = RT \ R}, we
getlg(w?) = {a € R*\ Rj |wP(a) e R=} ={a € RT\ R} | w(a) € R7}. O

We will also need the following lemma.

Lemma 2.7. If w,w' € W/Wp, then Xp., N Vp # 0 only if w > w' with respect to the Bruhat order
on W/Wp.

Proof. For w € W/Wp, let U p,, be the closure of Up,, in G/B x G/P. As Up,, ~ G x® BwP/P
under the isomorphism G/B x G/P = G xB G/P : (q1B,92P) ~ (91,97 'g2P), by [53, 1.5.21
)], Upw ~ G xB BwP/P. For w € W/Wp, writt wf € wWp for the shortest representative.
Then by definition, w > w’ in W/Wp if and only if w > (w’)¥ in W. Hence by [53} 11.13.8 (4)],
Bw'P/P C BwP/P if and only if w > w’ in W/Wp. In particular, Bw'P/P C BwP/P if and
only if w > w’ in W/Wp. Since BwP/P is B-invariant, we get BwP/P = U<, Bw'P/P. Hence
Up)w = Uy <wUpw. Thus Xp,, is contained in the closed subspace

{(Va ngngP) € XP | (ngMQQP) € Up’w} = Uw/ngP,w/

of Xp by definition. As Vp s, w € W/Wp are pairwise disjoint, Xp,, N Vp, = 0 if w’ is not < w in
W/Whe. O

2.2. Unibranchness. We recall the notion of unibranchness. A local ring R is called unibranch if the
reduced reduction R**¢ is a domain and the integral closure R’ of R4 in its field of fractions is local. We
say that a locally Noetherian scheme S is unibranch at a point s € S if the local ring Og , is unibranch.

Lemma 2.8. Let R be a reduced excellent Noetherian local ring, then R is unibranch if and only if its
completion R with respect to the maximal ideal is irreducible.

Proof. This is [44} Sch. 7.8.3(vii)]. O



12 ZHIXIANG WU

Proposition 2.9. Ler f : Y — X be a morphism of integral algebraic varieties over a field k. Assume that
Y is normal and that f is proper and surjective. If v € X is a point such that the fiber f~1(x) of f over
x is connected, then the local ring Ox , is unibranch and its completion O X,z With respect to the maximal
ideal is irreducible.

Proof. Letv : X¥ — X be the normalization of X. Since X is integral, X" is integral and the morphism
v is a finite SllI‘JCCthIl (see [67, Tag 035Q] and [67, Tag 035S]). Since Y is normal, there exists a unique

factorization f : Y % X7 % X (see also [67, Tag 035Q]). Since f is proper and v is finite, f’ is also
proper ([67, Tag 01W6]). The image of f” is then a closed subset of X. If f’ is not dominant, the generic
point of X” is not in the image of f’, then the generic point of X is not in the image of f, which contradicts
that f is surjective. Hence f” is surjective. We have morphisms

£ @) 5 vl (@) - Spec(k(x)),

where k(x) denotes the residue field at x € X. Since the morphism f~!(z) EN v~1(x) is surjective and
f~1(z) is connected, we get that v~ (x) is connected. Now assume that x is contained in an affine open
subset Spec(A) of X. Then v~ (Spec(A)) = Spec(A’) where A’ is the integral closure of A in its field of
fractions. Suppose that x corresponds to a prime ideal p of A. Then v~'(z) = Spec(4}/pA}) where A,
is also the normalization of A, in its field of fractions ([67, Tag 0307]). As A; is finite over A,, the fiber
Spec(A;,/pAj) is finite over Spec(k(z)) and thus is a finite union of discrete points as a topological space.
The connectedness of the fiber means that Spec(Ay, /pAy) consists of only one point. Hence there is only
one prime ideal p’ of A; which lies above p. Since finite morphisms are closed, p’ is the unique maximal

ideal of A; and thus A;, is local. Since Ox , is excellent, we get Ox , = A, is unibranch and @X@ is
irreducible by [44} Prop. 7.6.1] and [44} Sch. 7.8.3(vii)]. ([l

2.3. Connectedness of fibers over nilpotent elements. We establish the unibranch property for Xp,, (or
Yp ) at certain points using Proposition@]and the normality of X, ([18, Thm. 2.3.6]).
Recall by Proposition 2.4} we have a sequence of birational proper surjective morphisms:

pr pr

Yo = Ypy b.
Let AV be the nilpotent subvariety of g consisting of nilpotent elements (cf. [53, VI.3]). Thenu = b NN
Denote by prY := prgw : Y, — b,

Proposition 2.10. [fv € u C b is a closed point and w € W, then the closed subset (pr})~1(v) of Y,, is
equal to

{(V,gB) € b x BuB/B | Ad(g~)v € b} .

Proof. The resultis equivalent to that (pr} )1 (u) = {(1/, gB) €eux BwB/B | Ad(g~)v € b} as closed
subsets of Y,,. We have

G xP (pr}) " (w) = {(1,q1B,92B) € N x G/B x G/B | (v,;1B,92B) € Xy} = X
as closed subsets of X, in the notation of [18} §2.4]. The Steinberg variety
Z:={(v,91B,9:B) e N x G/B x G/B|Ad (g7 ") v €u,Ad (g5 ') v € u}

has irreducible components Z,,, w’ € W which are the Zariski closures of the following subsets (see
for more details)

{(v,q1B,92B) € N x G/B x G/B | Ad (97 ") v € u,Ad (95 ') v € u, g7 ' 9. € Bu'B/B} .

The union of the irreducible components Z,,, for w’ < w of the Steinberg variety is then the closed subset
{(V,ng,ggB) eN xG/BxG/B|Ad (gfl) v eu,Ad (92—1) veE u,gflgg € BwB/B}
=G xP {(1/, gB) € ux BwB/B | Ad(g v € u} ,

by the usual closure relation BwB/B = Uy <, Bw'B/B ([53| 11.13.7]). By [18 Thm. 2.4.7] and the
discussion after it, we have X, = Uw’<wZw - Then we get

G xB (pr¥)(u) = G <P {(y,gB) cux BwB/B | Ad(g~Y)v € u}


https://stacks.math.columbia.edu/tag/035Q
https://stacks.math.columbia.edu/tag/035S
https://stacks.math.columbia.edu/tag/035Q
https://stacks.math.columbia.edu/tag/01W6
https://stacks.math.columbia.edu/tag/0307
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as closed subsets of X,,. Hence (pr})~'(u) = {(u, gB) € ux BwB/B | Ad(g~')v € u} as closed
subsets of Y,,. Finally, we have an equality

{(V,gB) cux BwB/B|Ad(g ') e u} = {(V,gB) €ux BwB/B|Ad(g ") e b}
of closed subsets since the two sides are both closed subschemes in Y,,, and contain same closed points. [

Now if w € W is the longest element in wWp, then BwB/ B is the preimage of Bw P/ P via the natural
projection G/B — G/ P (cf. [53, 11.13.8 (2)]). In particular, BuBP = BwB.

Proposition 2.11. Assume that w € W is the longest element in wWp. If & = (Vz, 9. P) € Ypuw C
bx BwP/ P is a closed point such that v, is nilpotent (i.e. v,, € u), then the fiber (pgw)f1 (x) is connected.

Proof. We have a commutative diagram

(Ppw) (@) = (prh) H(vs) Yo © b x BuB/B

| Y | {

r ——— (prp,) '(va) —— Ypw —— bx BwP/P

where each horizontal arrow is a closed embedding and each vertical arrow is surjective and projective.
One sees that the formation of the varieties Yp,, commutes with base change by fields: the formation of the
varieties V}{ » and Yp commutes with base change by definition and after base change to a separable closure
of k, the Zariski closure of V}f » With the reduced structure is still irreducible and descends (cf. [9, Cor.
AG.14.6]). And the fiber k() Xy, , x, k(z) (Yo X B(2)) = k(7) Xvp < ok(e) (YPw Xk E(2)) Xvp, Yo =

k(z) Xyp,, Y. Thus we may assume k(z) = k by base change. The composition (pr})~!(v,) =

{(yw, gB) € b x BuB/B | Ad(g~ v, € b} — (pr¥,) " (v2) = ve x BwP/P can be identified with
the morphism

2.2) {gB € BuB/B | Ad(g v, € b} — BwPJP : gB v gP,

where we only consider the underlying reduced varieties and have used Proposition [2.10] To show that the
fiber (p}g’w)_l(x) is connected, we only need to show that the morphism (2.2)) has connected fibers. We
pick a closed point g, B in the fiber of g, P. The fiber over g, P is

{gB € BuB/B | Ad(g~ vy € b, g g € P/B} ~ {gB € P/B | Ad(g™") (Ad(g; )vs) € b}

since g € P/B implies that g,g € BwBP/B = BwB/B by the assumption on w. To show that the latter
is connected, we can assume that g, is trivial and v, € u by replacing (v, g, B) with (Ad(g,')vs, B).
Assume that P = MpNp is the standard Levi decomposition and p = mp + np where mp (resp. np)
is the Lie algebra of Mp (resp. Np). Let By, = B N Mp, by, be its Lie algebra and uy,, be the
variety of nilpotent elements in by;,.. We have P/B ~ Mp /By, ([53} I1.1.8 (5)]). We can decompose
Vy = Mg + ng, where m, € uy, and n, € np. Since Ad(P)np C np, an element gBys, € Mp/Byy,
satisfies Ad(g~!)v, € bif and only if Ad(g~1)m, € bys,. Hence there is an isomorphism

{9B € P/B|Ad(g")(v;) € b} = {gBum, € Mp/Bu, | Ad(g™")(my) € b, } -

As a closed subspace of Mp /By, this is the Springer fiber: the fiber of the Springer resolution N Mp —
N, Mp over the point m, € N, Mp Where N, Mp 18 the nilpotent variety of m pﬂ The nilpotent variety is
normal and, unlike the Grothendieck resolution, the Springer resolution is birational. Hence Springer fibers
are connected by Zariski’s main theorem (cf. [23| Rem. 3.3.26] or [69, §1.4.1]). O

Theorem 2.12. If x = (v,g1B,g2P) € Xp., (resp. © = (v,gP) € Yp,,) is a closed point such that v
is nilpotent, then the local ring Ox, , . (resp. OYP,w»-T) is unibranch and the completion OXp,w.,m (resp.

Oyy , z) is irreducible.

IThe Springer fiber is the reduced subvariety associated with the subscheme {9Bmp € Mp /By | Ad(g7 1) (me) € unp }
which shares the same underlying topological space with the subscheme {gBns, € Mp /B, | Ad(g™1)(ma) € bar,, } since
they have the same closed points (cf. [69] §1.2]).
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Proof. Let w € W such that w is the longest element in wWp. Consider the surjective birational proper
morphism pp., : Xy — Xp (resp. p%yw : Yy, — Yp,,) of integral varieties. The fiber p;,lw (2)
(resp. (;oﬁw)_1 (z)) is connected by Proposition and X, (resp. Y,,) is normal by [18, Thm. 2.3.6].
Hence Xp,,, (resp. Yp,,) is unibranch at x and the completion 1) Xpw,x (TESP. @ypyw,g;) is irreducible by

Proposition O

Remark 2.13. The above results are true in generality. The assumptions in Proposition [2.T1] that v, is
nilpotent and w is the longest element in wWWp can be removed. Using a Bott-Samelson-Demazure type
resolution for Xp ,, in [62, §1.7], one can show that for any w € W, the fiber of pp ., : Xy — Xp oy Over
any point x € Xp,, is connected. Thus by Propositionpl_f] and [18| Thm. 2.3.6], Xp , is unibranch at all
points. One can see also from the proof of Proposition [2.11]that X p,, is in fact geometrically unibranch
(43l §23.2.1]). Moreover, Proposition[?l’ﬁ]can be proved directly without using [18, Thm. 2.4.7].

Corollary 2.14. If x = (v, 1B, g2 P) € Xp., is a closed point such that v is nilpotent, then the irreducible
components ofSpec(OXP ©) are Spec(OXP w.z) Jorw € W/Wp such that x € Xp .

Proof. Suppose that R is a reduced local excellent Noetherian ring with minimal prime ideals p1,--- , P
such that every R/p; is unibranch. By definition, the normalization R’ of R is a product of (R/p;)’, the
normalizations of R/p;. Since R/p; is unibranch, (R/p;)’ is local and thus the number of maximal ideals
of R is m. By [44] Sch. 7.8.3(vii)], minimal pr1me ideals of R correspond bljectlvely to maximal ideals of
R'. Hence there are exactly m minimal ideals of R. Since the quotients R/ pZR R/ p; of R are integral,

they correspond to all irreducible components of Spec(R). ([l

2.4. The weight map. We prove some results for the weight map of Xp ,,. Since the characteristic of k
is very good for G, the ring morphisms S(g*) < S(g*)¢ = S(t*)" induce a morphism v¢ : g — t/W
of k-schemes ([55, VI.8]). Applying this fact to the standard Levi subgroup Mp of P we get a map
Yump 2 mp — t/Wp. We define a map kp : gp — t/Wp : (v,gP) — Yy (Ad( )u) where
Ad(g—1)v denotes the image of Ad(g~!)v in mp under the projection p — p/np — mp. Let 5y : Xp —
t be the map sending (v, g1 B, g2 P) to the image of Ad(g; ')v in t = b/u and k2 be the composition
Xp=9gXg0p — 0P %8 t/Wp. We have the following commutative diagram

g ——— gp —— ¢

HB\L I{P\L KG:"/G\L
f ——— YWp ——— /W

where the horizontal arrows are natural projections. For i = 1,2, w € W/Wp, let k; ,, be the restriction of
k; to the closed subscheme Xp ,,.

Lemma 2.15. We have the following commutative diagram

2,w

Xpw ; t/Wp

t —— /W

where the map t — t/W and t/Wp — t/W are natural projections and the map o : t — t/Wp is the
composition of the map Ad(1v=1) : t — t with the projection t — t/Wp (thus o depends only on the class
of win W/Wp).

Proof. This is a generalization of [18, Lem. 2.3.4]. We only need to show ko, = « o Ki,. Since
Xp,w is the closure of Vp,, = {(1/, g1B,92P) € Xp | gl_lgg S BwP} in Xp, we only need to verify
k2w = Ad(w~1)k1,,, when restricted to Vp,,. Let z = (v, 91 B, g2P) € Xp(S) for a k-algebra S and
by replacing S by some fppf extension, we assume go = g1 € G(S). Then Ad(g;')v € b(S) and
Ad(w~1)Ad(g; Y)v € p(S). We assume w € WP, Then we have Ad(w~')Ad(g1)"'v € b(S) (cf.
Lemma . The image of Ad(g; ')v in mp(S) = p/np(S), denoted by Ad(gy *)v, lies in the subset
barpe (S) = mp(S) N b(S). Let ¢ denote the image of Ad(g; *)v in t(S) = tar,. (S) = bar, (S)/unr, ().
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Then ka(z) = Ymp (Ad(ggl)u) is the image of ¢ in (t/Wp)(S) via the map t — t/Wp (cf. [55] Thm.

VI1.8.3]). We have that x4 ,,(z) is the image of Ad(g1) v in t(S) = b/u(S), thus t = Ad(v ")k w(2).
Hence kg, = 00 0 K1 4p- O

Now let Tp := t x¢w t/Wp and for all w € W/Wp, let Tp,, = {(z,Ad(w™1)2) |z €t} C
t x¢/w t/Wp be closed subschemes of Tp. Then Tp,, =~ tis smooth for any w € W/Wp. Similar
to 18l Lem. 2.5.1], Tp is equidimensional and {T'p,, | w € W/Wp} is the set of irreducible components
of Tp. We have amap (k1, /2) : Xp — Tp and X p,, is the unique irreducible component of X p that dom-

inates T'p,, by Lemma (the dominance comes from the factorization k1 : Xp,,, pri}w g 58 g~ Tpw
and that prp , is surjective by Proposition . Suppose that z = (v, g1 B, g2P) € Xp is a closed point
such that v is nilpotent and let (0,0) = (k1(z), k2(x)) € Tp. If 2z € Xp,, C Xp for some w € W/Wp,
we let )?p’x (resp. )A(p’w,z, resp. /1/—\’1:77(070), resp. fp7w7(070)) be the completion of Xp at z (resp. Xp,,, at z,
resp. Tp at (0,0), resp. T, at (0,0)). Since by Theorem the structure ring of X P,w,z 18 itreducible,
using the same argument for [18, Lem. 2.5.2], we get the following lemma.

Lemma 2.16. The map X Pz < X Pa — Tp 0,0) induced by the completions of the closed embedding
Xpw — Xp and the map (K1, ka) factors through pr (0,0) < Tp 0,0) if and only if w' = w in W/Wp.

2.5. Generalized Steinberg varieties. We shall study certain vanishing properties of irreducible compo-
nents of generalized Steinberg varieties which might be well-known from the perspective of geometric
representation theory (at least for the case when P = B, see §2.6). These vanishing properties will be the
major new ingredients in the global applications of the local models for the trianguline variety.

We pick a standard parabolic subgroup Q = MgNg of G with Lie algebra ¢ = mg + ng and Weyl
group Wq. Let @W be the set of elements w € W such that w is the shortest element in the coset Wgw.
We consider the following scheme depending on the choice of the two parabolic subgroups P and )

Zg,p = {(V,ng,gQP) ENXxG/BxG/P | Ad(gl_l)u € nQ,Ad(ggl)l/ € p}.

As there is an isomorphism N := {(v,9) e N x G/B|Ad(g~")v € b} ~ G xP u, we can replace N
in the above definition by g (cf. [23| §3.2]). When Q = B, Zp := Zp p is some generalized Steinberg
variety considered in [35]. We have a natural closed embedding

ZQyp — Zp

and generally, Zg p C Zg p if Q C Q'. For any w € Wo\W/Wp, we let Zg p.,, be the Zariski closure
of the subset Hg pw := {(v,91B,92P) € Zg.p | g7 92 € QuP/P} in Zg p with the reduced induced
scheme structure. We write Zp ., := Zp p,, for every w € W/Wp. There is a unique shortest element
w € W in each double coset WouwWp € Wo\W/Wp and w € W is the shortest element in WowWp if
and only if w € WP N QW ([68] Prop. 2]).

Proposition 2.17. (1) The scheme Zg p,, is irreducible and has dimension no more than dim G —
dim T.
(2) Zp is equidimensional of dimension dim G — dim T with irreducible components Zp ,,,w €
W/Wp.

(3) For any w € Wo\W/Wp, the following statements are equivalent:
(a) Zq pw = Zpy for somew' € WF;
(b) Ad(w)mp Nu C ng (this condition is independent of the representative of w in W );
(c) if we take a representative w € W N @W, then wg ow € WF.
And if the above statements hold, w'Wp = wg owWp where w € wPnew.
(4) Zq,p is equidimensional of dimension dim G' —dim T with irreducible components ZBwgow W E
QW.
Proof. Take a representative w € W for w € Wy \ W/Wp and we write w instead of w for simplicity.
(D Let Zg,p = {(1,01Q,92P) € N x G/Q x G/P | Ad(g7 ")v € ng,Ad(g5")v € p} be a gener-
alized Steinberg variety in [33]. Then Zg p = Z p X¢/o G/B and the natural morphism Zg p — Zg,p
is a locally trivial fibration of relative dimension dim Q — dim B. Let
Hopw:={(1,01Q,9:P) e N x G/Q x G/P | Ad(g; ")v € ng, Ad(g; v €p, g7 g0 € QuP/P}

and let Z¢ p,,, be the Zariski closure of Hg p. in Zg p. Then Hg pw = Hg pw Xc/o G/B.
We work as in Propositionor [18] Prop. 2.2.5]. The projection Hg p., — G- (Q,wP) C G/Q x
G/ P is G-equivariant (with respect to the diagonal action of G on the double flag variety). The fiber over the
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point (Q, wP) is the affine space ngNAd(w)p. The G-orbit G-(Q, wP) is smooth, irreducible of dimension
dim G—dim QNwPw~!. By Lemma [33, Lem. 2.3], dim G—dim QNwPw~! = dimn,, p,-1+dimng—
dim(ng N nypy-1) = dimnp + dimng — dim(ng N Ad(w)np). Thus by [I8, Lem. 2.2.2], Hg p,y is
a vector bundle over G - (Q,wP) xg,o G/B = {(¢1B,92P) € G/B x G/P | g; 'g> € QuP} and is
smooth of dimension (dim G — dimT) — dimng — dimu+ dimnp + dimng + dimng N Ad(w)mp =
(dim G —dimT) — (dimu—dimnp —dimng NAd(w)mp) = (dim G —dim T') — (dimuNAd(w)mp —
dimng N Ad(w)mp) (the last equality can be deduced from Lemma (4) if we take w € WT). Hence
Z@,pw 18 also irreducible of dimension (dim G —dim T') — (dimuNAd(w)mp —dimng NAd(w)mp) <
dimG — dimT.

(@) If @ = B, then dimu N Ad(w)mp — dimng N Ad(w)mp = 0, the result follows.

(3) By the proof in (1), we see that the dimension of Zg p,, is equal to dim G' — dim 7" if and only if
Ad(w)mp Nu C ng. This proves (a) < (b). In fact, for any w’ € Wq, dim Ad(w'w)mp Nu = dim(u —
np) = dim Ad(w)mp Nu. Thus if Ad(w)mp Nu C ng, then Ad(w'w)mp Nu D Ad(w’)(Ad(w)mp Nu)
of the same dimension and hence Ad(w'w)mp Nu = Ad(w’)(Ad(w)mp Nu) C ng.

Now we take w € WP. Then Ad(w)(mp Nu) C uby Lemma2.6/and in this case, we have (similarly)
Ad(w)(mp Nu) C u and therefore Ad(w)mp Nu = Ad(w)(mp Nu).

(b) = (c): Since w € WF, we get Ad(w)(mp Nu) = Ad(w)mp Nu C ng. As for any w’' € Wo,
Ad(w’)ng = ng, we have Ad(w'w)(mp Nu) C ng C u and we conclude by Lemmathat w'w e WP
for any w’ € Wq,.

(c) = (b): We have Ad(wgq,0)(Ad(w)mp Nu) = Ad(wg,ow)(mp Nu) is contained in u by Lemmal[2.6]
Since Ad(wg 0)ng = ng, Ad(wg,e)(mg Nu) =mg Nuand u = mg Nu+ ng, we get

Ad(w)mp Nu = Ad(wg owg,0)(Ad(w)mp Nu) C Ad(wgo)uNu =ng.

Assume above statements hold. We take w € W¥ N W in (c), then lg(wg ow) = lg(wg,o0) + lg(w).
Hence Bwg ocBwB = Bwg owB (cf. [53L I1.13.5 (7)]). As Q = Bwg 0B ([53,11.13.2 (6)]), Bwg owP =
Bwg oBwP C QwP. Similarly, QwP = Bwg,cBBwBP C Bwg, BwBP = Bwg owP. Let

Hé?’P}w = {(V, 91B,92P) € Zg p | gflgg € BwQ70wP/P}.

By the discussions in (1) and that Bwg owP is open dense in QwP (since Bwg cwP is open dense in
QwP = BwgqowP which contains QuP), the Zariski closure of H, p,, 18 Zg,pw- As Hg p,, C
Zpwg.ows We gt Zg puw C Zpuweg gw- Since dim Zg poy = dim Zp g, gw, We conclude that Zg p . =

ZP,waow-
(4) When P = B, we have Ad(w)mp Nu = {0} C ng for any w € W \W, thus the result follows
from (3). O

Remark 2.18. The result that the scheme ZQ p in the proof of (1) of Proposition (resp. Zp,p) is
equidimensional with the irreducible components parameterized by @ (resp. W) is already known by
[35, Thm. 4.1] (resp. [35, Thm. 3.1])

Corollary 2.19. For any w € W/Wp, Zp,, is contained in Zg p if and only if wWp = wg owiWp for
some w, € WP N QW such that wQ,ow1 € WP.

Proof. Assume Zp,, C Zq, p. Since Zg p = Uy ewo\w/wp 2@, P and each Zg p,, is irreducible, we
get Zpw C Zg pu for some w'. But Zg p,, has dimension no more than dim Zp,,. Hence Zp,, =
Zq, P, - Now the result follows from (3) of Proposition[2.17] O

Corollary 2.20. Let = be a point of Z. g, then there exists an irreducible component Zp ., of Z g such that
T € ZB,w and ZB,w C ZQ,B~

Remark 2.21. The above result for points on Zg p doesn’t hold in general for P # B. For example, if
Q =G, then Zg p = Zg,pe C Zpw, if P # B.

=

Definition 2.22. (1) Let h € X, (T)"? be an antidominant coweight (namely h € X, (T), (o, h) =
0,YVa € Ap and (o, h) < 0,Va € A). We say h is P-regular if (o, h) < 0,Va € A\ Ap.
(2) Forh € X, (T), we say h is strictly Q-dominant if (o, h) > 0,Va € Ag.

Lemma 2.23. Ifh € X, (T)"? is P-regular antidominant, then the set of & € R such that {a,h) < 0
(resp. = 0, resp. > 0) is Rt \ R} (resp. Rp, resp. R~ \ Rp).

Theorem 2.24. Forany w € W/Wp, Zp,, is contained in Zg p if and only if w(h) is strictly Q-dominant
for some (or every) P-regular antidominant coweight h € X, (T)V>.
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Proof. We take an arbitrary P-regular antidominant coweight h € X, (T)"W?. Take the representative
w € WP forw € W/Wp and write w for 1. The statement Ad(w)mp Nu C ng (which is implied
by that Zp,, is contained in Zg p by (3) of Proposition is equivalent to that w(Rp) N Rg = 0,
or w_l(R&S) C R\ Rp. Since h is P-regular, for & € R, {(a,h) # 0 if and only if « ¢ Rp. Thus
Ad(w)mp Nu C ng if and only if (w™!(a),h) = (a,w(h)) # 0,Va € Ra On the other hand, if w(h)
is strictly Q-dominant, then (o, w(h)) > 0,Va € Ra We now only need to prove that in the case when
(o, w(h)) # 0 for all & € R, we have w(h) is strictly Q-dominant if and only if wg ow € W N @W by
(3) of Proposition[2.17]

Since now Ad(w)mp Nu C ng and w € WF, we have wg ow € W7 as in the proof of (3.b) =
(3.c) of Proposition Let wy = wgow. Then wy € QW if and only if wl_l € W€, The latter
is equivalent to wfl(RZS) C RT by Lemma We calculate that (o, w(h)) = (wg (), wi(h)) =
—(—wqo(@), w1 (h)) for every a € RS. As —wqo(RS) = —Rg = R, (cf. 53 I1.1.5]), we get that
(o, w(h)) > 0 (resp. > 0) forall & € Rg if and only if (v, wq (h)) < 0 (resp. < 0) for all o« € Ra

If wi ' (RY) € RY, then (o, wy (h)) = (w; '(e), h) < 0forall @ € Ry, since h is P-regular antidom-
inant. Thus (o, w(h)) > 0 for all & € Ra But we know (o, w(h)) # 0, hence (o, w(h)) > 0 for any
o€ Ra Thus w(h) is strictly Q-dominant.

Conversely if (o, w(h)) > 0 for all @ € R}, we get (w; '(a),h) < 0forall a € R}. Since his
P-regular and antidominant, we get w; ' (o) € Rt \ R}, Va € Ra In particular, w; 1(R5) C R™. Thus
w, € WEPNQW. O

The following lemma will be very important for us.

Lemma 2.25. If wWp # woWp, then there exists o € A such that sqw > w in W/Wp and a standard
parabolic subgroup Q of G satisfying both Zp ., ¢ Zg p and Zp s ., C Zg,p (Which implies that s,w(h)
is strictly Q-dominant by Theorem for every P-regular antidominant coweighth € X, (T)"V?).

Proof. We assume w € WT. We claim that we can take a simple root v € A such that o € w(R* \ R})
(or equivalently (o, w(h)) < 0). If two roots ay, 0 ¢ R* \ R} (equivalently (o, h) > 0,5 = 1,2),
then a; + ap ¢ RT \ R5. Thus w™'(R*) N (R* \ RS) = 0 if and only if w™1(A) N (RT \ R}) =
(. Assume that R* N w(R* \ R5) = (. Then R~ Nwow(R* \ Rf) = 0. This is only possible if
wow € Wp (cf. Lemma which contradicts our assumption. Hence we can take o € w(RT \ R5) N
A. Since so(RT \ {a}) = RT \ {a} and so(e) = —a, we get {o/ € R\ R} | sqw(a’) € R™} =
ﬁ’ € RT\ R} |w(e) € R} [ {w ™ (a)}. Thus lg(sqw) = lg(w) + 1 and sqw € W by Lemma
Now take () = B(a) = Bs, B the standard parabolic subgroup with Rg = {a}. Then wg o = sa,
we WPNQW and s,w ¢ W. By Corollary Zpsow C Zg.pand Zp,, ¢ Zg, p (and now s,w(h)
is strictly @-dominant and w(h) is not). O

The projection pp : Xp — Xp induces a proper surjective morphism Zg — Zp. Since p(Hp gw) C
Hp p., we see pp sends Zp 4, to Zp,, forany w € W. When w € WP, the morphism Hp g ., —
Hp p ., is an isomorphism (cf. Remark and pp induces a proper birational surjection Zp ,, — Zp, if
and only if w € W (for the only if part, see [35, Thm. 3.3]). For any w € W/Wp, let X p,, := /{il (0)

and X p := K',l_l (0) be the scheme-theoretic fiber over the zero weight. The underlying reduced space Yﬁi
is contained in Zp. It follows from the discussions after [[18, Thm. 2.4.7] that YBM = Uy/<wZB,w Which
we have used in the proof of Proposition Forw € W/Wp, since ppay : Xpw — X ;,w is surjective
for any representative w € W, we get X p oy = Uy <w,w/eWw/Wp ZPw' -

We pick an arbitrary closed point z € Xp C Xpand assume z € H B,P,w, for some w, € W/Wp
(or equivalently x is in Vp,,  which is defined in @ We have always x € Zp,,, C Xp, for any
we W/ Wp,w > w,.

Recall that if A is an excellent Noetherian local ring and A is the completion of A at the maximal
ideal, then the set of irreducible components of Spec(ﬁ) is the disjoint union of the sets of irreducible
components of Spec(g ®a A/pi),i € I where {p;,i € I} is the set of minimal prime ideals of A (to
see this, use [44] Prop. 7.6.1, Sch. 7.8.3(vii)] and that the normalization of Spec(A) is the disjoint union
of normalizations of its irreducible components, see [67, Tag 035P]). Moreover, Spec(ﬁ ®a Alp;)) =
Spec(m) is equidimensional with the same dimension as Spec(A/p;) ([44, Sch. 7.8.3(x)] and [67, Tag
07NV)).


https://stacks.math.columbia.edu/tag/035P
https://stacks.math.columbia.edu/tag/07NV
https://stacks.math.columbia.edu/tag/07NV
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Since Spec(O%,, ) is equidimensional with irreducible components Spec(Oz, ,,,..) for w such that
T € Zpy, Spec(@yp ,,) is equidimensional and its set of irreducible components is the disjoint union of

the sets of irreducible components of Spec(@ Zp.w,e) fOr w such that z € Zp,,. Similarly, the subspace

~

Spec((’)yp N ) is equidimensional and its set of irreducible components is the disjoint union the sets of

irreducible components of Spec(@ Zp rx) forw’ suchthatz € Zp v and w > w' in W/Wp. In summary,
we have, as topological spaces, for w > w,:

2.3) Spec(@ypyw’x) = U Spec(@zp‘w,@)

TEZp W

where each term in the right hand side is non-empty. The closed immersion Zg p — X p induces a

closed immersion Spec(O Zo.p.a) Spec(@y after completion at z. The dimensions of irreducible

p)
components of Spec(@ Zq.p,) are no more than dim G — dim 7" and the set of all irreducible components
of dimension dim G — dim 7" is the disjoint union of the sets of irreducible components of Spec(@ Zpwi)
with w € W/Wp such that w(h) is strictly Q-dominant (Theorem [2.24). 1

Now we assume furthermore that the image of z in g is 0. Since Zp,,, is closed and contains the closed
subset {(0,g1B,92P) € g x G/B x G/P | g7 'go € BuP/P}, we get

{(0,ng,g2P) caxG/BxG/P|g g€ BwP/P} C Zpuw.
Hence in this case © € Zp,, if and only if w > w, in W/Wp, and for w > w,,

2.4) Spec(Ox,,,..)= | Spec(Oz,,, )

wW2W 2wy

where each term in the right hand side is non-empty. A more practical form of Lemma[2.23]is the following.

Lemma 2.26. If the image of v € X p in g is 0 and w,Wp # woWp, then there exists & € A\, sqw, > Wy
in W/Wp and a standard parabolic subgroup Q of G such that s,w,(h) is strictly Q-dominant for every
P-regular antidominant coweight h € X, (T)"* and the space

~

Spec((’)ym&wz m) = Spec(@zmwwx) U Spec(@zp,ww )

where Spec(@ZP‘Sawl Vm),Spec(@Zpywwz) # 0, satisfies that SPGC(@ZP,SWT@) C Spec(@qux) and
Spec(Ozy.,,, w) € Spec(Ozg, p,u) (where all spaces are viewed as subspaces of Spec(Ox, ) C Spec(Ox, z))-

2.6. Characteristic cycles. Contents in this subsection will not be used subsequently. We assume that &
has characteristic 0 and keep the notation in the last section. Theorem[2.24]can be explained using geometric
representation theory at least when P = B and is true if we replace Zp ,, by the Kazhdan-Lusztig cycles
denoted by [£(wwyg - 0)] in [18] Thm. 2.4.7] (see below).

We assume P = B. For each weight 11 of t, we let M () := U(g) ®up) 1 be the Verma module and
let L(u) be the irreducible quotient of M (). Then for any w € W, the localization functor of Beilinson-
Bernstein associates M (wwy - 0) (resp. L(wwy - 0)) with a G-equivariant (regular holonomic) D-module
M(wwg - 0) (resp. L(wwy - 0)) on G/B x G/B ([18, Rem. 2.4.3]). Let T*(G/B x G/B) ~ N x N
be the cotangent bundle of G/B x /B and identify the Steinberg variety Zp as a closed subscheme of
T*(G/B x G/B). Let Z°(Zp) be the free abelian group generated by the codimension 0 points in Zp.
The characteristic cycle [90] of a coherent D-module 9t on G/ B x G/ B is the associated cycle in Z°(Zp)
of the characteristic variety Ch(91), the scheme-theoretic support of some Or-(/px ¢/ p)-module gr(9N)
constructed from 9t with respect to some good filtration ([18] §2.4]). For w € W, let [Zg 4] be the cycles
associated with the irreducible components Zp ,, which form a basis of Z 0(Z ). It follows from [18] Thm.
2.4.7(iii)] that the coefficient of [Zp ,,] in [£(wwy - 0)] is equal to 1. Hence Theorem in this case
(P = B) can be deduced from the same statement replacing Z g ,, by [£(wwy - 0)] (viewed as a union of
irreducible components).

For a finitely generated U (g)-module M, there exists a good filtration {0} = M_; C My C My C ---
of M such that gM; C M;;1 and the S(g)-module gr(M) := &2 M;/M,_1 is finitely-generated, where
S(g) is the symmetric algebra of g (cf. [11}, §4.1]). The associated variety V(M) is the support of gr(M)
in Spec(S(g)) = g*, the dual space of g, and is independent of the choice of the good filtration (cf. loc.
cit.). We only consider V(M) as an algebraic subset. Let Q = Mo Ng be a standard parabolic subgroup of
G and Ly, (wwo - 0) be a finite-dimensional irreducible representation of m¢, of the highest weight wwg - 0
for some w (which means that wwy - 0 is a dominant weight for m¢) inflated to a representation of q. Then
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Mg (wwo - 0) := U(g) @u(q) Lmg (wwp - 0) is a parabolic Verma module in the category O% ([50, §9.4])
of the highest weight wwy - 0 and is in the principal block of the category O. Let g be the subspace of g*
consisting of elements that vanish on .

Lemma 2.27. We have V(Mg (wwy - 0)) C q+.

Proof. We follow the proof of [L1, Thm. 4.6, Cor. 4.7]. If w = wy, then Mg (0) = U(g)/U(q), the result is
obvious. In general, Mg (wwo-0) is a subquotient of U (g)®¢7([q,q)) W for some finite-dimensional g-module
W where [q, q] denotes the commutator and the latter is equal to U(g)/U([q, q]) ® W by the tensor identity
(IS9. Prop. 6.5]). By [I1} Lem. 4.1], we have V/(U(g)/U([q,q]) ® W) = V(U(g)/U([a.q])) = [q9,q]*.
Thus V (Mg (wwg - 0)) C [q,q]*. Moreover V(Mg (wwy - 0)) C b since Mg (wwy - 0) is a subquotient
of M(0). Hence V(Mg (wwy - 0)) C b+ N [q,q]+ = q*t. O

Now we can prove a stronger version of Theorem[2.24] Remark that the statement “wwy -0 is a dominant
weight for mg” is equivalent to the statement “w(h) is strictly )-dominant for some (or every) regular
antidominant coweight h € X, (T)”.

Proposition 2.28. If L(wwy - 0) € O9, then the subset Ch(L£(wwy - 0)) of Zp is contained in Zg p.

Proof. By [50] Prop. 9.3(e), §9.4], L(wwy - 0) is a subquotient of Mg (wwy - 0). By [49] Thm. 2.2.1(ii)],
we only need to prove the same result replacing L(wwy - 0) by Mg (wwg - 0). Now let Mg (wwy - 0) be the
localization of Mq(wwy - 0) on G/B x G/B and Mg (wwy - 0)’ be the corresponding D-module on G/B
which is the usual localization of Mg (wwy - 0). Let ¢ : N = G xB bt — g* : (g,v) — Ad(g)v be the
moment map. By [42] Prop. 8.1] and Lemma2.27} ¢(Ch(Mg (wwp - 0)')) = q*. As in the proof of [I8]
Prop. 2.4.4], we get Ch(Mg (wwp - 0)) = G xP Ch(Mg (wwp - 0)’) is contained in G xB ¢~1(g+). Under
the usual identification g* ~ g given by the Killing form, g is identified with ng. One can check under
the isomorphism [18] (2.15)], we have G xZ ¢~ 1(ng) = Zg 5. Hence Ch(L(wwy - 0)) C Zg 5. O

Remark 2.29. We discuss here some possible generalization of some results of cycles on Zp in [7, §2.13,
§2.14] and [[18| §2.4] for the generalized Steinberg varieties. There exists already a theory of localization
for singular blocks in characteristic 0 ([2]]). However, the characteristic cycles on Zp can be produced via
K -theory by [[7| Prop. 2.14.2] and [7, Prop. 2.13.5]. The K-theory of generalized Steinberg variety Zp is
well-behaved ([34]]) and can produce Kazhdan-Lusztig cycles on Zp corresponding to elements in the Weyl
group by roughly pushing forward the cycles [t (wwyg - 0)] and [£(wwyp - 0)] on Zp via the map Zp — Zp
([34, Thm. 2.1]). We do not know for general Zp whether the similar formula as [X g ,,] = [9(wwy - 0)]
([18) Prop. 2.4.6]) of cycles on Zp, which was crucially used in [[L8] and proved in [7, Prop. 2.14.2], holds
in general for the cycles on Zp from the K-theory. It is mentioned in [7, Rem. 2.14.3] that the previous

formula for [X g ,,] can be deduced by deformation arguments ([42,, §6] or [23] §7.3]). To get a generalized

formula for [X p ], it seems that Cohen-Macaulayness of X p,, would be needed, which is unknown to the
author for P # B.

3. LOCAL MODELS FOR THE TRIANGULINE VARIETY

We apply the results of §2]to study local geometry of the trianguline variety at certain points, generalizing
the results in 18] §3].

We fix a finite extension K of @, with a uniformizer wg. Let L be a finite extension of Q,, that splits
K with residue field k7, and set ¥ = Hom(K, L).

3.1. Almost de Rham trianguline (¢, ' )-modules. We recall some basic notions for the deformation
theory of trianguline (, I )-modules. For details and notation, see [18] §3].
LetRepg, (Gk) (resp. RepBIR (Gk)) be the category of Byg -representations (resp. B:{R—representations)

of G (free of finite rank, continuous for the natural topology and semi-linear). We have rings B;“ dR =
B [log(t)] and Bpar = Bar[log(t)] with the actions of G satisfying that g(log(t)) = log(t) +log(e(g))

and Bpqr admits a Bqg-derivative vpqr such that v,qr (log(t)) = —1 which preserves B;)LdR.

If W is a Bqgr-representation of Gx, then Dpqr(W) = (Bpdar @By W)gK is a finite-dimensional
K-vector space of dimension no more than dimp_, W with a linear nilpotent endomorphism vy . In other
words, Dpqr (W) is a K-representation of the additive algebraic group G,. The Bggr-representation W
is called almost de Rham if dimy Dpar(W) = dimp,, W. A BJ;-representation W+ is called almost
de Rham if the Bqr-representation W = W*[%] is almost de Rham. The B(J{R-lattices which are stable
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under G in an almost de Rham Bgg-representation IV are in bijection with filtrations of Dpqr (V) as K-
representations of G,, via W+ + Filjy, (Dpar(W)) where Filly, (Dpar(W)) := (tiB;rdR®B:R Wt)9x
for i € Z (18} Prop. 3.2.1]).

Let A € Cr, be a local Artinian L-algebra with the maximal ideal ma. Let Rep,qr 4(Gx) be the
category of almost de Rham By -representations W of G together with a morphism of Q,-algebras A —
EndRedeR(gK)(W) such that W is finite free over Bqr ®q, A. Let RepA®QpK(Ga) be the category of
pairs (Va,v4) where v4 is a nilpotent endomorphism of a finite free A ®q, K-module V4. The functor
Dypgr induces an equivalence of categories between Rep,qr 4(Gx) and Rep Agq, x(Gg) ([18, Lemma.
3.1.4).

We have the Robba ring R 4 i of K with A-coefficients (cf. [534, Def. 6.2.1]). A (¢, Tk )-module M 4
over R4,k [+] is defined to be a finite free R 4,k [+]-module equipped with commuting semilinear actions
of ¢ and T' such that M 4 admits a (¢, ' )-stable R k-lattice D 4 which is a (¢, ' )-module over R g
with the actions of ¢ and Ik given by those of M 4. Denote by @FX} x (resp. ®I'4 x) the category of
(¢, Tk )-modules over R 4, (resp. over R4 g [1]).

A rank one (¢, 'k )-module M4 over R A, K[%] is called of character type if M4 is isomorphic to
RAﬁK(dA)[%] for some continuous character 4 : K* — A* ([54, Cons. 6.2.4]). A (¢, 'k )-module M 4
over R 4 k[+] of rank n is called trianguline if there exists an increasing filtration M 44 : {0} = M4 C
Ma1 C--- C My, = My of (p,'k)-modules over RA_,K[%] such that M 4 ;/Mai—1is a (p,T'k)-
module over R4, x [%] of character type for every 1 < ¢ < n and the filtration M 4 , is called a triangulation
of M 4. Moreover, if M4 ;/Ma,i—1 ~ RA7K(5A¢)[%] for some characters §4; : K* — A*,1 <i<mn,
then we say d 4 = (04,1, - ,04,n) is a parameter of M 4.

We have an exact functor W (—) (resp. War(—)) from <I>FXK (resp. ®T'4 ) to RepB;rmA((]K)
(resp. RedeR’A(gK)) (4] and [18, Lem. 3.3.5]). If M4 € ®I'4 g is trianguline with a parame-
ter (5,4_,1-)1-:174.. .n and if the characters SAJ = 04, mod my,1l < ¢ < n are locally algebraic, then
War(Ma) € Repyar 4(9x) and is a successive extension of rank one de Rham Bgg-representations of
Gk (18, Lem. 3.3.6]).

3.2. Groupoids. We recall the definitions of some groupoids over Cy, defined in [18, §3].
Let D be a fixed (¢, 'k )-module over Ry, x of rank n. Let M = D[1]. We assume there exists and

fix a triangulation M, of M of parameter § = (d1,-- - ,d,). We assume that ¢; is locally algebraic for any
i=1,---,n.
We let 7" be the subset of 7} that is the complement of characters (61, - - - , J,,) where 6;/9; or €d;/9;

is algebraic for some i # j. Let Ty be the subset of 77, which is the complement of the set of all L-points
corresponding to characters of the form z¥ or ez¥ for some k € Z*. Remark that 7" # (7o)".

We assume that the parameter ¢ of M (which we have assumed to be locally algebraic) lies in 7" (L).

LetWt = W;R(D) S RepB:R)L(gK), W = Wqr(M) € Repg,, 1(Gx). Then W € Rep,gr 1.(9x)
and W is filtered in Repq 1, (Gx) with a filtration Fy : Fy = War(M1) C --- C Fp, = War(M,,). We
fix an isomorphism a : (L ®g, K)™ = Dpar(W).

The groupoid Xy over Cy, consists of triples (A, Wa,14) where A € Cr, W4 € Rep,qr 4(9x) and
ta: Wa®a L = W. A morphism (A4, Wa,14) — (B,Wg,tp) in Xy is a morphism A — B in
Cr, and an isomorphism W, ®4 B = Wp compatible with 14 and t5. The groupoid XVDV consists of
(A, Wa,ta,aa) where (A,W4,14) € Xy and ays : (A ®q, K)" 5 Dpar(W4) such that a4 modulo
m4 coincides with a. Similarly we have Xy +, XVDVJr by replacing W, W4 with W, WX. We have a
forgetful morphism X ‘[,:‘V — Xw.

The groupoid Xy, 7, over Cr, consists of (A, W4, Fa.e,ta) where (A, Wa,14) € Xy and Fae =
(Fa.i)i=1,. nis afiltration of W4 in Repg,, 4(Gx) suchthat Fa;/Fa ;1 fori=2,--- nand Fa are
A®@p Bgr-modules free of rank one and ¢ 4 induces F 4,6 ®4 L 5 Fo. Welet X%',f. = Xw,Fe XX XVDV
where the morphism Xy, 7, — Xy is the obvious one.

The groupoid X o, a1, Over Cy, consists of trianguline (o, I'x )-modules M 4 over R 4, K[%] for some
A € Cy, with a triangulation M 4 4 of M 4 and an isomorphism j4 : M4 ®4 L = M which is compatible
with the filtrations.

The functor Wyg (—) induces a morphism X o A1, — Xw r,. By our generic assumption on J, the
morphism is formally smooth by [[18, Cor. 3.5.6] and is relatively representable ([18, Lem. 3.5.3]).

Let Xp (resp. X ) be the groupoid over Cy, of deformations of D (resp. M). Then essentially due to
Berger’s equivalence of B-pairs and (¢, I'c)-modules ([4]), the morphism induced by inverting ¢ and the



LOCAL MODELS FOR THE TRIANGULINE VARIETY AND PARTIALLY CLASSICAL FAMILIES 21

functors War (—), Wig (—)
XD — XM X Xw Xw+
is an equivalence of groupoids over Cy, ([18] Prop. 3.5.1]).
Let XD,M. = Xp X X XM,M.? Xg = Xp X Xw Xil/]V and XE7M. = XD,M. X X X%l/ We
let X+ 7, = Xw+ Xxy Xw,7, and XVDVJWT. = Wi+ 7, Xxw Xip. Then Wi and Wyr induce
morphisms

Xpm, = Xw+ 7,
O O
Xpme = Xw+ 7.,

which are formally smooth and relatively representable (as the base changes of X\, a1, — Xw, 7, up to
equivalence [18, Cor. 3.5.4]).

3.3. Representability. We start with some slight generalization of some results in [18, §3.2] for cases of
possibly non-regular Hodge-Tate weights.

We keep the notation in If AeCp,Wa € Repyar 4(Gk) and W is a Bf ®q, A-lattice of W4,
set

Dypar,r(Wa) := Dpar(Wa) ®agq, k107 4,
Filfy+ (Dpar,+(Wa)) = Filjy + (Dpar(Wa)) @age, k107 4,

g (Dparr (Wa)) 1= Filiy (Dpar,(Wa)) /Fili 4 (Dpar.s (Wa))

A
fori € Z, 7 € X.
Assume that for 7 € %, the integers 7 such that grk . . (Dpdar,~(W)) # 0 are
w

*kf,l > e > 7]%_,ST
for some positive integer s, and we set m, ; = dingrEi]f."i (Dpar,-(W)) for 1 < ¢ < s,. Then m,1 +
, .

-+ m,, = nforeach 7 € ¥. We get (partial) flags Dpgr, (W) = Fil;[,k{’s* (Dpar-(W)) 2 --- 2
Fil,, "7 (Dpar.-(W)) 2 {0} inside Dpar, (W) for 7 € 3.
We set
G:= ReSK/Qp(GLn/K) XQp L= H GLn/L~
TEY

Then G acts on Dpar(W) = [, cx Dpdr,- (W) via a : (L ®q, K)" = Dpar(W). We let P be the
stabilizer of the filtration Filjy+ (Dpar(W)). Then P =[] .y, Pr, where P is the parabolic subgroup of
GL,,/; which stabilizes the (partial) flag Fil;vkj” (Dpdar,-(W)) via a.

Recall we have the variety gp = {(v,gP) € g x G/P | Ad(g~')v € p}. Forany A € Cp, A-points
of the (partial) flag variety G/P = [] .y, GLy,,1/P; correspond to (partial) flags A" = Fil., 2 --- D
Fil, ; D Fil, o = {0} where foreachi =1, -- , s, Fil; ;/Fil, ;_; is a free A-module of rank m, ;. An A-
point of gp then corresponds to a (partial) flag (Fil; ;)rex,1<i<s, and a linear operator v4 = HTEE var €
[1.cx Enda(A™) which preserves the filtration. We thus have a point

e (al ((Fn;f:' (Dde,T(W)))

where vy is the nilpotent operator acting on Dyar (W). Given (A, W1, 14,0a4) € X&1, the A®g, K-
module Dyqr(Wa) is equipped with a filtration Filj,+ (Dpar(Wa)) together with an A ®q, K-linear
A

> ,Nw :=a tovy oa) egp(L)
TEY

nilpotent operator vy, which preserves the filtration. Via the isomorphism a4, these datum give rise to an
A-point

<Oz;‘1 <(F11;Vk_:. (Dde,T(WA))) ) s Ny, = 0521 ovy, © 05A>
A TEX
of gp as in the proof of the following proposition.

Proposition 3.1. The groupoid XV‘:'V+ is pro-representable and the functor
(A, WH, 4, 04) (agl ((Fﬂw’}” (DdeJ(WA))) ez) ,NWA>

induces an isomorphism of functors between | X 1/DV+ | and §p, the completion of gp at Ty +.



22 ZHIXIANG WU

Proof. The proof is essentially the same as [18, Thm. 3.2.5]. For any A € Cr, by [18, Lem. 3.2.2], the

functor W — (Dde(WA), Fil},+ (Dpar(Wa)), vw A) induces an equivalence between the category of
A

almost de Rham A ®q, BIR-representations of G and the category of filtered A ®q, K -representations of

Gy, (the definition before [18, Lem. 3.2.2] should be that the graded pieces are projective A®q, K-modules,

see discussions below). If (A, WX, LA, aA) € XI'/:’W, by the proof of loc. cit., @iezgr%ﬂ. . (Dpar(Wa))
WA
is projective over A ®g, K (which is equivalent to the condition that W is free over A ®q, BZ{R) and

moreover for any finite A-module M, there is an isomorphism

M @4 grige  (Dpar(Wa)) = grise (Dpar(M ©4 Wa))
WA M w

®A :{
for each ¢ € Z. We have decompositions Dpqr(Wa) = @SrexDpar,-(Wa), Filé‘ﬁ (Dpar(Wa)) =
@TEZFH;VX (Ddeﬂ—(WA)) and ngFil' N (Dde(WA)) = @Tezgr%ﬂ. N (Ddeﬂ-(WA)) for i € Z. Then
. WA Wi
8lFire (Dpdr,~(Wa)) is free over A for each 7 € ¥ and ¢ € Z since A is local. And we have ([18| Cor.
w

323))
griie , (Dpar.r(Wa)) ®a L~ grigpe  (Dpar.-(W)).
w w

A
Thus grfye  (Dpar,-(Wa)) # 0 if and only if i € {—kr1,- -~k } and grh?” (Dpar.(Wa)) is
w w
free of rank ?”T,i fori =1,---,s,. The datum :

((Fﬂw’::' (Dp(m,T(WA)))TGE : VWA>

together with a4, ¢t 4 up to isomorphisms is then equivalent to a morphism Spec(A) — gp whose image is
in the infinitesimal neighbourhood of the L-point zy+ of gp. O

Recall that from the split group G, the parabolic subgroup P and a fixed Borel subgroup B = TU
contained in P, we have defined a scheme Xp = g x4 gp in whose irreducible components are X p,,
for w € W/Wp where W denotes the Weyl group of G. We may assume that B is the group of upper-
triangular matrices and T is the diagonal torus in G = [] GL,, /. Let z be the L-point of the scheme
X p corresponding to

TEYD

(@™ (Dpar (Fo)) ;™! (Filjy+ (Dpar(W))) , Nw)
and let X Pz = Spi( O Xp,z) be the completion of X p at . The groupoid X 1'/][/, 7, 1s pro-represented by the

completion E of g at the point (o (Dpar(Fs)), Nw) € g(L) ([18l Cor. 3.1.9]). Then by the same proof
as for Proposition and [18, Cor. 3.1.9, Cor. 3.5.8], we have the following generalization of [18} Cor.
3.5.8].

Proposition 3.2. (1) The groupoid X ",jw 7, pro-representable and the functor | X ",]V+ . | is pro-represented
by Spf(@xp’m).
(2) The groupoid X%y M, s pro-representable and the functor |Xg’ M.\ is pro-represented by a formal

scheme which is formally smooth of relative dimension [K : Q,)] w over X P

The scheme Spec(@XP’x) is equidimensional of dimension dimg = [K : Q,]n? with irreducible
components Spec(Ox,, ) for w € W/Wp such that © € Xp,, (L) (Corollary |2.14). Let Xp, , =
Spf(@XP‘w,z) forw € W/Wp such that € Xp,,.

0O, >
For any w € W/Wp, we define Xwi“f. = XVDV+$. X|XEV+ . Xpw,e and let X7, - be the sub-

groupoid of Xy + x, which is the image of X VDVf 7 under the forgetful map X ",jVJr 7. = Xw+ 7, Let

4, _ vO O,
Xip+ , ad Xp i, = Xp v xx0, - Xwh s,
of [[18} Cor. 3.5.11] except that now we do not have the normalness result (but still have the irreducibility
of Spec(Ox,, ,.») by Theorem ) shows that

Corollary 3.3. For any w € W/Wp such that © € Xp,,(L), the functor |Xg:j\u,l. | is pro-represented by a

Xpme = XD Mo XXy i 5, . Literally the same proof

complete Noetherian local domain of residue field L and dimension [K : Qp)] (n%+ %) and is formally
smooth over X P,z
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3.4. The weight map. We keep the notation in We view the parameter § of M as an L-point of the
rigid analytic space 7;”. The completion of 7, at the point § denoted by '7/? pro-represents the functor from
Cr, to deformations of the continuous character ¢ : (K*)™ — L*. Given an object (A, M4, M4,e,ja) €
X m, M. there exists a unique parameter § 4 € 7/*(A) of M4 suchthatd4,; ®a L =9, fori=1,--- ,n
by [18| Lem. 3.3.4], which defines a morphism ws : Xy a1, — ’7/'7‘ of groupoids over Cy,. Recall that t is
the Lie algebra of T'. Let ‘t be the completion of t at 0 € t. Composing the morphism wt — wt () : T" -t
(cf. [18 (3.16)]), we get a morphism (wt — wt(§)) ows : X, — tof groupoids over Cr.
Themaprk =kp:g —t ( induces amap g — t by completion (since Ny is nilpotent). The map
KW.F, ° XVDVJ. — |XW’f.\ ~ g — t factors through a map Xy, — t which is also denoted by ryy 7, .

The composition X aq, a1, Wanf=) Xw.r. "5 T coincides with the morphism (wt — wt(8)) o wg ([18l

Cor. 3.3.9]). Thus there is a morphism of groupoids over Cy,
XM,M. — 7/? X?XW,]:.
which is formally smooth by [18, Thm. 3.4.4].

3.5. The trianguline variety. We now prove our main results on the local models for the trianguline
variety.

We fix a continuous representation 7 : Gx — GL, (k1) of Gk. Let R be the usual framed Galois
deformation ring of 7 which is a complete Noetherian local ring over Oy, with residue field &k, and let X#
be the rigid analytic space over L associated with Spf(R7) (the rigid generic fiber in the sense of Berthelot,
cf. 27, §7]). Let 7;gg be the Zariski open subset of 7 which consists of points § = (41, - ,d,) such
that §;/8; # 27X ezX forall i # j and k € ZZ,,. The trianguline variety X,;(7) defined to be the Zariski

closure in X7 x T of the subset Uy,;(F) = {(r,8) € X7 x Treg | 7 1s trianguline of parameter & }E] is a

reduced rigid space over L, equidimensional of dimension n? + ”("+1) [K
smooth subset Ut () ([17, Thm. 2.6]).

Assume that x = (r,0) € X,i(F) C X7 x T;* is an L-point, then 7 is trianguline of some parameter
8" = (8!)1<i<n such that §; '8! is an algebraic character of K* for all 4 after possibly enlarging the
coefficient field ([54, Thm. 6 3.13]). Let D = D, (r) be the étale (¢, 'k )-module over R, i associated
with r and M = D[ ]. We assume that § € 7" is locally algebraic, then M is equipped with a unique
triangulation M, of parameter § ([18, Prop. 3.7.1]) and thus we are in the situation of We let
W+t = War(D),W = WT[1] and Fy = Wqr(Ma,) as before. Assume that the 7-Sen weights of r
are integers h,, > --- > h,; where each k, s > --- > k. appears in the sequence (hrp, -, ;1)
with multiplicities m, s, - ,mr1 and m,s_,+--- +m,; = n for 7 € X. The Hodge-Tate weights
(kr,i)1<i<s, rex coincide with what we have defined in ~ We fix an isomorphism o : (L ®q, K)" =
Dpar (W) and let P be the parabolic subgroup of G defined in §3.3|determined by Fil}y+ (Dpar(W)) and
Q.

Let V be the representation of G associated with r : G — GL,, (L) by forgetting the framing. Then
there are groupoids X,. (resp. Xy) over Cy, parameterizing liftings of  (resp. deformations of V) ([18|
§3.6]). The functor Drlg induces an equivalence Xy, — X p and there is an isomorphism of formal schemes

X, ~ % 7 r Where .’{,, - is the completion of X7 at the point r ([S8| Lem. 2.3.3, Prop 2.3.5]). Let Xm( ).

be the completion of the trianguline variety at the point x. Then we get a morphism X4,;(7 ) — X; r = X,
by projection.

Let X, v, = X, X x,, XXp Xx, Xp am, where the map X, — Xy is forgetting the framing. Recall
that the natural map X q, m, — X aq as well as its base change X, r¢, — X is a closed immersion since
we have assumed § € 7" ([18] Prop. 3.4.6]).

: Q,] with a Zariski open dense

Proposition 3.4. The morphism X/m(\F)z — X, factors through a closed immersion m)x — Xr M,

Proof. This is [18 Prop. 3.7.2] (based on [54} Cor. 6.3.10]) and [18} Prop. 3.7.3]. The original proof for
(18| Prop. 3.7.2] is not complete and we write a proof here. The argument will be needed for Theorem 4.4]

Pick an affinoid neighbourhood U of z in X,i (7). Let Dy be the (¢, ' )-module over Ry, i associated
with the universal Galois representation of Gy pulled back from X7 (cf. [54) Thm. 2.2.17]). By [54, Cor.

Here a representation 7 : Gx — GLy, (L) for some finite extension L'/ Qp is said to be trianguline of character § means
that the (¢, I' ;¢ )-module Diyig(r) over R/ j admits a filtration of sub-(¢, I' i )-modules whose graded pieces are isomorphic to
R k(61), -+, R k(0n).
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6.3.10], there is a birational proper morphism f : U — U, a filtration of sub-(¢p, 'k )-modules Dﬁy. over
Ry 7K of D5 := f*Dy and invertible sheaves (Li)i=1,... n such that DU o = 0,D5 . = Dg and there are
inclusions DU ./ Dy, 1 = Ry, K(5 ) ®o, L; the cokernels of which are kllled by t for 1=1,-
where the characters § ~ i is the pullback of the character on 7" via UsUCcC X (T) — T

Let R, be the completion of Rx [%} at the maximal ideal corresponding to r so that %;7,« ~ Spf(R;)
and let R, rq, be the quotient of R, such that R, M, pro-represents Xr m,. Take an arbitrary point
2’ € f~1(x). We firstly prove that the map R, — OU,;E — (9 ,» induced by U—UC Xw(F) = X5
factors through the quotient R, xq,. Take A a local Artin L—algebra with residue field k(z’) (A is a k(z')-
algebra, [67 Tag 0323]) with a composite z = Sp(k(z’)) — Sp(4) — V where © — Sp(A) corresponds
to the reduction map A — k(z’). Then the pullback along the map Sp(A) — U of Dy J3] gives a
triangulation M 44 Of D4[$] = Dyig(r4)[+] of parameter 5A = g ®o, A where 14 is the pullback of
the universal Galois representation to A via the map R, — OU . — A. Remark that the triangulation
Maue @4 k(2") of M4 ®4 k(2') coincides with M, ®, k(2’) where M, is the unique triangulation on
M = Dyig (1) [%} of parameter ¢ obtained by Lemma [18] Prop. 3.7.1] (and by [54, Thm. 4.4.3] and [18]
Lem. 3.4.3]). Let A=A X2y L € Cr, be the subring of A consisting of elements whose reduction
modulo the maximal ideal m 4 of A lie in L (cf. [67, Tag 08KG]). By writing out some L-bases of A and A,
we see that the preimage of Ry i [1] C Ry(w),x [§] under the map Ra x[1] = Ri(w),x [F] i RK,K[%]'
As the reduction of 74 is r @, k(z’) (resp. the reduction of §4; : d4 ®a k(z') is 0; @, k(x')), 74 (resp.
0.4,;) can be defined over A and we denote the model by r 7 (resp. 03 ;) whose reduction modulo my is r
(resp. &;). Then Dyig (ra) [3] = Dyig(rz)[3] @ 7 A

We need to show that the triangulation M 4 o also has a model M A, Over R ix- We extend the injection

My = Re i (51)[5] < Dig (1) [3]

to an isomorphism @Ry k[+]é; = Duig (r) [+] of Ry, i [+]-modules where ; is the image of a gen-
erator of the rank one free module Rrk(61)[1]. Since the reduction of the injection R x(64,1)[] <
Diig () [1] is identified via pull back with R, x (61)[1] ®1 k(2') < Diig (r) [+] ®1 k(a'), we can pick
alifte; € Dyig (r4) [ t] of e; ®r, 1 generating the image of the first injection. We can extend the injection
to an isomorphism R4 x[$]" ~ Diig (r4)[+] of R,k [+]-modules and we may assume, after chang-
ing basis given by a matrix in GL,,_1(R 4, K[ ]), the reduction of the extended basis es, - - - , e, is equal to
e2®r1, -+ ,€,® 1 since we have a surjection GL,—1 (Ra,x[1]) = GLn—1 Ry, x[7]). We also take
abasis ey, -, e, of Dr,g(rA)[ | such that the reduction modulo m 5 of €1, - - - , €, is equal to €1, - - - , €p,.
The translation matrix M between the basis ¢; ® 7 1,--- ,€, ® 7 1 and ey,--- , e, of Dyig (14) [ ] has
trivial reduction modulo m 4. In particular, M € GLn( i «[+]). This means that we can choose €; such
thate; = €; ® 7 1. Then we see the element ¢; defines an injection R 3 (6 1 DIF] < Drig(r5)[1] with the
quotient a (¢, I'k )-module over R i K[ ]. Applying the same argument on the quotient and by induction,
we see that Dmg(rA)[ ] admits a filtration ./\/lA . such that MA e ®7A=My,eand ./\/lA Q7L =M,.

Let (’)U,I, be the subring OUJ, X (2 L of (’)U,w,. The composite map R, — OU@ — (’)UJ, — A factors
through R, — (55 , — A which gives rise the deformation r 7 of r, i.e. an object (ﬁ rz) € X,. The
discussion above shows that r ; admits a triangulation M 3 | on Diig(r A)[ | whose reduction modulo m 3

is M, and defines an object in X, A¢,. Hence the morph1sm R, — A, as well as R, — A A, factors
through R, a4, . This implies that the morphism R, — (’)U .+ factors through the quotient R, A4, .

We now prove that the map R, — @U,z also factors though R, r¢,. Otherwise assume there exists a
non-zero element a in the kernel of R, — R, a4, such that the image of a in Oy, is not zero. As the

morphism f : U—Uis proper and surjective, there is the Stein decomposition f : U f%/ Z % U such that
g is a finite surjective morphism, f’ is a surjective proper morphism and O = f/ Op (13, Prop. 9.6.3/5]).
Then if we write U = Sp(A),Z = Sp(B), the map A — B induced by g is a finite injection (since U
is reduced and g is a surjection). Let m be the maximal ideal of A corresponding to the point « and let
ny,--- ,n,, be the maximal ideals of B above m. Then there is an injection ﬁm > B®y Em ~ @Z@lém
([67, Tag O7N9]) where A\m (resp. Eni) denotes the completion of A (resp. B) with respect to the ideal
m (resp. n;). Since the image of a in Em is not zero, the image of a in one of Eni is not zero, which we


https://stacks.math.columbia.edu/tag/0323
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may assume to be Enl. Let z be the point on Z corresponding to n;. By the theorem on formal functions
([13} Thm. 9.6. 3/2]) (flOz)> = Jim (O /m1)(U). Hence Bn, 3 Jim_ (O /m)(U [/). Thus the image of

ain (O /ni)(U U) is not zero for some s. It turns out that there ex1sts 2’ € (f")71(z) such that the image
of ain O _,/n{ is not zero ([13} Cor. 9.4.2/7] and [13} Prop. 9.5.3/1(iii)]) and hence the image of a in

Ch, = @S Op /nj is not zero where C' := Op /- The completion of 6’,,1 with respect to the maximal

ideal mwﬁnl is then equal to ([, Prop. 10.12, 10.13] and that (’)[7 " /mi,Oﬁ 18 ny-adically complete for
any s)

%iglC’nl/m;,C’n1 = @C/m;,C = @Oﬁﬂ,/m;,(’)ﬁw, = Oﬁ,x/
Hence the morphism Cn1 — (’) . 1s the completion of the Noetherian local ring énl ([1, Thm. 10.26])
with respect to the maximal 1deal thus is injective ([, Cor. 10. 19]) ‘We conclude that a is sent to a non-

zero element in OU ,. This contradicts that the morphism R, — (’)U , factors through the quotient R, x4,

which we just proved' Thus we get the conclusion. |

We fix an isomorphism W =~ (S,,)* by identifying n-tuples (a, 1, ,arn)res € (Z")* with the
diagonal matrix [ ]y, diag(ar,1,--- ,ar,) € g. By [17, Prop. 2.9] (and the proof of [18, Lem. 3.7.6]),
the multisets of Sen weights of V' are exactly the multisets {wt.(d;) | ¢ =1,--- ,n},7 € X. Hence there

exists a unique w = (w;)-ex, € W/Wp such that

(hray e s hep) = w-r_l (Wt (1), s wtr(0n)) = (Wt‘r((swr(l))a T aWtT((sz(n)))
for any 7 € ¥. We denote by w € W/Wp the element associated with the point x in this way.

Recall that there is a morphism (x1, /—12) Xp— Tp = txywt/Wpin Wthh induces a morphism
X,%' M, XW+ Fo \XWJr 7 | = Xp Tpar Tp (0,0) Where 4R is the point in X p (L) associated
with the point 2 € Xri(T)(L) together with the fixed framing o as in Proposition B-2] The morphism
Xg M, Tp (o, 0) factors through a morphism Xp r¢, — Tp 0,0) (see the end of [18, §3.5]). We let
O, : Xm( Vo — TP,(o,o) be the composite map X/m(\)m — X, mo = Xvm, ~ Xpm, — TP,(0,0)~
Recall that there are closed formal subschemes j—\‘p7w/7(070) of Tp,(()’()) forw’ € W/Wp.

Proposition 3.5. The morphism ©,, factors through fp’w7(0’0) — fp’(o’o).

Proof. Assume that x4 : Spf(4) — X/m(\’)
X/m(\F)x — Xp,m., = Xw+ F,, the point x4 is associated with a B ®Qp A-representation WA of
Gk, a full filtration F4 6 of W4 = W*[t] and a parameter § , = (6A 1,--+,04,) of the associated
(¢, Tk )-module M 4 over R 4], which is a deformation of the datum (I/V+ Fo,0). We can choose a

. is an A-point for some A € C;. Via the morphism

framing a4 : (A ®q, K)" = Dpar(Wa) such that a4 modulo my4 coincides with «. Let 24 par be the
point

(03" Dpan(Faed) ax® ( (P Do -07.0)

corresponding to the element in Xy + 7, (A) given by x 4. Then O, sends x4 to

—1 >
ez) yNw, =a, ovy, oaA) IS Xp,a;de(A)
-

(K1(T4,pdR ), K2(T 4 pdr)) € (t X¢yw t/Wp)(A)

whose reduction module m 4 is (0, 0) where k1, %2 are defined in
Explicitly, k1(z4,par) € t(A) equals to

(3.1 (VWdR (Ra,x(da,1)[3]) """ ’VWdR,(RA,K((SA,n)[%])) - (Wt((;A’l) — wt(01), - ’Wt((sA’n) — wt(0n))

by [18 Cor. 3.3.9] (k1 and Kk, £, in §3.4|are both defined using kp : g — ).
For each 7 € ¥, i € Z, we let gr™%(vyy, ) be the restriction of vy, on gri . . (Dpar,-(W4)) (see
Wa

for notation). Then

(@ apar) € YWp(A) = [t/ W, (4) = [T [[tri/Wir...(A

TEX TeX 1=1
is (to simplify the notation we omit the identification a4)

(3.2) (var, . (g™ (o)) oo oy, (g7 Fmer (UWA))>T€E
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where we decompose the Levi subalgebra mp_ = &;7 m. ; of p,, where p, denotes the Lie algebra of P,
according to the projections to the graded pieces of the filtrations, M ; is the subgroup associated with m ;,
t.; = t- N m,; and we identify every gr™ ki (v, ) as an element in m, ;. The map vy, , : m,;(A) —
(tr,i/Whi, ,)(A) defined in §2.4{is no more than sending a matrix to (the coefficients of) its characteristic
polynomial.

We need to prove that the O, (z4) € fp}w’(0,0)(A). By the definition of T, in we only need to
verify the following equality

(3.3) K2 (T A,2p0r) = W (K1 (TA,2p0))

in t/Wp(A). The strategy is as in [I8] Lem. 3.7.4]. We will compare two factorizations of the Sen
polynomial of W1 /tWi. The first factorization will be related to the Hodge filtrations and the
second one (3-3) will be given by the trianguline filtrations.

First, by [18 Lem. 3.7.5], the Sen polynomial of W;l|r /tWX in

A®q, K[Y] = H (A®q, K) ®agq, k107 AlY] = H AlY]
TEY TED
is equal to

(3.4) H det (Yld +4Id — gri(vw,) | grige N (Dde(WA)))
iez Wa

=[] ] det (YId — krild — g™ R (v, ) | g " (Dde,T(WA))) :
rexi=1 Wa

On the other hand, by [18, Lem. 3.7.6], the Sen polynomial is

(Y —wt(d4,:)) = H H (Y —wt(6;) — (Wt (04,:) — wt,(:))) -

1 TeEX =1

(3.5)

n
1=

Comparing (3.4) and (3.5), we get an equality in A[Y] of the 7-Sen polynomial of W /tW I for each
TEM:

n

(3.6) TI(Y = wto(60) — (wtr (640) — wtr (6)))
i=1
= Hdet (Yld — ]4}7-71'Id — ng’_k” (I/WA) ‘ grgi]ff’l (Dde,r(WA))> .
i=1 Wa

Modulo m 4, the right hand side of (3.6) calculates the T-Sen polynomial of W /tW™ in L[Y] in the usual
way using the Hodge-Tate weights:

St
H det (YId — ke ild — gt R () | grgi,ff’l (DdeﬁT(WA))>
w

i=1 A

= [ det (YId — krald = g7 7 (o) | g (Dde,T(W)))

=1
= H(Y — kJT,i)mT‘i
=1

where the last equality uses the fact that gr™ %~ (vy) € m, ;(L) is nilpotent (since vy is nilpotent).
Actually, for each 1,

(3.7) det (YId — Ky Id — gt R (v, ) | gr;i]ff’ir (Dde,T(WA))> =Y —k;;)™" mod myu.
w

A
As we have assumed that k. ; # k., if ¢ # j and each wt, (04 ;) — wt;(;) is in ma4, we get that

wtr(8;) + (Wt-(0a,;) — wt-(d;)) — kr; € myu if and only if wt,(6;) = k;;. Apply Lemma [3.6|below
(where we take k; = k- ;,m; = mq; and a; 1, - ,a; m, are those wt-(d;) + (Wt~ (d4,;) — wt-(6;)) such
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that wt(d,) = k. ;) for and using (3.7), we get
[T O —wt(5)) = (wtr(da) — wt-(55)))

wtr(85)=kKri

=det (Yld — kJT)iId — gI"T’_kT”’(VWA) | gr;i]ff’l (Dde)T(WA))> .
w

A

Replace Y with Y 4 k. ; in the above identity, we get

68 TT 0=t -wir(d)) = det (Y1 174 () | Bt (Dpan (W) )

Wtf(ﬁj):krﬂj A

foranyr € X,i=1,--- 5.

In the following, we verify that (3.8)) above for all 7 and ¢ implies (and is equivalent to) the equality (3.3)
which we want to prove.

Fix an arbitrary lift w = (w;),ex in W with the same notation for w € W/Wp. The 7-part of

w_l(’%l (xA,Ide.)) is (by )
w;l(wt (04,1) —wt(d1), -, wt(da,n) — Wt(dn))
= (Wt(0 4,0, (1)) = WE(Bu, (1))s > W(64 00, () — WE(Gu, (n)))

whose image int, /Wp_(A) = t;1/Whr, , (A)x-- -t /W, (A)is(we use characteristic polynomials
to denote the image of an element of t, ;(A) in t,; /Wy, (A))

mr,1 n

H (Y - (Wt'r((SA,w.,.(i)) - WtT(éw,—('L)))) y T H (Y - (WtT(6A,wT(i)) - WtT((SwT(Z))))

=1 i=n—mq, s, +1
Recall w is chosen so that

(Wt‘r(éw.r(l))a to 7Wt7(6w7(n))) = (h‘r,h e 7h7',n) = (k‘r,lv e 7k'r,17 te 7k7-,sfv e 7k'r,s,.)

mar,1 Moy sy

for all 7 € ¥. Hence the 7-part of w ™! (k1 (24,4, )) can be furthermore rewritten as

[I O—Gwteag)=wtr () T (V= (Wt (6ay) — wtr(6))

Wtr(‘sj):kf,l Wtr(éj):kﬂs.r
Using (3-8), the above element is equal to

(det (YId — gt R (vy,)) e L det (Y1d — R (78))

= (fYMT,l <gr‘r,7k-,-,1 (VWA)) [ 771\/[7,57 (ng’ikT’ST (VWA)))

which is exactly the 7-part of K2(24,x,45) by (3.2). We conclude that
K2 (wA@de) = w_l (’il (xA,wde))

in t/Wp(A). Thus the image of x4 in fP,(O,O)(A) is in j—\‘p,w7(0,0) (A). Hence the morphism O, factors

through TP,w,(O,O) — Tp’(o’o). O
Lemma 3.6. Let kq,--- , ks be pairwise different numbers in L. For each i = 1,--- s, assume that
@i, ,Qim, are elements in A € Cyp, such that a; ; — k; € my forany j = 1,--- ,m;. For each

i=1,---,s let P,(Y) € A[Y] be a monic polynomial of degree m; such that P;(Y) = (Y — k;)™
mod m 4. Assume that

[0 =) = [T POV

in AIY], then [/ (Y — a; j) = P(Y) foreachi=1,--- s.

Proof. Let F(Y) = [[;_, [Tj2, (Y —a; ;). Takeany t € {1,--- ,s}. Wehave [[;_, Pi(as,1) = F(ar,1) =
0. If i # ¢, then P;(as1) = (k¢ — ki)™ mod my is not in m4 since k; # k. Hence P;(a;,1) € A* if
i # t. We get Pi(a;,1) = 0in A. Hence P,(Y) = (Y — at71)ﬁt(Y) where P,(Y) is a monic polynomial
and P,(Y) = (Y — k)™~ mod m,. Using the fact that if there is a monic polynomial G(Y) € A[Y]
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such that G(Y) = (Y —a)G1(Y) = (Y — a)G2(Y) for some @ € A and G1(Y),G2(Y) € A[Y], then
G1(Y) = G3(Y), we get

me

HH — i) H( —agp) HP Pt Y).
i#t j=1 h=2 £t
Repeat the argument we find P,(Y) = (Y —ap1) -+ (Y — arm, )- O
For w’ € W/Wp, we define X:f,);vt. = X0 Mo XXpopa, Xg:M.. The functor | X, A4, | is pro-represented

by a reduced equidimensional local ring R, ¢, of dimension n? + [K : Qp]M with minimal ideals
pw,w’ € W/Wp such that R;”;Vl = R, m./pw pro-represents | X M | (cf. [18, Thm. 3.6.2 (i)(ii)],
using Proposition[3.2] Corollary @])

Corollary 3.7. The closed immersion X,;(T), — X, s, induces an isomorphism X.i(T), 5 X,

Proof. The proof is the same with that of [I8, Cor. 3.7.8] using Proposition [3.5] By [17, §2.2] and
discussions above, both Spec(Ox,,,(),.) and Spec(R; a1,) are reduced equidimensional of dimension

n?+ K : Qp]w, thus the image of SpeC((b\X”i(?),x) — Spec(R, a, ) is a union of irreducible com-
ponents of Spec(R, a1, ) of the form Spec( }f’,/w.) for some w’ € W/Wp. For any such w’, the morphism
Spec( T;\A ) < Spec(@xtri(y)’m) induces a closed immersion X:f,}//\/t. — m)m of formal schemes.
The morphlsm Xm( )e = Xrpm, — fp P(0.0) factors through fp w,(0,0) < fp (0,0) by Proposition 3.
Hence X% M — Tp (0,0) Tactors through Tp w,(0,0) Tp (0,0)- We get that w’ = w in W/Wp by Lemma

[2.16](cf. (18] Thm. 3.6.2 (iii)]). O
Define XVM = XV pm, XX8 L, Xg’j’\’A.,XE/’\"jl’. = XM, XX, XE’AI;.. There are morphisms
(3.9) Xe(P), 5 X, X0, = X, = Xp, = X0 o~ X

where all morphisms are either isomorphisms or formally smooth and all groupoids are pro-representable.
Let w, € W/Wp be the unique element such that z,qr € Vp,u, (see (2.1)).

Theorem 3.8. Let x = (1,0) € Xwi(T)(L) be a point such that § is locally algebraic and both 6;/6; and
€d;/0; are not algebraic for any i # j. Then the trlangullne variety Xi(T) is irreducible at x and we have

Sformally smooth morphisms X (F),, |X | — Xpw zpar Of formal schemes. Moreover, w, < w in

W/Wp.

Proof. The first assertions follow from Corollary and (3.9). We remain to prove w, < w in W/Wp.

Since XY, =~ )Em(\F)x # (), we get )?P,wyzpfm # (). Hence zpar € Xp(L). Since Xp o, N Vpy # 0
only if w > w’ by Lemma[2.7] we get w > w, in W/Wp. O

3.6. Partially de Rham cycles. We transport the results of cycles on the local models obtained in §2.5|to
the trianguline variety. We continue to assume that x = (r,d) € X,;(7)(L) is the point fixed in Then
we have a commutative diagram as in [[18} §4.3]:

w 0w v
XT’M- < XT,M. XwadeR
) ) )

0 ~
XT,M- — Xn./\/l. EE— XP,Z‘de

\[ K L
—~ wt — wt(J)

X, T

where ws is the composite of the map w; defined in §3.4] for Xaq m, with X p — Xm0 and all
horizontal arrows are formally smooth. It follows from the proof of [18, Prop. 3.7.2] that the composite
Xeni(7), = XrMm, b 7'§” is the completion of the map w’ : X,i(T) — X7 x T;* — T;* at the points
x and ¢ (cf. [18, (3.30)]). Let Xi.i(T)wt(s) denote the fiber of the map wt o ' : X¢i(T) — t over

wt(9). Let R pm,, RY "m, be the complete local rings that pro-represent the groupoids X a4, , X7y, and

let RT M. ,RTD A“/’t be the square versions. The above diagram of pro-representable groupoids corresponds
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to a diagram of spectra of complete local rings. Now take the fibers over 0 € Spec(@tvo), we get the
corresponding morphisms

Spec(R, u,) ¢ Spec(Rop,) — Spec(Ox,, 4.0
¢ £ £
Spec(Rrm,) «——— Spec(Rpp,) — Spec(Ox, )
¢
Spec(@x, )

where X p and X P, are defined in the end of §- We know from § that the set of irreducible compo-
nents of Spec(O Xp. dR) is the disjoint union of the sets of 1rredu01ble components of Spec(O Z ot vpar)

for w’ € W/Wp such that x,qr € Zp,, and that Spec((’) Xr ., dR) is equidimensional. By pullback and

descent through formally smooth morphisms (cf. [67) Tag 06HL]), we get that Spec(R, a4, ) is equidi-
mensional and there is a bijection between the irreducible components of Spec(R,. x4, ) and the irreducible
components of Spec((’) X dR) For each w’ € W/Wp, we let 3,,» denote the union of irreducible compo-

nents of Spec(R, v, ) that correspond to irreducible components of Spec(@ Zp By base change,

MIde)'

we get that Spec(ﬁz A, ) is a union of irreducible components of Spec(R;. a4, ) according to the formula

Remark 3.9. In [18] §4.3], 3, is defined to be a formal sum of irreducible components (cycles). Here we
only consider 3., as a set-theoretic union of irreducible components or the underlying reduced subscheme
which suffices for our applications. We also do not consider the Kazhdan-Lusztig cycles on Spec(R; a1, )
defined as [18] (4.7)]. See §2.6] especially Remark [2.29]

Take a standard parabolic subgroup @ = [] .y, @; of G =[], .y, GL,, /. Suppose that for each 7 € 3,
the standard Levi subgroup Mg, consists of diagonal block matrices of the form GL,_, ,px---xGL, , /1
where g, 1+ -+ ¢r. =n.Fori=1,--- t., letq; =¢qr1+ -+ grs. Letgr o = 0.

Definition 3.10. A pair (74, M 4..) where r4 is a continuous representation of Gx of rank n over a finite-
dimensional local L-algebra A and M 4 , is a triangulation of Dig(r4)[2] such that War (Dyig(ra)[2])
is almost de Rham is said to be (),-de Rham if the nilpotent operator 4 on Dpgr, - (WdR ( vig (74) [%]))
vanishes when restricted to the graded pieces

Dypar,r (War(Mag, .)) /Dpar,s (War(Mag, ., ) i=1,-- i,
of the sub-filtration of the full filtration Dpgr - (War(Ma,e)). A such pair (ra, M4 o) is said to be Q-de
Rham if it is .-de Rham for all 7 € .
We have defined a closed subscheme Zg p of Xp in Moreover, there is a closed immersion
Spec(Oz,. P,ﬂde) < Spec(O%,, xde) (we do not assume that Spec(Oz, p x4z ) is NOt empty). We de-

O A 0O, L 0o, 0O, .
fine R7Z = R M.P6 Oz papan- Let | X530, 1= SPE(RT ) and X, o= X % o

XPpP TpdR

|Xr,/’v1. |. Let XT’M. be the image of the subgroupoid ch,lfél). C XEM. in X, .-

rM.‘

Lemma 3.11. (1) The full subgroupoid X E j’g. of X E’ M, consists of objects
(A, 74, MAae,ja,aa)
where A € Cyp, 14 lifts v and (Drlg(rA)[ l,Mae,ja,a) € XEA,M.(A) such that jp is the
natural one and the pair (14, M 4.4) is Q-de Rham.
(2) The full subgroupoid XSM. of X, m consists of objects (A,ra, Mae,ja) € Xy m, such that
the pair (ra, Ma.e) is Q-de Rham. The inclusion Xg/\/t. — X, m, Is relatively representable
X3¢

. . . _ vQ O
and is a closed immersion. Moreover, =X 00 XX XiMa-

Proof. (1) Recall ag : (A ®q, K)" 5 Dpar (WdR (Drig(rA)[%])). Let (v,g1B) € E(A) be the A-
point corresponding to (A, War (Drig(rA)[%]) ,Warn(Ma.l), LA,aA) € X",:'VJ_-. via |XVDV,]_-.| ~ Ein (18]
Cor. 3.1.9] induced by Dpgg. It follows from the definition that (r4, M4 o) is Q-de Rham if and only
if Ad(g; ")v € ng(A). Hence (Wig (Dyig(r4)), War(Mae),ta,ca) € | Xy 7. |(A) satisfies that
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(ra, Ma,q) is @Q-de Rham if and only if the corresponding object (v, g1 B, g2 P) € )?pwde(A) under the
in (1) of Proposition satisfies Ad(g; ')v € ng(A), in other words,

if and only if (v, 1B, g2P) € 2Q7P7$de(A). Hence by definition, |XE/’8.| is the subfunctor of \XEM.|
sending A € Cy, to the isomorphism classes of (ra, M4 e,j4,4) such that (ra, M4 o) is Q-de Rham.

. . D ~ e
isomorphism |Xyp . 7 [~ Xp a4,

The description for X E /’g. =X E Mo XX, | | X E }\(};)t. | follows from the definition of the fiber product (see
(58, (A.D))). '

(2) The condition for (A, 74, M4 e,j4,004) € XEM. that (r4, M e ) is @Q-de Rham in (1) is indepen-
dent of the framing 4. Hence X EJ’S. =X TQ Mo X X0 e X E M- The other statements for X f? M, are now
obvious. O

Hence | X TQ M, | i pro-represented by a formal scheme Spf (Ri2 M, ) With a formally smooth morphism
Spf(REﬁ.) — Spf(RgM.). There is a closed immersion Spec(RSM.) < Spec(R, m, ). By Theorem
and above discussions, 3,/ is contained in Spec(Rf’? M, ) if and only if w'(h) is strictly Q-dominant
where h = (hr 1, hr ), o5, is the Hodge-Tate-Sen weights of r in

4. APPLICATIONS ON COMPANION POINTS

In this section, we prove our main theorem (Theorem[4.10) on the existence of certain companion points
on the eigenvariety as well as the appearance of related companion constituents in the space of p-adic
automorphic forms (Proposition .9).

4.1. Local companion points. We firstly generalize the result in [18, §4.2] on the existence of all local
companion points on the trianguline variety for generic crystalline representations. We continue to assume
that K is a finite extension of Q,, and L/Q, is a sufficiently large coefficient field as in

Let r : Gk — GL,(L) be a crystalline representation of Gx which is a deformation of 7 : G —
GL,, (kL) corresponding to an L-point on X7 Let Dcis(r) be the associated p-module of rank n over
L ®q, Ko equipped with a filtration Fil* Dyr (1) on Dar (1) = (L ®q, K) ®Lgq, Ko Deris(r). We assume
that the Hodge-Tate weights of » are h = (h,1, - ,hrpn)rex Where each k., > --- > k.1 appears
in the sequence h,, > --- > h,; with multiplicities m, s ,--- ,m,1 and m, s _,+--- +m,1 = n for
T € X. Let Wp be the stabilizer subgroup of h under the action of W =~ (S,,)* as in §3.3[or §3.5] We fix an
arbitrary embedding 7y : Ky < L. After possibly enlarging L, we assume that the eigenvalues 1, - - - , ¢,
of Kol on L @16, L&, Ko Deris(r) are all in L*. We say r is generic if the eigenvalues satisfy that
(pi(pj_l ¢ {1, plEo*®I} for all i # 5. This generic assumption is independent of the choice of 7.

We assume that r is generic and fix an ordering ¢ := (¢1, - - , ¢, ) of the eigenvalues, which is called a

refinement of r, denoted by R. For any w € W/Wp, denote by z*™unr(p) the character

(z“’(h)lunr(gol), . ,z“’(h)"unr(gon)) eTh

of (K*)™ which lies in 7" for any w € W/Wp by our generic assumption on ¢ (recall that 7" is defined in
the beginning of . The ordering  defines a filtration Fils Dc,is(r) on Deyis (1), which, under Berger’s
dictionary ([3])), corresponds to a triangulation Dyig(7)e : Dyig(1)1 C - -+ C Dyig(r)y, of Dyig(1) € <I>FJLF7K
(cf. [16} §2.2]) such that

Diig(r)i/ Drig(r)i—1 ~ Ry x (2™ iunr(¢;)),

forall ¢ = 1,--- ,n and certain wg € W/Wp determined by R. Moreover, the relative position of the
filtration Filg Deyis(r) ® k, K and the Hodge filtration Fil® Dgg (r) is parameterized by wr € W/Wp (that
is, if we choose a basis of D4g(r), the L-point in G/B x G/ P associated with the two filtrations lies in the
Schubert cell Up,,,,, defined in §2.1).

For w € W/Wp, let 2., € X7 x T be the point corresponding to the pair (r, 2™ unr(y)). We let
T = Ty, be the dominant point and let w, = wg (to make the notation agree with [18| §4.2], the element
w,, will coincide with the one in Theorem . Then x,,, € Ugi(F) C X4ri(7) by the definition of Uy, (7).
If ©,, € Xi(T), then z,, satisfies the assumption in Theorem Hence by Theorem [3.8} w > w,, in
W/Wp. The converse is also true and the following theorem is a plain generalization of [[18, Thm. 4.2.3]
which asserts that all expected local companion points of x,,, exist on the trianguline variety (cf. [18| Def.
4.2.1]). We repeat the proof here to introduce the notation that will be needed in the proof of Theorem[4.10]
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Theorem 4.1. The point x,, € X7 X 7'L is in X (T) if and only ifw > wy in W/Whp.
Moreover, the set of points ' = (r,8') € Xz x T such that x' is in X, (T) is equal to

U {(r,z" unr( ), w > wr}

where R runs over all possible reﬁnements of r.

Proof. We need a variant of Kisin’s crystalline deformation space for irregular Hodge-Tate weights that is
embedded into the trianguline variety as in [16} §2.2].

Let R:Q*” be the framed crystalline deformation ring of p-adic Hodge type determined by the Hodge-
Tate weights h in the sense of [57] over Oy, (reduced and Z,-flat) and let %?7” be the rigid analytic
generic fiber of Spf(R?fcr). By [57, Thm. 3.3.8], %?7“ is smooth, equidimensional of dimension
n? 4+ 3 s > 1<i<j<s, MriMrj over L. The beginning part of [16| §2.2] produces mutatis mutandis
a rigid analytic space %2_“ = %?_Cr Xpris /s, ng where Tzig is the rigid split torus over L of rank n,
S, is the symmetric group so that the quotient Tzig /Sp parameterizes characteristic polynomials of the
Frobenius on the Weil-Deligne representations associated with the crystalline deformations and %2—@ pa-
rameterizes pairs (7, (p1,- -+ ,,)) where r € X2 and (1, - , p,,) is an ordering of the eigenvalues
of the Frobenius on the Weil-Deligne representation associated with r. The same proof of [16, Lem. 2.2]
shows that X2~ is reduced.

Let Y2~ — X2 be the Resg,,q,(GLy/x,) Xq, L-torsor of the trivialization of the underlying
coherent sheaf of the universal filtered ¢-modules over Ky Xg, Oyn-cr 0n XP=T Then sending a crys-
talline representation with a trivialization of D to its crystalliné Frobenius and Hodge filtration de-
fines a morphism f : P2~ — — ((Resk, /g, (GLn/k,) Xq, L) XL G/P) "® which is smooth. In fact, by
[47, Prop. 8.17], X2~ is isomorphic to an open subspace @aduadm T(7) of _@ad#adm where Q;du is the
quotient stack of the adic space associated with (Resg, /g, (GL,/k,) xq, L) xz G/P by the action of
Resk,/q, (GLy/k,) %q, L .@;duadm is an open sEbspace of @:;fiu where there is a universal representa-
tion of Gx on a vector bundle V on Qgi’fdm and @g‘i’fdm is the stack over Qg‘i;adm trivializing V. Then
the morphism f induces a smooth morphism:

T B e D7 o (Resicy s, (Gl i) X, L)™ Xy, THE) 1 (G/P),

where the map (Resg,/q,(GLy/k,) Xq, L)"& — Tzig /S, is defined by [47, (9-1)]. The condition
goigoj_l ¢ {1, pl%o-Q]} for i # j cuts out a Zariski open subspace

rig’) & ri
ggen . ((ReSKO/Qp(GLn,Ko) XQP L) XTr)g/S T g) X, (G/P) g

in the target of fand thus the inverse image of 2% under f denoted by Z h=cr js Zariski open dense in
xhoer xh—er h=cr (smooth morphisms are open). The subspace Z” 7= is invariant under the action of

Resg,/q,(GL,/k,) Xq, L (change of bases) and thus descends along xhoor choer PR — xh o

a Zariski open dense subspace WFh—Cr of %;n—cr_
For any ¢-module D of rank n over A ®q, Ko where A is an L-algebra, let

D: =D ®Lgq, Kojidar L

for 7 € Hom(K,L). Let o be the Frobenius automorphism of Ky. Then ¢ : D, opi — Dy ogi+t
where 79 0 0f = 75 0 0® = 7y. Given a basis ey, - ,e, of the A ®q, Ko-module, equivalent bases
(ei®L®Qng,id®7—L)i:1,--- . of D foreach 7 € Hom(Ky, L), the matrix of o is givenby M = (M), ctom(k,,1) €
(Resk, /0, (GLn,x,) Xq, L)(A) where M is the matrix of the morphism ¢ : D; — D.o, under the
given bases. On Z8°", the condition that ¢; # ¢; for i # j allows to define a Zariski closed sub-
space .7 C 2% cut out by the condition that M, = diag(a.1,--- ,ar,) are diagonal matrices where
HTeHom(KmL) ar; = @; forall i = 1,--- ,n (this corresponds to the choices of bases e1,--- , e, of D

such that pl%0:Qle; = p;e,). Ttis easy to see that .7 is smooth over (G//P)". Let %;‘_CT = fYT) be
the inverse image of .7 in Xh—°" X yn-or Y2, Then ghoer _, wh-erjsa (Resk, /0, (Gm) ®q, L)"-
torsor corresponding to the trivializatil)n of the ¢-modules with the bases given by eigenvectors of (!0 Qr]
as above (such bases exist locally because the morphism [50:Q] — o, between projective modules has cok-
ernel and kernel of constant ranks over a reduced base). The map %;‘*“ — 7 — (G/P)" is also smooth.
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For any w € W/Wp, descending along the map %l;_cr — 17[//?1‘_” for the inverse image in ‘EI;_” of the
Bruhat cell (BwP/P)"¢, where the inverse image is invariant under the action of (Res, /g, (Gm)®q, L)",

is a Zariski locally closed subset in WF}‘*”, denoted by W;;Cr. Let W}j;” be the Zariski closure of W;;“

- 1r7h—cr . 1r7h—cr 1 h—cr s - .
in W2~ Then we have the usual closure relations W7 ™ = wagw W5,/ by asimilar argument as in

the proof of [18, Thm. 4.2.3] (using that smooth morphisms are open) and descent.
Hence a point z = (r, ) with the refinement denoted by R in WF}‘_“ lies in W2 (resp. WP—cr)

T, W T, W

if and only wg = w (resp. wgr < w). For any w € W/Wp, there is a morphism ¢y 4 : }C?‘“ X1,
T7® — X7 xp, T that sends (r, @) to (r, 2™ unr(p)). We have W, C 1", (Usi(F)) by [5]. Hence

W;;Cr C L;h(Xm(F)) for any w € W/Wp. Thus Lh7w(W;;g) C X (F) for any w > wg which
finishes the pfoof of the first statement of the theorem. '

To prove the last statement of the theorem, by the first statement, we only need to prove that if ' =
(r,0") € Xui(7), then 2’ = z,, for some refinement R of 7 and w € W/Wp. This follows from the
bijection between the triangulation of D,s(r) and the refinements of r, [54] Thm. 6.3.13] and [17, Prop.
2.9]. O

4.2. p-adic automorphic forms and eigenvarieties. We now turn to the global settings in [[18] §5] (see
also [17, §2.4 & §3] or [16} §3]). We recall the basic notation and constructions. The reader should refer to
loc. cit. for details. We assume from now on p > 2.

Let F'™ be a totally real field and F//EF'+ be a CM quadratic extension such that any prime in .S, the set
of places of F'* above p, splits in F.

Let G be a unitary group in nn > 2 variables over F'* which is definite at all real places, split over F' and
quasi-split at all finite places.

We fix a tame level UP = [[, ¢S, U, where for any finite place v ¢ .S, U, is an open compact subgroup
of G(F,}). We assume that U? is small enough in the sense of [16] (3.9)]

Let S D S, be a finite set of finite places of F'* that split in ' and we require that every place of F'
that splits in F such that U, is not maximal is contained in S. For each v € S, we fix a place v of F above
F+.

We fix an isomorphism G X p+ F' ~ GL,, p which induces i : G(F,") 5 GL,(F5) forany v € Sp.

Recall that L denotes the coefficient field, a finite extension of (Q,. We assume that L is large enough
such that |[Hom(Fy, L)| = [Fy : Q] forallv € S,,.

We define the set ¥, := Hom(F5, L) for any v € S, and let ¥, = Uyes, X

Denote by B, (resp. B, resp. T,,) the subgroup of G, := G(F,") which is the preimage of the group
of upper-triangular matrices (resp. lower-triangular matrices, resp. diagonal matrices) of GL,, (F}) under
iy and let B, = Hvesp B,, B, = Hvesp B,and T, = Hvesp T,. Set G, = Hvesp Go.

For v € Sy, let g, (resp. by, resp. by, resp. t,) be the base change to L of the Q,-Lie algebra of G,
(resp. B,, resp. B, resp. T),). We define g = Hvesp o, t =[] ty, etc. and for v € S, 7 € X, set
9r = Qv ®Fg®@pL7T®id L. t, =t, ®Fg®@pL,T®id L, etc..

Let :S'\(Up7 L) (resp. §(Up, Op)) be the space of continuous functions G(F™)\G (A%, )/U? — L (resp.
G(FT)\G(AS,)/UP — Op) on which G, acts via right translations. Then there is a Hecke algebra T (a
commutative Op -algebra, see [[17, §2.4] for details) that acts on S (UP,Op). We fix a maximal ideal m° of
T* with residue field k, (otherwise enlarging L) such that

vES)

~

S(UP, L)s £ 0

and that the associated Galois representation p : Gp — GL,, (k1) is absolutely irreducible (i.e. m° is
non-Eisenstein) where G := Gal(F/F).

We assume furthermore the “standard Taylor-Wiles hypothesis”, that is we require that F' is unramified
over F'T, F contains no non-trivial p-th root of unity, U, is hyperspecial if the place v of F'* is inertin F,
and p (Gal(F/F({/1))) is adequate (cf. [18 Rem. 1.1]).

The Galois deformation ring 5 5, which parameterizes polarized deformations of p unramified outside
S, acts on § (UP, L)s. The subspace of locally Q,-analytic vectors of S (UP, L) s for the action of G,
denoted by S (UP, L)%, is a very strongly admissible locally Q,-analytic representation of G, ([38, Def.

. /
0.12]). The eigenvariety Y (UP, p) is defined to be the support of the coherent sheaf (J B, (S(UP, L) )) ,

applying Emerton’s Jacquet functor (with respect to the parabolic subgroup B, of G)) on S (UP, L)
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and then taking the continuous dual, on Spf(R; 5)"& x fp-, 1 where T, pL = Ilpes, T, denotes the base

change to L of the Q,-rigid space parameterizing continuous characters of T}, = [, . s, T,.

Let R ®U63R [[x1, -, x4]] where for a place v of F', R is the maximal reduced Z,-flat

quotient of the local framed deformation ring of 75 := D|g &, OVer Or and g is certain determined integer.
Then there is an Oy -module M, constructed in [20] (see [17, Thm. 3.5] and [16, §6]) equipped with
actions of Ry, and G, so that IT,, := Méo[%] is a R.o-admissible Banach representation of G, ([17,
Def. 3.1]). The patched eigenvariety X,(p) is defined to be the support of the coherent sheaf M,
(J B, (Hfom_an))/, applying Emerton’s Jacquet functor on the subspace of locally R, -analytic vectors of
I ([17, Def. 3. 2]) and then taking the continuous dual, on Spf (R, )" x T, ».L- Thenapointx = (r,,9) €
Spf(Roo)™8 X Tp 1 lies in X,,(p) if and only if Homy, (8, Jp, (I1Z="""[m, ] @) k(z))) # 0 where
m,. denotes the maximal ideal of R, [p] corresponding to the point 7, € Spf(Ro)"¢ (cf. [17, Prop. 3.7]).
Recall that X () is reduced ([17, Cor. 3.20]). The eigenvariety Y (U?, p) is identified with a Zariski closed
subspace of the patched one X, (7).

We denote by

— rig — rig
%ﬁp = Spf (®UESpR;75> 7xﬁp . Spf (®1165\SpRlpﬁ> 7Ug = Spf(OL[[wl’ e ’J’.g]])ng

and Xoo := Spf(Roo)"™® =~ X5 X Xpo x UY.

Let Xtri(ﬁp) = [l S, Xti(P5) which by definition is a Zariski closed subspace of X5, X fp} .. Denote
bydp, = |5 '@ - -®| 5 Zitlg.. ®||}:" the smooth modulus character of B, and 0, := ®yes,0B, -
Let ¢, be the automorphlsm

(80,15 3 0un) = 0B, (Bp1,- - 751)72461'*1’ . ..51}7”6”*1)
of fv,L and let ¢ = Hves,, Ly

(z,8) + (x,1(8)). Then the reduced closed subvariety X,(p) of X5 X Xz» x UY x fp,L lies in the
Zariski closed subspace ¢ (Xm (ﬁp)) x Xpr x UY and is identified with a union of irreducible components
of ¢ (Xm(ﬁp)) x Xz» x U9 ([17, Thm. 3.21]) any of which is of the form ¢(X) x X x U9 where X (resp.
XP) is an irreducible component of Xi,i(p,,) (resp. Xz»). An irreducible component X of X tri(ﬁp) is said
to be X?-automorphic for an irreducible component X? of Xz» if 1(X) x XP x U9 is contained in X, (p).

L = Tp,r. We also use ¢ to denote the automorphism of f{pp X Tpr -

Definition 4.2. (1) A character § = (J,)ves, € ﬁhL is called generic if foreach v € S, 1;1 (8,) €
T, > where T,y denotes the subset 73" in ~ for characters of (F*)™. Explicitly, we say 0 is
generic if 51,11-(5;} ?72jej*i # 2% ezX forany v € Sp,i # j,k € Z*v.
(2) Apointz = (r4,0) € Xoo X Tp L (ory = (p,8) € Spf(R; 5)"e x fpyL) is said to be generic if §
is generic.
4.3. Orlik-Strauch theory. We recall the theory of Orlik-Strauch on Jordan-Hoélder factors of locally an-
alytic principal series which will be the companion constituents in the locally analytic socles.

Let O (resp. O) be the BGG category of U(g)-modules attached to the Borel subalgebra b (resp. b)
(50, §1.1]). If M is in @dlg ([15, §2]) and V is a smooth representation of T}, over L, then Orlik-Strauch

constructs a locally Q,-analytic representation .7-' (M V) of G, ([61], see [15| §21, [14, §2] and [18|
Rem. 5.1.2]). The functor ]—"Ep (=, —) is exact and contravarlant (resp. covariant) in the first (resp. second)
arguments (cf. [14, Thm. 2.2]). If A = (Ay)ves, = (Ar1, - ’)‘Tﬂl)rez,,,vesp € [l,es, (Z™)*>, we let
2= Huesp 2™ be the algebraic character of T}, = Hvesp T, which satisfies that wt, ((ZA“)Z) = A
for every 7 € ¥,,. Thus we may view A as a weight of t. Assume that § = (év)vesp € ﬁ,,L(L) is locally

algebraic of weight A (i.e. wt(9) := (Wtr(dv,i))i=1,-- ,n,rex, ves, € Hvesp (Z™)*v and A\ = wt(J)) and
we write § = 2, so that d_, is a smooth character of T},. We define

For(8) ;fg’P((U(g) Bu ) “”) DOm0 >

p P

where — )\ is viewed as a weight of b and (—)" is the dual in O (cf. [50, §3.2]). By [14, Thm. 4.3, Rem.
4.4],

4.1 Homg,, (}" "(9),11*") ~ Homr, (9, Jp, (IT*"))
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for any very strongly admissible locally analytic representation II*" of G, over L.

For such A, let L(\) (resp. L())) be the irreducible U(g)-module of the highest weight A in O (resp.
in 0). Let Wg, = Huesp (S,,)** be the Weyl group of g = [, g, = Hrezp g, acting naturally on
I1.e S, (Z™)*» and we identify this action with the usual action of the Weyl group on weights of t. Let

n—1 n—2+1 1—n
2 PR 9 [ 9 )TEEv,UGSP

p=(

be the half sum of positive roots (with respect to b) (the notation p will also be used to denote Galois
representations when it will not confuse the reader according to the context). The dot action is given by
w - =w(p+ p) — pforany w € Wg, and p € HUGSP(Z”)X“J.

We say A € [[,c s, (Z™)®v is dominant (resp. anti-dominant) (with respect to b) if Ay ; > A\ ;41,7 €
Yyt =1,---,n—1 (resp. —A\ is dominant). Now assume that A € Hvesp (Z™)*> such that \ + p is
dominant (so that X is dominant in the sense of [50, §3.5] with respect to b). Let wg = (wy,0)ves, =
((wr).. ezv)vG s, be the longest element in W, and let Wp, = [], . s, Wp, be the parabolic subgroup
of W, consisting of elements that fix wg - A under the dot action where P, = Hve s, P, denotes the
parabolic subgroup of [ ] s, (Resp, /0, GLn/F;) Xq, L containing the Borel subgroup of upper-triangular
matrices associated with Wp,. Now —\ is dominant with respect to b in the sense of [50, §3.5] and an
irreducible module L(—p) is a subquotient of U (g) ®y; ) (—wwo - A) if and only if /¢ T wwp - A (cf. [S0,
§5.1], the linkage relation 1 here is defined with respect to b). One can prove that p T wwy - A if and only if
—p = —w'wg - A for some w’ € Wg, /Wp, such that w’ < w in W, /Wp,. Hence we conclude that the
Jordan-Holder factors of U (g) ®y;5) (—wwo - A) are those L(—w'wg-\) forw’ < win Wg, /Wp, (one can
also use the fact that the translation functor T%’,‘g‘ is exact ([50} §7.1]) and T;”(;{‘O)‘M (wwp-0) = M (wwp-\)
forall w € W, where M (—) denotes the Verma modules with respect to b, Tfu”c?_'oAL(wwo -0) = L(wwp-\)
if w e (Wg,) and T2 3 L(wwg - 0) = 0if w ¢ (W, )" to reduce to regular cases, cf. [50, Thm. 7.6,
Thm. 7.9] or [52, Prop. 2.1.1]).

For a locally algebraic character § € ﬁ, 1, of weight A\, we define characters §,, := zw“’(")‘ésm for

w € Wg,/Wp,. By the Orlik-Strauch theory ([15, Thm. 2.3 & (2.6)]), if the smooth representation

Ind%” Qsmégj is irreducible (which will be the case in our later discussions), the locally Q,-analytic repre-

sentation fg” (f(fwwo DI 5&;) is irreducible. The Jordan-Holder factors of ]:g” (0,,) are those

» Zsm
G

]-'EZ (Z(—w’wo . A),ésmégi) where w’ < w in Wg, /Wp, and ]-'g: (L(—wwo “A), 0 5;;) is the

» Zsm

unique irreducible quotient of ]-'g" (04)-
r

4.4. The locally analytic socle conjecture. We prove our main results concerning the appearance of com-
panion constituents in the completed cohomology and the existence of companion points on the eigenvariety
in the situation of non-regular Hodge-Tate weights. The proofs of Proposition[4.9]and Theorem [4.10]follow
essentially part of the proof of [18, Thm. 5.3.3] with weakened assumptions. The new ingredients are in
Theorem 4.4 and Proposition

Let A\ = (A1, 7>\T7n)T€ZU,’U€Sp € Iles, (Z™)*v such that A + p is dominant. Then we have the
parabolic subgroup P, of [, . S, (Resr, /0, GLn/F,) Xq, L associated with \ as in ~

We firstly recall some representation theoretic results in [18, §5.2] and the construction of certain “family
of companion constituents” in the proof of [[18, Thm. 5.3.3].

We write 122 for IT1%=~21, Let U, be the unipotent radical of B, and Uy be a compact open subgroup
of Up. Suppose that II*" is a very strongly admissible locally Q,-analytic representation of G, over L. If
M € O, then M is equipped with an action of B, and Homy 4y (M, II*") is equipped with a smooth
action of B,,. Its space of Up-invariants Homgs(g) (M, I12n) v
T ={teT,]| tUot™! C Uy} given by ([18, (5.9)])

is then equipped with a Hecke action of

frt-f=6p,t) Y. uotf.

uo €Uy /tUpt—1
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The starting point is the following adjunction formula. For any finite-dimensional smooth representation V'
of T}, over L, by [18, Lem. 5.2.1] (which itself follows from [[14, Prop. 4.2]), we have

Homg, (]—'g: (Hom(M7 L)ﬁx,V((Sgi)) 7Hétn) _ HomT; (V, Homy g (M, Han)Uo)

— Homy, (V, (Homy g (M, Han)UO)fs) .

where (—)s denotes Emerton’s finite slope part functor ([36, Def. 3.2.1]) and Hom (M, L)* is the sub-
space of Hom(M, L) consisting of elements annihilated by a power of 1, base change to L of the Q,-Lie
algebra of the unipotent radical of Ep (see 14, §3)).

In particular, for any point y = (r,,0) € X X fp’  with the corresponding maximal ideal m,. for r,,
such that J is locally algebraic of weight wwy - A and has smooth part §_, we have

sm?

4.2) Homg, (]:g: (Z(—wwo . A),Qsma,;j) IR My, ] @k, k(y))

= Homr, (ésm, (HomU(g) (L(wwg - ), 1132 (M, ] @) k:(y))UD)fs) .

Recall by 1| y € X,(p) if and only if Homg, (]—'g” (0,), 22 [My, | @i(ry) k(y)) # 0, and there is an

injection
Homg, (]-‘gz (Z(—wwo ), gsm(s,;zj) T2 [m,, ] @p(r ) k(y))

(43) = Homg, (Fg"(3,,) TE2m,, ]| @i, k)

induced by the quotient U(g) @y 5, (—wwo - A) — L(—wwy - ) for any w € We,,.

For any w € Wg,, let X, (p)ww,-» be the fiber of the composite map X,(p) — fp, LIt over
wwg - A € t*. Here t* denotes the rigid space associated with Homp, (t, L) and the map wt sends a character
of T, to its weight. Since J, (I122) = ((I122)Y0)g, the quotient U (g) @y (p) wwo - A — L(wwyg - A) induces
a closed immersion as

(Homa g) (Ewwo - 2). 1122)" )
4.4) = Homy (wwo - A, Jp, (I13))

s (HomU(t) (wwg - )\7H§§[u])U°)

fs fs

which is compatible with actions of ROO[%] and T}, (see Step 8 of the proof of [[18, Thm. 5.3.3] for more

details on the topology). The continuous dual Homg (wwo ‘A, JB, (Hi;‘))/ of the target is the global
section of the coherent sheaf M ®0x,m) Ox, (P)wwg.» OVEL the quasi-Stein space X, () ww,- (as a closed

subspace of the quasi-Stein space Spf(R)"8 x fp,L, cf. [40, Def. 2.1.17] and [65, §3]). Then the
/

Uo

continuous dual (HomU( o) (L(wwg - X), TI32) of the closed subspace corresponds to a coherent sheaf,

S
denoted by L.yu,-1, 01 Xp () ww,-» and the continuous dual of (4.4) gives a surjection of coherent sheaves
MOC ®OXp(F> OXp(ﬁ)wwo.x e ‘wao-/\

on X, () wwe-r- Let Yp () ww,-» be the schematic support of Ly,,.x Which is a Zariski-closed subspace
of X, (P)wwe-r- Let'Y, (ﬁ)fjgo_ , be the underlying reduced analytic subvariety of Y}, (p)wuw,-x (cf. [13]
§9.5.3)).

Remark 4.3. We warn the reader that the subspace Y, (5)wuw,-» of X, (p) should not be confused with any
subspace of the non-patched eigenvariety Y (p, U?). Note that when L(wwg - A) is a finite-dimensional
representation of g, Y, (0)ww,.x is similar to a “partial eigenvariety” that will be defined in (by taking
Qp = Gp, J = X,), but with more restriction on the weights of characters. And in this case one can prove
that Y}, (P)wuw,-x is equidimensional by the usual arguments for the eigenvarieties, cf. Lemma We don’t
know whether one should expect that Y, (0)ww,.» is equidimensional when wwy - A is no longer dominant.
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Let ms__ be the kernel of the morphism L[T},] — L of L-algebras given by a smooth character d,,.
Then for any L-point y = (ry, zww(’“ésm) € X, (P)wwo-r C Xoo X f%L,

an\U ! s
(4 5) wao A ®OXP(P)ww0 Y OX (P)wwo YT IL (HomU( ) (L('LUU)O ' )\)7 HZO) O)fs/ (mTlﬂmg )

Osm
s,teN

= lim (HomU(g) (L(wwg - A), T [m? ][mésml)/

Ty
s,teN

/
( limy Horny gy (L(ww - A), 1122)"° [miyﬂmfsml)
s,teN

where each

Homy (g) (L(wwo - A), HEE)U” [msy][mésm] = Homy () (L(wwg - X), o [tusy]‘"m)UO [mf ]

L L& =sm

is finite-dimensional (using that IT32 is R..-admissible, the finiteness comes from the related property of
Emerton’s Jacquet module, see [[18, Lem. 5.2.4]).

We denote by Homyy(g) (L(wwg - A), 122V [moe °][mg° ] for the last term in the bracket in . Thus

Homg, (}'g: (L( ww - ), O onp ) Han[mry}) £0

if and only if (by (#.2))
Homy g) (L(wwo - A), T132)7" [m,., [ms ] # 0

“sm

if and only if y € Y, (5)ww,-» Which is equivalent to that
Homyg) (L (wwo - A), 113)™ [m¥][mg° ] # 0.
Next, we take y = ((pp, ), 2) € Yp(P)wwo-r € Xp(p) C ¢ (Xui(p,)) X (Xp0 x UY) a generic L-point

(Deﬁnition and w = (wy)ves, (wr)res, ves, € Wa,/Wp, = HUES (S,)**/Wp, such that
wt(d) = wwo - A Wit p, = (pr)ues, € [l,es, SPE(Rp, )™ Leth = (hy)ues, = (Bo)res, =

(hra, s h,ﬂ,-’n)Tegp be the anti-dominant Hodge-Tate-Sen weights of p, where we view h as a coweight
of t and “anti-dominant” means that h,; < --- < h;,, V7 € E,. Then wo - A = (hr1, - b +
i—1,-  hrp+n—1)ex, € Hvesp (Z™)*v. The stabilizer subgroup of h under the usual action of

We, = (S,)% is Whp,.

By Theorem [3.8| and the generic assumption on &, (p,, ¢! (8)) lies in a unique irreducible component
X of Xuri(p,,)- The union of irreducible components of X, () that pass through y are of the form LX) x
(UierX?) x U9 where X¥ x U9,i € I are some irreducible components of X5» x UY. Then ™! induces

a closed immersion Y, (p )ﬁfgo x = Xtri(Pp)w(m) X Xz x U? where Xi(p,)w(n) denotes the fiber of the

t . . .
composite Xi(p,) — Tp7 5 t* over w(h). Hence ¢ induces a surjection

OXtri(ﬁp)w(h)1L71(pp7é)®Loxﬁp xU9,z = Oy, (l))fjﬁ,o YT

Recall in ~, for each v € 5, Drig(pg)[%] is equipped with a unique triangulation My , associated
with the point (pg, ;1(51,)) € Xui(py) and we have an isomorphism Xm(ﬁ;))(p~ ) = XM

=W,y

by Corollary In - L we have (’)Xm(p“)w“<h )t~ L(pz,8,) = ~ R, s, Hence @Xtri(ﬁp)wm),rl(pp,é) =
RpP M, ®1}€S qu,,/\/h Define R, := ®U€5 R,,. We get a composite map

(4.6) Rpp — Rpp,M. = OXm(Fp)w(h)7171(1?1375) OYp(P)re

Let Q, = Huesp [I,cx, @- be a standard parabolic subgroup of Hvesp (Resp, y0, GLy/F,) %, L =
IL, s, GL,,/, (with the Borel subgroup of upper-triangular matrices and the maximal torus the diagonal
matrices). For v € S}, the statement “w, (hy) is strictly @Q,-dominant” (Definition is equivalent to

“Wy Wy 0 - Ay 18 @ dominant weight for the standard Levi subgroup of ),,”. Let Rgp M, = ®v€5 R AV
where the latter is defined in the end of §3.6] rougly speaking, parametrizing trianguline deformations of pv
that are (),,-de Rham. There are closed immersions

wwg- 2Y°

Spec(RZ’jM.) < Spec(R,, m,) <> Spec(R,,).

Theorem 4.4. If wwy - X is a dominant weight for the standard Levi subgroup of Qp, then the morphism
. %) Q
@). R, — OYp(ﬁ)ffio.wy factors through Rp:,M.'
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Proof. The proof is based on Theorem [5.13]

We have a closed immersion Y),(p ){ﬁlduo y <= Xp(p). We argue for a fixed v € Sp,. Let D := Dyp(paniV)
be the (¢, g, )-module over Rx, ), r, associated with the universal Galois representation 2™ of Gp,
pulled back from X5_ (cf. 60, Def. 2.12]). By [17, Thm. 3.19] and [54, Cor. 6.3.10], there is a birational
proper surjective morphism f : X’ — X, (p), a filtration of sub-(¢, T’ F;,) modules Dx- o over Rx/ r,
of Dx/ := f*D such that for any point y’ € X', the base change D, .[ lisa tnangulatlon of D, [ | =
Drig(py %) [ t] of parameter 0y .1, , 0y’ v.n where we use the same notations with different subscrrpts to

denote the pullback of the representation p™V, characters from ﬁ,, etc.. Let Y’ be the underlying reduced
analytic subspace of f~! (n(ﬁ)fuego, /\). We pick an arbitrary affinoid neighbourhood V' of an arbitrary
point 4’ € f~1(y) in Y’. By Theorem below, the definition of Y, (5)ww,-1» (4-2), and the assumption
that wwg - A is dominant with respect to the standard Levi of Qp, we have that for any pointy” € V, Dy [1]

with the triangulation Dy 4[] is Q,-de Rham (Deﬁnltlon

We firstly prove that the map R, — Oy/,y/ factors through the quotient R;{ Moe® The proof is sim-
ilar to that of Proposition Take A a local Artin L-algebra with residue field k(y’) and a composite
y' = Sp(k(y')) — Sp(A) — V. The pullback D4 , along the map Sp(A) — V of the global trian-
gulation Dy,s = Dx/ 4 xx/ V gives a triangulation M4 e := D4 e[7] of Dyig (paz) [$] of parameter
0A,15 " 04,50 Since the filtration Dy , is a strictly trianguline filtration on a Zariski open dense sub-
set of X', and the Sen polynomials vary analyticly, the Sen weights of Dy; are fixed integers (the weights
of 0v,1, *+ ,0v,,:). Hence we can apply Theorembelow for each Dy ;, and we get finite projective
Oy -modules written by Dpar(Dy,;) (in short for Dpar (War(Dv,:)) = HTezv Dpar,» War(Dv,i)))
with Oy -linear operators vy. Check the proof of Theorem [A.T0] the filtration Dy, induces natural maps
Dpar(Dv,i) = Dpar(Dy,i+1). By Theorem again, Dpqr(Dv,e) are specialized to the k(y”)-
filtration Dpar(War(Dy e)) for any 3" € V. Since V is reduced, the sheaves Dyqr(Dy,;) form a satu-
rated filtration of Dpqr(Dyv ), i.e., Dpar(Dy;) is mapped injectively into Dpqr(Dv,;+1) and the graded
pieces Dpar (Dv,i+1)/Dpar (Dv,;) are locally free of rank one. Moreover, forany 7 € ¥,,1 <i <4 <n
andy” €V,

(Dpar.+(Dv,ir)/ Dpar.+ (Dv.i)) ®oy k(") = Dpar.r (War(Myr i/ My 7).

Let 0 = 5,0 < -+ < 8;; < -+ < 8;r. = n be integers such that the Levi subgroup of Q. is
GLs, s, 0%+ GLg, s, ,_,%-+-xGL,,, _s , _, Since Dyr[1]is Q,-de Rham forany y” € V, v =
vy ®o, k(y") acts as zero on Dde T(WdR( yse i/ Myrs ) forl <i <t and7 € X, AsV is
reduced, it follows that vy itself is zero on the graded pieces Dde,'r (Dv.s, ;)/Dpar,+(Dy,s, ,_, ). By The-
orem the same assertion holds for the base change v4 of vy on Dpar,-(War (Mas, . /Mas, ,_,))-
By Definition|3.10, Dig (p4.5) [ | with the triangulation is @,,-de Rham (Definition [3. i

We prove that the composite R, — Oy/ + — A factors through a map R, — Rp Moe A. Let
A:=Ax k(y’) L be the subring of A consisting of elements whose reduction modulo the maximal ideal m 4
of Alie in L. Then the map R, — A factors through R, — A C A automatically. By similar arguments
as in the proof of Proposition there exists a model p 5 - (resp. 0.4,4,4, resp. M 7 ,) of pa 5 (resp. 67, >
resp. M) over A whose reduction modulo m 3 18 pyz (resp. Oy.v,i» TESP. My 5). This implies that
the map R, — (/9\y/’y/ — A factors through R,, — R, m,, — A C A. Moreover, Dyig (pa5) [1] =
Diig(p 3 5)[%] @z Aand Mz, ®3 A = May,. It follows from the exactness and the functoriality of
Dpar(War(—)) that there exist isomorphisms Dyqr(War(Mz,)) ® 1 A =~ Dpar (War (Mae)) of
finite free A-modules with A-linear mlpotent operators (cf. the proof of [18] Lem. 3.1.4], writing A as the
cokernel of finite free A-modules). Since A — A is injective, the vanishing of v4 = v ; ® 7 A on the finite
free A-modules Dpar,-(War(Mas, . /Mas,,_,)) = Dpar,r(War(M A,sT,i/MA,sT,ifl))@)AA implies
the vanishing of v 3 on Dpar,r(War(Mz, /M7, ). This means that p 7 ; with the filtration M 3 |
is also @),,-de Rham. The definition of Rg M, , and Lemma implies that the map R, — A factors
through R?ﬁ“ Mso A

By taking A = Oy 4/ m{oyl , forall j € N, we conclude that the map R,, — @y/ﬁy/ factors through

'Y
the quotient RQ“ Mo

Now the argument in the last part of the proof of Proposition [3.4] using the surjectivity and properness
of f:Y" — Y,(p)rd , and the reducedness of Y, (p)™d ,, shows that the map R, — OY Zyred

wwo A wwoA? wwg-xY

Qu
also factors though R M O
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Remark 4.5. We expect that the morphism R, — (5yp(ﬁ)ww0. L,y as in Theorem factors through

RpQ: M, - However, we don’t know how to prove this stronger result.

From now on we focus on generic crystalline points. A point p, = (pz)ves, € X5, (L) is said to be
generic crystalline if for each v € S}, py : G, — GL,, (L) is generic crystalline (in the sense in §4.1). If
pp 1s generic, a refinement R = (Rg)vesp of p, is a choice of a refinement Rz of py for each v € 5.

Suppose that p, € X5, (L) is a generic crystalline point with refinements Ry given by orderings Y- €
(L*)™ and that hy is the anti-dominant Hodge-Tate weights of py for v € \S;,. Recall for each v € S,
there exists wgr, € (S,)¥"/Wp, such that zwﬁv(hi)unr(gi) is a parameter of py and then the point

(,057 zwﬁﬂ(hﬂ)unr(fg)) is in Uy (p5) C Xri(py) (see §E|) We continue to assume Ay ; = A pp1-; +
t—=1LVred,i=1---,n

Definition 4.6. For w = (w,)ves, € Wa,/Wp,, let  ,, be the character ¢ (z*®unr(y )) of T}, where

2™ unr(gp) is the abbreviation for the character [T, g 2*** unr(p.) of T, = [1,s,

Then for each w € Wg,/Wp,, 0% ,, is generic and wwy - A is the weight of dr ,,. The smooth part
O em =2 "0 ,, is independent of w. We write wg := (wg,)ves, € Wa,/Wp, .

We already know that the point gy, = (pp,t (05 uye)) is in Usi(p,). If we assume Conjecture
3.23 of [17] (which follows from a general automorphy lifting conjecture by [17, Prop. 3.27]), we could
get that the irreducible component of X,; (ﬁp) passing through y,,,, is XP-automorphic for any irreducible
component X? of Xz». Hence there should exist a point ((pp, 05 . ), 2) € X,(p) C L(Xm(pp)) (X5 ¥
U9). Then by [16, Thm. 5.5], together with the discussion on local companion points in we could
expect 2y := ((pp, O 4): 2) € Xp(p) if and only if w > wr in Wg, /Wp,.

We will not consider the automorphy lifting anymore in this paper. Rather, our aim (Theorem #.10)
is to prove that all companion points x,,,w > wg are in X,(p) under the assumption that there exists
w' € Wg, /Wp, such that .+ is in X,(). The assumption will always imply z.,, € X,(p) by [16, Thm.
5.5].

The following proposition is the key new step to achieve the existence of companion points, where
Theorem[d.4]is used. In the proof of Theorem[4.10| we will use some induction and deformation arguments
to reduce the existence of more general companion points on X, (p) to the special situation considered in
Proposition . 7] below.

Proposition 4.7. Assume that the points ((py, 05 .,),2) € ¢ (Xui(p,)) X (Xz» x U9) are in X,,(p)(L)
for any w > wg in Wg,/Wp, where p, is generic crystalline and R is a refinement of p, as above. If
wRWP 7é woWV. then ((ppvéR,wR)v Z) € X;D(ﬁ)(L)

Proof. We will prove
Homy (g) (L(wrwo - ), I32) % [m®][m3® ] #0

where 75, := (pp, 2) € Xoo. This will imply (by (4.2))
Homa, (F" (Z(-wrwo - A), Or sudp! ) T2 Im,,]) #0

and by and , imply furthermore that ((pp, 0% .y ) 2) € Xp(P)-

For each v € S, we still write wg_ for the shortest representative of wg in (Sn)z'v and write
wR = (wRa)veSp € Wg,. We may assume that there exists and fix a place v such that wg, is not
in the coset w, oWp, since wrWp, =+ woWp,. Then by Lemma there exists a simple root «
of (Resr,/q,GLyn/F,) Xq, L and a standard parabolic subgroup Q@ = Hvesp Q, = Hrezp Q. of
[l.es, (Resp, /o, GLn k) Xq, L such that the element w' := sqwr = (wy/)ves, € W, where
w,, = wr,, if 0" # vand w, = sqwr, satisfies that Igp (') = lgp (wr) + 1, w; (hg) is strictly
QQ,-dominant and wg (hy) is not strictly ),,-dominant (Definition . By our assumption, the point
T = ((Pps Og ), ) is in X ().

In particular, M ®0x, 6}(,, (Bt wg 2 oTa! # 0. Equivalently, since M, is defined using Jp, (TIZ) =

((T12m)Yo)y,, by taking dual and arguing as in (4.5), we get

an U
Homy(g) (U(g) ®u(s) w'wo - A TIE2) 77 [mX][mg° ] #0,

=R, 5111]

(see also [I8] (5.16), (5.18)]).
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! Homg, (]:g: (f(—wwo 2,005 ) Ha“[m”]> £0,

then by (4.1) and (4 , the point ((pp, % ), z) will appear in X,(p). Then (pp, ¢ (35 .,)) € Xuxi ()
This is p0351ble only if w > wg by Theorem Hence the irreducible constituents of fg” (0R,.) that
may appear as subrepresentations in I12%[m,. ] are
F&r (T(-wwo - X), b b5
where w' > w > wg in Wg, /Wp,,ie. w = w' or w = wg. And for any w < w',w ¢ {w',wr},
Homy (g) (L(ww - A), T32)7 [m*][mg°  ]=0.

The functor M + Homy(g) (M, I12n) v [m] [méof2 ] is exact on the category O. This fact comes essen-

tially from that the dual of II., is a finite projective Seo[[K]] [%]-module and that the functors of taking
generalized eigenspace of compact operators are exact. See discussions before [[18} (5.21)] (and the argu-
ments in [16, Thm. 5.5] of proving firstly similar results for ideals of Sy [%}])

Hence we get an exact sequence

0 — Homy g (L(w'wg - A), T2 m2®] [m§e

=R, sm]

— Homy (g) (U(g) ®u () w'wo - A, Hiﬁ) ‘[m)[mge ]

IR sm

— Homy (g) (L(wrwo - A), TT32) 7 [m?][m32. L=

To prove Homy () (L(wrwo - A), H‘;g)UO [m] [mgjz ] # 0, by the above exact sequence, we only need
to show that ’

an U o0 o0 an U (o] o0
Homy(g) (L(w'wo - A), T52) ™" [mP?][m3® ] # Homy () (U(g) ®u(e) w'wo - A TI53) ™ [mp7][m5? | ]

IR om

or equivalently by taking dual as in {.3)) to show that the map
(47) MOO ®0Xp(ﬁ) @Xp(ﬁ)w’wo-)ﬂmw' - ‘Cw wo A ®0Xp(ﬁ) ,

w’wg A

OXp (Bt g r s
is not an isomorphism.

We prove it by contradiction. Assume that ( ni is an isomorphism. The action of O X, (P)
the right-hand side factors through

Plw’ wy-XTw , on

~

OY, (@) ' = 0%, @) urigr s BOxy @ et OXo @)t st

-module in the right hand side of l) has support whose
). Since Ox, () acts faithfully on M, the support

wO«Avmw

Thus by Lemmabelow the O X, (P)
underlying reduced subspace is Spec((’)y (B)red

)\’E/

wwy- 2 Tw’
of Moo®o0 @ OX,(3) s 18 set-theoretlcally equal to X, (9)wwe-a ([67, Tag 00L3]) with the underlying
reduced subspace X, (p )red By Lemmabelow the underlying reduced subscheme of the support of

w’/wo A"
the O x -module in the left hand side of Ii is Spec(O X, ()l ). Thus we have

p(ﬂ)w/w ATy w/wg A7

Spec(oxﬂ(ﬁ)sﬁww T, )= SpeC(OY ()1t ar® ,)-

By Theorem [#.4]and the above equality, the map

Ry, = Ox.i(5, NOLOxp xvs,z = Ox pyreg 4

-1
Jw’ ()t~ (PpsOg o2 T’

factors through pr”) M, - We now prove this is not possible. Assume that 1(X) x XP x UY is an irreducible
component of X, (p) passing through x,,» where X is the unique irreducible component of X4,i(p,,) passing
through ¢~ (py, O ) and XP is an irreducible (reduced) component of X». Let X, (n) be the fiber of X
over the weight w’(h) and let X re‘%h) be the underlying reduced subspace. Then L(Xfu‘%c(lh)) x XP xUYis a
reduced subspace of X,,(p):e, , and the map

R, — Oxred 1 (op b .w,)(/g\)L@xPxIUg,z

w’(h)’

factors through RQ" . Hence the map R,, — 4] Xred L =1(p, 80 ) factors through RPQ; M, Denote by

w’ (k)"

Ywr, = (pa, z“’i)(hv)unr( )) the point on Xtyi(9z)w w!, (hy) and X, the irreducible component passing the


https://stacks.math.columbia.edu/tag/00L3
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point with X,/ 1) the fiber of X, over the weight w »(hy). We get that the morphism R, — R My
O Xred

v,,,, factors through RQN” Mo 1€
w! (hg)’

(4.8) Spec((’)Xred ) C Spec(Rp M)

hy) Y,
By discussions in and ( .i the underlying topological space Spec(O X ), which as a topo-

loglcal space is equal to Spec(R., on M )» 18 @ union of non-empty cycles denoted by 3., and 3. in
3.6| By our choice of Q,,, wr, (hy) i is not strictly Q,-dominant. Then by Lemma or the discussion
in the end of 3wy is not contained in Spec(Rf’;Miy. ), this contradicts li O

Lemma 4.8. Let A be an excellent Noetherian ring, m be a maximal ideal of A, J be the nilradical of A,
and M be a ﬁnite A-module with a faithful action of A. Let A be the m-adic completion of A.
(1) A/J A/J is the nilreduction ofA
(2) A acts on M=A® A M faithfully and the underlying reduced scheme of the support of M is
Spec(A /J).

Proof. (1) The sequence 0—=J— A A/J — 0 1is exact ([} Prop 10.12]). Moreover, A/J is reduced
([67, Tag 07NZ]) and J is nilpotent. Hence J is the nilradical of A.

(2) We have a natural injection A — Hom 4 (M, M) of finite A-modules. Tensoring with g, we get an
injection A < Homu (M, M) @4 A = HomA(]T/[\ ]\7) ([45 Cor. 0.7.3.4]) of A-modules by the flatness
of A over A ([, Prop. 10.14]). The injection means that A acts faithfully on ] M. Hence the support of M
as a A-module is Spec(A) and the underlying reduced subscheme is Spec(A /J) by (1). O

The remaining steps mainly rely on the local irreducibility of the trianguline variety at generic points and
the crystalline deformation spaces introduced in the proof of Theorem 4.1} The following proposition re-
duces the existence of companion constituents in the generic crystalline cases to the existence of companion
points.

Proposition 4.9. Let . = ((pp, 0r ), 2) € Xp(p)(L) C v (Xui(p,)) X (Xp0 x U9) be a point such that
pp is generic crystalline with a refinement R, w € Wq, /Wp, and the weight of o5, ,, (Definition is
wwo - A. Let vy, be the image of x in X and m,. be the corresponding maximal ideal of R [ |- Then

Homg, (fg: (f(—wwo “A), 0% smOp ) Han[mTlD # 0.

Proof. The method is similar to Step 8 and Step 9 in the proof of [[18, Thm. 5.3.3]. We will firstly prove
the result for the case when w = wx which will be a consequence of (#.1I)) and Theorem 4.1} For general
points, notice that the appearance of the companion constituents is equivalent to that x is in the Zariski
closed subspace Y, () wuw,-» of Xp,(p) constructed in the beginning of §4.4} Thus, it suffices to prove that
x lies in the closure of generic crystalline points in Y}, (%) yuw,-x satisfying w = wx. This can be achieved
using the variants of the crystalline deformation space defined in the proof of Theorem[4.1]

First, assume wWp, = wrWp, and Homg, <]~'§” (f(fwwo A)s R sm0p ) IT2n [mrr]) = 0, then
there exists w’ € W, /Wp, and w’ < w in Wg, /Wp, such that

Homg, (Fo” (E(=w'wo - A),8r wdp. ), T m,.]) # 0

since Homg, (Fg (én,w)ﬂzg[m%]) # 0. Therefore Homg, (fg (gnw,),ngg[m,.z]) # 0. By (4.1
P P

the point ((pp, g ), 2) € (X5, % T, L) X (X5r x U9) is in X,,(p). Then the point (pp,z“’/(h)unr(g)
is in X1,i(p,). This is not possible by Theorem- Hence the conclusion holds in the case when w = wg.
In general, by Theorem and the generic assumption on p,, (,op, 2*Munr(p )) lies in a unique irre-
ducible component X of Xm pp) We assume that x lies in an irreducible component of X ( ) of the form
(X)) x XP x U¥ for an irreducible component X? of X5».

1,cr

In the proof of Theorem . we have constructed crystalline deformation spaces Wh . (resp. the

closure W v Cr) which roughly parameterizing the pairs (p,, R,) of generic crystalhne deformatlons
with reﬁnements satisfying that wr, = w, (resp. wg, < w,). We have also defined morphisms ¢y, 4, :

Whi—er  x tri (D7) in the end of the proof of Theoremsending (po, Ro = @) 10 (pu, 2 (hﬂ)unr(gv)).

Py Wy
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“hy—cr _ _ .
Lettnw = [I,es, thow, * [lves, Worws — Ilves, Xui(P5) = Xui(p,). Then the point (pp, 2*®unr(y))
is in the image of ¢, ,, since w > wx . Denote by Wh_cr = HUES WPE;” and AW:h_Cr = Hves thﬂ;:r.

We take an affinoid neighbourhood U of (pp (h)unr( )) in X and pick a small open affinoid V' C
L;}w(U) such that (pp,, 2*™unr(y)) € thw(V). Then Wﬁ};’;}r NV is Zariski open dense in V. Points in

Lo Lh7w(Wﬁhfu°f NV) x XP xU? C Xp(P)wwe-r N (6(X) x XP x UY) are generic crystalline. Hence by the

discussion above for the case w = wx, we have ¢ o Lh,w(,WﬁhT;f NV) x XP x U9 C Y, (P)wwe-r» €.
(W2 AV) x X2 x U9 C (10 thw) X id X id) ™" (Vp(B)wwor)-

Since Y, (7)wuw,.a is Zariski closed in X,(), ((¢0 thw) X id X id) ™" (Yy(B)wwer) N (V X X2 x U9) is
Zariski closed in V x XP x U9. Hence V x XP x U9 C ((10 th ) X id X id) "} (Y, (P) wuw,-»)- This implies

((ppvé’R,w)’ Z) € Yp(p)ww()')\' O
Now we can prove our main theorem.

Theorem 4.10. Assume that there exists w' € Wg, /Wp, such that the point

((pp’éR,w’)’z) €t (Xtri(ﬁp)) X (pr X Ug)

is in X,(p)(L) where p, is generic crystalline and R is a refinement of p,. Then ((pp,éR’w),z) €
X,(p)(L) if and only if w > wr in Wg, /Wp,.

Proof. The “only if” part follows from Theorem 4.1}
By [16| Thm. 5.5] and the assumption ((pp, 05 ), 2) € X, (p), we can assume

((pp7é7€,wo)7 z) € Xp(p)-

We prove the “if”” part by descending induction on the integers ¢ < lgp (wy) for the following induction
hypothesis:

He 2 if Yuy = ((pp, IR owo)» z) € Xp(p) is a generic crystalline point of Hodge-Tate weights h with a
refinement R, then for any w such that w > wg and lgpp (w) > ¢, the point y,, := ((pp,éR,w), z) €
L (Xtri(ﬁp)) X xpp x U9 isin Xp(ﬁ)

For ¢ =g P, (wyp), there is nothing to prove. We now assume H, and prove H,_1.

Firstly, the assertion of H,_; holds under H, automatically for any generic crystalline y,,, and w if
lgp, (wr) > L. By Proposition?—[g implies that if y.,, as above is in X, (p) and lgp (wgr) = £—1, then
Ywr € Xp(p). By Proposition 4.9 Yuwr € Y5 (P)wrwo-A (Proposmonnand 4.9/ are proved for L-points,
but the equivalent statements for companion constituents can be proved in the same way after enlarging the
coefficient field L).

Thus, the assertion of #,_; holds at least for generic crystalline points ¥,,, such that lg P, (wg) =0¢—1.
For more general crystalline generic points y,,,, w > wg and g P, (w) > £ — 1, we will show that y,, lies
in the closure of points y!, = ((p;, R aw)s ) the companion points of generic crystalline points of the
form g/, = (0}, 0rs 1), 2) € X,(p) such thatlgp (wr/) = £—1. Since y,, are in X,,(p) by the previous
discussions, y,, will be also in X, ().

We take an arbitrary y,,, := ( (Pps OR g )5 2 z) € X,(p) as in the hypothesis H,_1, we need to prove that
forany w such thatw > wg, lgp (w) = £—1, we have y,, € X,(p). We may assume lgp (wr) < {—1and
by proving the equivalent statement on companion constituents, we may assume ¥y, is an L- point. Recall as
in the proof of Theoremor Proposition for each v € S, there is a variant of crystalline deformation

Space thy; w, o W; 77" 3 Xy,i(py) with the image consisting of generic crystalline points with weights
5—Cr

wy,0(hy) and for each w € (S,)*"/Wp,, there exists a Zariski locally closed subset Wh o, and its

closure Who—er — = Uy, <w“Wh“ ;" with an injection ¢p_ 4, Wﬁhjwcr < Xui(py) sending (pg, ¢_) to

Py Wy P Wy,

( 03, zw“(h“)unr(f;))' The image of tp, ., consists of generic crystalline points of the weight w, (hy)
such that the relative positions of the trianguline filtrations and the Hodge filtrations are parameterized by

some w!, < w, in (S,)™ /Wp,. We let iy, = Hvesp thyw,.o (TESP. Lhaw = HUES Lhy,w,) be the
embedding of W;_CI =Il,es, Wﬁhf%r (resp. /I/IV/%‘_qu =Il,es, Wh“ w.)into Xiri(7,,).
P 0] D>
Take w € W, /Wp, suchthatw > wr andlgp (w) = £—1. Let L( ) x XP x U9 be an irreducible com-
ponent of X, (p) passing through y,,, where X is the irreducible component of X,;(p,) passing through
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" Hpps IR w,) @and X? is an irreducible component of Xz». We take an affinoid open neighbourhood U
of the point = !(pp, 05 ,,,) in X. Since wr < w, the point t ™ (pp, 5 4,) = (Pp, 2P unr(y)) is

in Lh}wO(Wﬁ};;f)r). Hence the intersection V' := Wg:ufr Nty 4, (U) is Zariski open dense in the affinoid

? = /I/Iv/ﬁll_;r N L;’EUO (U) (we take U small enough so that Lgi}o U)n /1/17%:_“ = 1‘;1’1100 U)n 3~€%‘;C' where
xbhmer o ] X257y and (pp, ) € V. Then (10 thuw, (V) x XP x UY is a subset in X,(p). Any

Py veS, A,
point in the subset satisfies the condition in #,_, and for these points, wg = w,lgp (wg) = € —1.
Hence their companion points (¢ o vy, (V)) x XP x U9 is contained in X,,(p) by the discussion in the

beginning of the proof where we have used Proposition and H,. We get that the preimage of X,,(p)
under the map (¢ 0 th ) X id x id : /Wv/%‘_vff X XP x U9 — ¢+ (Xi(pp)) x XP x UY contains the Zariski
-

closure of V' x XP x UY inside V' x XP x UY which is equal to V' x XP x U9. This means that the point
Yo = (¢ (pp, 2°®unr(y)) , 2) is in X, (p). Hence H—1 holds. O

Remark 4.11. In the proof of [18, Thm. 5.3.3], results in Theorem@.I0|were obtained under the assumption,
in addition to regular weights, that z is in the smooth locus of Xz» x UY which is certainly expected to be
not necessary. Our proof realizes this expectation!

Finally, we state the theorem for p-adic automorphic forms. Recall that there is a closed embedding
Y (U?,5) — X,(p) from the eigenvariety to the patched one and remark that we always assume all the
hypotheses in §4.2] Proposition #.9]and Theorem {.10immediately imply the following theorem.

Theorem 4.12. Let p : Gal(F/F) — GL,, (L) be a continuous representation such that p, = (Plgr. Jves,
is generic crystalline. Assume that p corresponds to a point (p,dg ) € Y (U?,p)(L) C Spf(Rp,5)"& x 1,

T,.1, where R is a refinement of p, and w' € We,/Wp,. Let w, be the maximal ideal of R@S[%} cor-
responding to p. Let \ be the weight of dg .. Then (p,dr ,,) € Y(UP,p) if and only if w > wg in
Wa, /Wp,, and for all w > wrg,

Homa, (Fg* (L(-wwo - X), 0 5! ) - S(UP, L) fm,]) 0.

Proof. Recall the action of R5 s on S (UP, L) s factors through a quotient R; s. And there is an ideal a of
R, asurjection R /aR~ — R; s and an isomorphism

S(U?, L)ms = Tuca]
that is compatible with the action of R, and I?5 s on the two sides.
Suppose that under the closed embedding Y (U?,p) — X,(p), (p,dr ) is sent to the point z =
((Pps O i), 2) € Xp(p). Let 7, = (pp, 2) and let m,., be the maximal ideal of Roo[%} corresponding to
rz. Then m,. contains a. Hence there is an isomorphism of G,-representations

S(UP, L)% [m,) ~ 112 [m,.,].

~

Note that (p,dx ,,) € Y(U?,p) is equivalent to Homr, (0% ,,, /B, (S(U?, L)as[m,])) # 0. Hence the
e

(
assertions of the theorem follows from similar statements replacing S(U?, L)% [m,] by I132[m,._ ], which
are true by Proposition[4.9)and Theorem .10 O

5. THE PARTIAL EIGENVARIETY

In this section, we use Ding’s partial eigenvariety ([32]) to prove some general result on the relationship
between partially classical finite slope locally analytic representations and partially de Rham properties of
trianguline (¢, I')-modules (Theorem which has been used for Theorem Most results around the
partial eigenvariety in this section except for those in §5.6| and §5.7] are essentially due to Ding, and we
adapt his results for the patching module.

5.1. Notation. We keep the notation and assumptions in and

For each v € S, let (), be a standard parabolic subgroup of GL,,/r, (not Resg, /q,(GLy/r,) Xq,
L!) containing the Borel subgroup of upper-triangular matrices. Write @, = Mg, Ng, for the standard
Levi decomposition where Mg, is the standard Levi subgroup containing the diagonal torus and Ng, is
the unipotent radical. For an algebraic reductive group H, we use the notation H’ to denote the derived
subgroup of H. We also use the same notation @, MQ,U,NQ,U,Mbv to denote the groups of Fi-points
which are identified with subgroups of the p-adic Lie group G, via iy : G(F,}) ~ GL,(Fy;). We have
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p-adic Lie groups Q, := Huesp Quv, Mg, := Hz)esp MQU,Mpr = Huesp Mg, , etc.. Assume for
each v € S, the standard Levi Mg, is the group of diagonal block matrices of GL,,/p, of the form
GL(I'U,I/FE X X GLq’UYtU/Fg where n iqu +7 “+ Qut,- We let Z]vv,i = Z;‘:l Qu,j for ag/ v,1 < ZE ty
andlet g, o = 0. Let Bg, = B,NMgq,, Bg, = B,NMg, and write Bg, = T,Uq, (resp. Bg, = T,Uq,)
for the Levi decomposition of B, (resp. Bg,).

We have p-adic Lie subgroups TQ =T,N MQ ,BQ = TQ Ug, and ZMQp the center of MQPI.

Recall g = ]/_[Uesp Hrg% g- and similarly W/e let mg, = / [Loes, es, mQU/,T (resp. mg =
Mes, Moes, o, o tes- t, = s, Tes, t. o 1e5p: b, = s, I e, O, 7 resp- 311q, =
I1.e s, IL, es, 3Mg, » etc.) be the base change to L of the Q,-Lie algebra of the p-adic Lie group Mg,
(resp. Mép, resp. Tép, resp. B/Qp’ resp. Zng,,» etc.). We have t = t’Qp X 3Mg,,MQ, = rn’Qp X 31, and
the morphism Zyy,, =¥ Mc/,gp — Mg, is locally an isomorphism.

We pick an arbitrary nonempty subset J of ¥, and set J, = J N X, forv € 5,. We let lep7 g =
[loes, I ey, mg, -t = [loes, [I;c;to, - etc.. We will only need the case when |J| = 1 but
adding this extra assumptlon Wlll not 51mp11fy the notation.

We fix a uniform pro-p normal subgroup H, = [], s, H, of the maximal compact subgroup K, =

H/uesp K, = Hues i (GL,(OF,)) of G}, where each H, is good Fs-analytic with an Iwahori decom-
position as in [36} Def 4.13]. LetUq,,0 = Ug, NHy, Mg, 0 = Mg, NH,, Ng, 0 = Nq, N Hp, Tégp,o =
T, N Hy, ete. and define Ug, o, ete similarly. Let Z); =[] s, Zi,, (tesp. T, = [ g, Tof - resp.
TAJ/FIQP =11, s, TJ\JQQI’) be the submonoid of Zy,, (resp. 1), resp. T},) consisting of elements ¢ such that
tNg, 0t~ C Ng, 0 (tesp. tNp, ot~ " C Np, o, resp. tUg, ot ' C tUg, ). We use the notation (—)g
to denote Emerton’s finite slope part functor [36, Def. 3.2.1] with respect to one of the submonoids ZJDQ ,
TJr or TJr of T}, where the exact meaning will be clear from the context.

Recall that II is the patched representation of G, and II27 denotes the subspace of locally R -analytic
vectors of I1,,. We have an integer ¢, a ring S, in [17 §3.2] and we fix an isomorphism So, >~ OL[[Z{]].
If H is a group, we denote by H:=H x Z]. Then Il is equipped with an action of CNT'p from the action
of S — Roo ([17, §3.1]). Since the patching module M, is finite projective over So, [[Kp]] ([17, Thm.
3.5, it is finite free over S [[Hp]] as the ring S [[Hp]] is local. Hence o]z~ C(H,, L)™ for some
integer m where C (Hp7 L) denotes the space of continuous functions over Hp with coefficients in L. By
[L7, Prop. 3.4], JQp (T122) is an essentially admissible locally Qp-analytic representation ([40, Def. 6.4.9])

of Zy x Mg, for some surjection Of[[Z;]] — Re where Jg, is the Emerton’s Jacquet module functor
with respect to the parabolic subgroup @,. By definition ([36, Def. 3.4.5]), Jq, (II3) is the finite slope

part of o Nap.o with respect to the action of the submonoid ZX;IQ of Z Mg, -
P

5.2. The partial Emerton-Jacquet module functor. We recall the notion of locally 3, \ J-analytic repre-
sentations introduced in [66, §2] (also see [28l §6.1] or [30, Appendix B]) and the partial Emerton-Jacquet
module defined in [32} §2.2.2].

Suppose that V' is a locally Q,-analytic representation of Mg, =[], s, Mg, over L. A vectorv € V
is called locally 3, \ J-analytic with respect to the derived subgroup Mép if the differential of the locally
analytic function on Mép : g — gv at the identity e € Mép, which a priori lies in Home(TeMbP, V)=
Homy (mg , V), vanishesonmyg, ;= HvGS HTGJU my, . Remark that since the adjoint action of M,
onmy, is Fi-linear, Ad(MQ )mQ g = me N N

We fix a tuple Ay = ()\T)TGJ = (/\7,1, e AT,n)Tej € (Z")” such that A\.; > A, ; for all i >
j, 7 € J. We identify X, with an element in t* := Homyp (t, L) that vanishes on Hrezp\JtT- De-
note by \’; the image of Xy in (t’Qp)* := Homp(t ,L). Then there exists a unique algebraic repre-
sentation of [],cs Resr,/q, (MfQU) ®q, L over L with the highest weight \’;. Let L M, (A'}) be the
associated (Q,-algebraic representation of the p-adic Lie group Mép over L via the embedding Mép =
[Les, MG, (F5) = [l es, Resry g, (Mg,), (L). The U(mg, )-module Lag, (X)) is the unique ir-
reducible quotient of U (my, ) Doy, AjorU(my ;) Doy, ;) A’; (elements in my, _ act as zero on
the module if 7 ¢ J,). We equip L My, (A’;) with an action of mg, = mg, @ 3ar,, where the action of
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3Mq, is given by X, and denote by L Mo, (X ) for the Q,-algebraic M -representation on L M, (A)).

Let L, (A;) := Hom,, (LMQp As), L) be the usual dual representation of Mg, .

Sp\J—a

If V is a locally Qp-analytic representation of Mg, over L, let (V ®r L Mo, (X J)') be the

closed L-subspace of V' @, Ly, (X J)" generated by locally X, \ J-analytic vectors with respect to the
p\J—a

diagonal action of My, . Then (V ®r Ly, ) ) is a locally ¥, \ J-analytic representation of

Mép in the sense of [66, Def. 2.4] and is stable under the action of M, . We have
~ ~ ¥p\J—an
HomU(m/Qp’J) (LAIQP ()\J), V) ~ (LMQp ()\J) KL V)
as topological representations of Mg, (cf. [28, Rem. 6.1.5]) where the action on the left hand side is the
natural one as in |18, §5.2].

Now assume that V' is an essentially admissible locally Q,-analytic representation of Zj, x G. We will
take V' = I3 = IIf~~2" and the action of Z5 is given by Op[[Z3]] = R or s = ¢ and O[[Z1]] =
Soo = Roo. Welet Zj act trivially on L Mo, (X;) Then Jg, (V) is an essentially admissible representation
of ZZ X Mg, by [36, Thm. 4.2.32]. We define

JQP(V)XJ = HomU(m/QpJ) (LMQp (X]), JQp (V)) Rr LMQp (X])

equipped with the diagonal action of Z;, X Mg,,. There is a natural Z; X Mg -equivariant morphism:

5.1 HomU(m’QP,J) (L]\4Qp (XJ), JQp (V)) X LMQP (XJ) — JQp (V) : f R v f(v)

Lemma 5.1. The representation Jg,(V) N, of Zy, x Mg, depends only on X (in particular on J, but

not on the lift A 7). The morphism is a closed embedding and identifies Jg, (V') N, with a closed
Ly, x Mgq,-sub-representation of Jg, (V).

Proof. For the injection, we can apply [28, Prop. 6.1.3] with respect to Mé),; The last assertion follows
from the same arguments in [29, Cor. B.2] and we prove it now. Since Jg, (V') is an essentially admissible
representation of Z5 x Mg,, Jo,(V) @, Lwg, (X])/ ®r L, (XJ) is also an essentially admissible
representation of Zj;, x Mg, by Lemma @] below. By [40, Prop. 6.4.11], the closed sub-representation
Jq, (V) is an essentially admissible representation of Z; x Mg, . Thus the injection Jg, (V) < V of
essentially admissible representations of Zj;, x Mg, is a closed embedding by loc. cit.. ]

Lemma 5.2. Assume that V' is an essentially admissible locally analytic representation over L of a locally
analytic group G where the center Z of G is topologically finitely generated. If W is a finite-dimensional
locally analytic representation over L of G on which the action of Z is trivial, then V @y W is also
essentially admissible.

Proof. We have (V @, W) ~ V' ® W’ as topological vector spaces. Since V is essentially admissible,
by definition, there exists a covering of Z by open affinoids 21 C 22 C --- and a sequence Hy D H; D
H, --- of rigid analytic open subgroups with respect to a compact open subgroup H = Hy(Q,) of G
as in [40, §5.2] such that the strong dual V', as a coadmissible module over the Fréchet-Stein algebra
C™(Z,L)®D(H, L), is isomorphic to Hm C*(Zy, L)&1, D(HS, H)®can(2,L)®LD(H,L)V/ ([40, Thm.
1.2.11, Def. 6.4.9]). Here L denotes the coefficient field, C**(Z, L) (resp. Ca“(zl, L)) is the algebra
of rigid analytic functions on Z (resp. Zn) ([40, Def. 2.1.181), D(H, L) is the algebra of locally Q,-
analytic distributions on H and D(H, H) is the strong dual of H -analytic functions on H as [36, (4.1.2)].
The isomorphism C**(Z, L)® D(H, L) ~ Hm C*(Z,, L)® D(HS, H) defines a weak Fréchet-Stein
structure on C**(Z, L)&, D(H, L) ([40, Def. 1.2.6, Lem. 1.1.29]). We write A = C*(Z, L)®,D(H, L)
and A, = C*(Z,,, L)®D(HS, H).

The Dirac distribution L[H|(C D(H, K)) ([64 §2, §31). as well as L[Z](C D(Z,L) C C*(Z,L))
(40, Prop. 6.4.6]), acts on (V @y W)" = V' @, W’ diagonally where L[Z] acts trivially on the second
factor W' since Z acts trivially on W’.

Denote by p the action of H on W’. There are two ring homomorphisms « : L[H]| — L[H] ®L
End,(W'),h = h®1, 8 : L[H] — L[H] @ Endp(W’'),h — h ® p(h) and a map v : L[H] @
End;(W') — L[H] ®1 Endr(W’) : h @ m — h ® p(h)m such that § = v o a. By [48| Prop. 4.4],
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for each (large enough) n, a, 8, can be extended uniquely to continuous maps «,, 5, : D(HS, H) —
D(H?, H) ®r Endp(W') and v, : D(H, H) @1 End,(W') — D(H?, H) ®1 Endy(W’) such that
Bn = Yn © . Taking the complete tensor product with can(Zn, L), we get similar maps o, 5, : A, —
Ap@pEndy (W) and ), : A, End,(W') = A,®rEndr(W’) extending the maps o' = id®pa, 5/ =
id XL ﬁ : L[Z] Xr L[H} — L[Z] Xr L[H] Xr EndL(W/) and ’}/ =id &L 7.

The tensor product U, := (An@) AV! ) ®r W' is naturally an A,, ®, Endy, (W’)-module where A,,, as
well as L[Z]|®y, L[H], acts on the second factor W trivially. Then as in [48] Prop. 4.6], the map 3/, : A,, —
Ay, @1 Endy, (W) equips U, a twisted action of A,, extending the diagonal action of L[Z] @ L[H]| on
U,. Since U, is a finitely generated A,, ®, Endy,(W)-module and A,, ® , End,(W) is a finitely generated
Ap-module with respect to the action of A,, via both «/, and 3/, by [48] Cor. 4.5], we get that U,, is a
finitely generated A,,-module and we have an isomorphism A, & 4, +1Unt1 = U, with the twisted actions.
Hence @n U, is a coadmissible module over the Fréchet-Stein algebra A ([40, Def. 1.2.8]). The action
of A extends the action of L[Z] ®1 L[H] on (V ® W)’ via the isomorphism V' @ W’ ~ Wm U, of
topological vector spaces. Such extension of the action of L[Z] @, L[H] to Aon (V ®, W)’ is unique by
[40}, Prop. 6.4.7(i1)] and by that L[H] is dense in D(H, L) which acts continuously on (V ® W)’ by [[64]
Lem. 3.1, Cor. 3.4], thus coincides with the usual action of A on (V @y W)'. We get that V ®, W is an
essentially admissible representation of G. ]

Lemma 5.3. There is an isomorphism

Tna, (Ta,(V)x,) = Jiq, (Homug, ) (Lata, (A1), Ja,(V)) ) @14,
of essentially admissible locally Qp-analytic representations of Z;, x T.
Proof. Ihis can be proved by arguments in [32, Cor. 2.11] togetller with [28, Lem. ~7.2.12]. Remark that
L, (Ag) is J-algebraic in the sense of [28, §6.1.1] and Ly, (Aj)Yar0 = Lag, (Ag)ter. O

Lemma 5.4. We have

~ Uqgy.0
(HOHlU(m/prJ) <LMQP (AJ)a JQp(V)> >

)

~ Ep\J—an,Uq, o0
~ ((VNQP=° & LMQp ()\J)/> )
fs

fs

where the finite slope part is taken with respect to the Hecke action of TX}Q for the left hand side and that
P

of T, for the right hand side.

Proof By [36, Prop. 3.2.9], (VNer®), ® Ly, (As) ~ (VNQP’O ® L, (L)’) . Since the action of

fs

thf@p commutes with m’Qp”,, by [36, Prop. 3.2.11], we get

~ N ~ 3p\J—an
(5.2) Homy w, ) (LM% ), Ja, (V)) - (v @0 ® Lagg (M) ) .
fs

Now the arguments of [48, Thm. 5.3(2)] or [32, Lem. 2.18] using [36} Prop. 3.2.4(ii)] shows that

~ s,\J—an\ U@p.0 ~ Sp\J—an,Uq,,
(o ma Gy 7)) (v e, ) )
fs fs

Combining the isomorphism above with (5.2)), we get the desired isomorphism. ]

fs

5.3. An adjunction formula. We prove an adjunction formula for the partial Emerton-Jacquet module
functor based on [[18, Lem. 5.2.1].

Suppose that I1*" is a very strongly admissible locally QQ,-analytic representation over L of G, and
J = zAésm where z* is the Q,-algebraic character of T}, of weight A = (A)rcx, and d ,, is a smooth
character of T},. We write A = A; + Ay \ s according to the decomposition t* = t'; & tgp\ ; Which means
that Ay (resp. Ax \s) vanishes on ty, \ y (resp. t;). We assume that the image of A in (t’Qp_’ ;)" is equal to

N in Then (see
an GT) v - an
Homg, (8, J, (I™)) = Homg, (pr ((U(g) S () 5sm531}> I >
The U (q)-module U(q) ®(p) A admits a quotient

(5.3) Ly(\) : = (®ves,ret.Lmg, (A1) @ (®ves, r¢,UMQ,,r) ®v(og, ) Ar)
= Lng, (A1) ®L Mug, (As,\7)-
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where My, (Ag,\7) =U(mg, =,\s) BU(bg, s,00) AT\ a0d Lz, (As) is defined as Ly, (Xs) (only
with a possibly different action of 3/, ,s). Thus there is an injection (see the beginning of for (=)")

(5.4) Homg, (F57 (Hom (U(5) @u() Ls(V), L) 8405 ) ,11™)
\
- HOHle <‘Fg: ((U(g) ®U(E) (—)\)) ?ésmagi> aHan> .

Recall there is a closed immersion Jg, (II*")y, < Jg, (II*") in Lemma which induces a closed
embedding

JBQp (JQp (Han)xl) — JBp (Han)
by [36, Lem. 3.4.7(iii)] and by that .J, (IT*") ~ Jg,, (Jg, (I1*")) (48, Thm. 5.3]).

Proposition 5.5. There exists an isomorphism
Homg, (fg: (Hom (U(g) @u(q) Ls(AN), L), gsm(slng) 7Han) ~ Homy, (g, g, (Jo, (1), ))
such that the following diagram commutes
Homa, (Fg? (Hom (U(e) @u() LaW), L)" 18,051 ) ;1™ ) === Homa, (8, J5q, (Jo, 1)y, ))
|eo |
Homa, (F57 (V@) @ug) (~N) +8,,05)) 11°") ———"——— Homz, (5, Ju, (")

where the right vertical arrow is induced by (5.).

Proof. By [18, Lem. 5.2.1], [36, Prop. 3.4.9] and that U (ng, ) acts trivially on L ;()), we have

Homa, (757 (Hom (U(0) @y Lo, )" 8,05)) 1)
ébm,HOmU (9) (U g) ( ) Han)NBp, )
) Ly(\), II*[n p])NBp,o>

HomU(mQ

=sm’

)

Homy (i

sm

. (
an, N Uq
=Homr, ( HomU(mQ (LJ ), [T2™aer 0) P )
(o 3. o, (1))
where the last equations are given by similar arguments as in the proof of Lemma [5.4] Similarly us-

ing U(g) ®ue) A = U(g) ®u(q) U(4) @ue) A and that U(ng,) acts trivially on U(q) @yp) A =
U(mg,) ®u(vg,) A We get

Gp v _ 0
Homg, (pr ((U(g) Bu) (—)\)) : 5sm531}> T )
an UQP’O
—Hom, ( 8y Homymg,) (U(Ma,) Gugeg,) A Jo, (1)
Thus the injection (5.4) corresponds to the injection
any\\UQp,0
Homr, (ésm7H0mU(me) (Ls(N), Jq, (I1")) )

UQp,(]
— HOmTp <6sm,H0mU(me) (U(me) ®U(hQP) A, JQp (Han)> > )
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Firstly, we have

Uqyp.0

Homy (m, ) (Lata, (A): Jo, (1))
an UQP’O
:HomU(m/Qp,J)®U(5MQp,J) (LMQp ()‘J>7 JQP (H ))
:HomU(éMQp,J) (1, HomU(m/Qp,J) (LMQp (A7), JQ, (Han)))

an UQP’O
:HomU(éMQp,J) (1, HomU(mpr) (LMQp ()\J), JQp (H )) )

Uqyp.0

UQP’O
:HomU(tQP,‘,) (1, HomU(m/Qp,J) (LMQp (A1), JQ, (Han)> )
where 1 denotes the trivial module of the universal envelope algebras and the last equality comes from that
U ’
the action of t;; ; on HomU(m’Qp’J) (LMQ,J (A1)s Jq, (Han)> s already trivial. Similar arguments as

in Lemrnareplacing XJ there by \; gives
an UQ”"O
HOI’HU({QP_’J) 1, HOIHU(m/prJ) (LMQp ()\J), JQP (H ))

5.5 = HomU(tQP,J) (AJ7 (JQp (Han))\f])UQz%O) .

We get

,0

an UQP’ an UQp,O
(5.6) HomU(meJ) (LMQp ()\J)7 JQp (H )) ~ HomU(tQp,J) ()\J7 (JQ,, (H ))\’J) ) .

Hence
n\Vap,
Homy (mg ) (Ls(N), Jg, (IT*)) "9

Uqyp.0

:HomU(me) (LMQp (Ar) @ Mg, (Az,\0)Jq, (Han))

Uqy.0

:HomU(me) (Mme Az, \a); Lirg, (As) @ Jq, (Han))
Uqy.o
=Homy <>\2P\J7H0mU(mQP,J) (LMQP()‘J)a Jq, (Han)) [qu])
Uap.o
=Homy 4 <>\Ep\Ja Homy (mg, ) (LMQp (A1), Jq, (Han)> >

(5.6) an Uqp,
!HOIHU({) ()\EP\J,HOIHU(:(QP,J) ()\J, (JQP(H )Af]) Q 0))
(5.7) =Homyy) (A, (Jo, (1™, )Ver0) .
Finally, we get

and similarly

an Uap.0
Homr, { b4, Homy(mg, ) (U(me)®U(pr)>\,JQp(H ))

:HOIHTZD (ésm, HomU(t) ()\, JQP (Han)[uQP])Uvao)
b 7HOHIU(t) ()\7 JQP (Han)Uvao))

:HomT (ﬁ
=Homg, (8, Jo, (IT*")7e»)
©

S111
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The commutativity of the diagram in the statement of the proposition can be checked by the following
commutative diagram and by comparing with (5.1)) and (5.3)

Hom ()\J, LMQP ()\J)/ ® JQP (Han) %) L]\,]Qp (AJ)UQP*O) —— Hom ()\J, JQP (Han))

T ]

HomU(meJ) (LMQ;D (A‘])’ JQP (Han)> ? HomU(me,J) (U(merJ) ®U(bQP,J) )‘J7 JQp (Han))

where we identify Lz, (Aj)Yaro = ;. O

5.4. The partial eigenvariety. We use the partial Emerton-Jacquet functor to define the partial eigenvari-
ety and use the usual eigenvariety machinery to obtain its basic properties.
Since Jp,, (JQp (1122 k{,) is an essentially admissible locally analytic representation of Z; x T, the

continuous dual Jp,, (JQp (T131) N, )/ is the global section of a coherent sheaf over the quasi-Stein space
Spf (R0 )™ 8 x T .- We define the partial ezgenvarzety X, (p)(N}) to be the scheme-theoretic support of
the coherent sheaf associated with Jp,, (Jg, (TIA2)x, )" on Spf(Reo)"& x T, 1,

The closed embedding in Lemma induces a closed embedding Jp,, (Jo,(T2)x, ) < Jg, (TI22)
by [36, Lem. 3.4.7(iii)] and [48, Thm. 5.3]. Taking the continuous dual and then taking supports, we get a
closed embedding X, (p)(\;) < X, (p) of rigid analytic spaces over L. Let X, (p)x/, (resp. (T},1.)x,) be

the fiber of X, () (resp. fp,L) over \’; via the map X, (p) — T,,}L W ( Q,,7)" where t* — (t ;)

~ UQ .0
is the restriction map. Since the action of t;, ; on HomU(m/Qp’J) (L Mg, (A1): Jq, (Hgg)) " as well as
on

T, (Homu(m, ) (Latg, (A1), Ja, (I2)) )
is zero by [36l Prop. 3.2.11], by Lemma[5.3] we have a commutative diagram:
Xp(p)(N)) — Xp(P)y, —— X,(p)

\ﬂ

l
(Tp.L)y, —— T,

where horizontal arrows are closed 1 1mmer510ns
If v = (y,6) € Spf(Roo)™® x Tp L is a point in X;,(p)y, with m, the maximal ideal of R [ ] cor-

responding to y, then equivalently Homy, (8, Jp, (I122[m,] ®(,) k(x))) # 0 and wt(8)’;, the image of
the weight wt(d) of d in (t;, ;)% is equal to \;. Assume that A := wt(J) € (Z™)®» is integral and let
O i= 2~ 8. Then by (5.4), there is an injection

Homg, (fgj (Hom (U(9) ®u(q) Ls(A), L)" aémﬁéj) Moo [my ]™ @y k(af))
GP an

— Homg, (‘FBP ((U(g) 0] (_)‘)) Osm0p ) oo[my ™ ®p(y) k@)) # 0.
Proposition 5.6. Let 2 = (y,0) € X,(p)x, C Spf(Rao)"8 X pr; be a point with A = wt(3) € (Z")*»
Then x is in X,,(p)(XN;) if and only if

Hom, (Fg7 (Hom (U(a) @u(q) LoV, L) 8, ) Tocmy ] @iy k() ) #0.

Proof. The point z is in X,(5)()\’;) if and only if Hom1, (é, JBg, (Jo, (IT22)x ) [my] @k(y) k(:v)) # 0.
By the left exactness of Jacquet module functors ([36, Lem. 3.4.7(iii)]) and the definition of Jg, (1122) BN
we have Jp,, (Jo, (I3, ) my] @key) k(z) = by, (Jo, 22 [my])x,) Qkgy) k(z). Since Tloo[m,] is

an admissible Banach representation of G, over k(y), we get I, [m,|2" = I [m, ]~ —80 = T122[m, | by
(17, (3.3), Prop. 3.8] (cf. [17| Prop. 3.7]). Hence = € X, (p)()\;) if and only if

Homr, (g Ta, (Jo,[amy[™)x,) @k k(x)) £ 0.
Now the result follows by applying Proposition [5.3] O
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We now study the eigenvariety X, (p)(\’;) in a standard way as in [17) §3.3] or [32, §2.4].

For a uniform pro-p Lie group H which is a product of locally Fy-analytic groups such as H,, we let
C'*(H, L) be the space of locally Qp-analytic functions on H with coefficients in L. For every integer
h > 1,letr, = m. Let C"")(H, L) be the subspace of C'®(H, L) defined in [26, Def. IV.1].
Then C")(H, L) is a Banach space over L and C'*(H, L) = lim, CM(H,L). Let C¥»\/=2(H L) :=
C'*(H, L)*r\' =0 (resp. C¥r\/—a0:(W)(f L) := CM(H, L)¥»\/~2) be the space of locally %, \ J-
analytic functions in C'*(H, L) (resp. C'™ (H, L)) with respect to the action of H. Remark that the notion
of locally X, \ J-analytic functions can be defined for general products of locally Fy-analytic manifolds
without refering to group actions, see [66, Def. 2.1]. Then C¥»\’/~2"(H L) = lim, Ccxo\J—an(h) (L)
([40| Prop. 1.1.41]). Let D(H, L) = C**(H, L)' be the strong dual. Recall for any h, there is a closed im-

mersion of Banach algebras D,,-r, (H, L) < D_,,-», (H, L) defined in 65, §4] and note D, (H,L) =
CUW(H, L) is the strong dual. Set D¥\/~*(H, L) := C=»\J=*(H, L) = lim, Di;\'] “¥(H, L) where

—rp

2,\J—an L 2p\J—an,(h) !
DN H, L) = (C (H,L)) .
Let Dfi\:fan(H , L) be the completion of D¥»\/~2%( [ L) with respect to the quotient norm from the
norm on D(H, L) induced via D(H, L) < D, (H,L) (cf. [66, §2.5]). Hence we have a quotient

D, (H,L) — Df”\J—am(H7 L). AsCc¥\/ =2 (H L) is dense in C¥»\/~2"(H, L), we get an injec-

~"h

tion D¥»\ =20 ([ L) Di; \J=#%(F L). The norm on the target is the quotient norm from the norm

on D_,,—r, (H, L) where the surjectivity of D_,—», (H, L) — Di;\,{;an(H, L) follows from the Hahn-
Banach theorem ([63} Prop. 9.2]) and the norm on D_ -, (H, L) is the same as that on D,,—, (H, L) when
restricted to D(H, L) ([65 P162]). Hence we get a closed embedding

DN g Ly <y pPN R L.

p~"h <p~"h
In conclusion, we have the following diagram of morphisms of Banach algebras over L

D_y-res(H,L) «——— Dy, (H,L) ——— D_,r, (H,L)

¥ ¥ ¥
Yp\J—an 3p\J—an Yp\J—an
DIV H, L) s DN TU(H L) —— DZV(H, L)

where each horizontal arrow is an injection and each vertical arrow is a surjection.

If H is moreover abelian, we let H, be the rigid analytic space over L parameterizing locally Q,-analytic
3p\J—an
p~"h

eterizing locally 3, \ J-analytic characters of Tclgp . is strictly quasi-Stein, smooth and equidimensional

([28} Prop. 6.1.13, Prop. 6.1.14]) and is a closed analytic subspace of j;ép707L. By [166} Prop. 2.18] (cf. [28,
§6.1.4]), the following commutative diagram is Cartesian

characters of H. The rigid analytic space 7/ L0 \JL = Hmy Sp(D (T4, 0, L)) over L param-

T cal}
S
T4, 050\7.L 14,01

\LWt \Lwt

*

(tbmzp\J)* — (t/Qp)

where t;, o\ ; ~ ty /tg, s (thus there is a clos.ed embedding (th, 5\ )" = ().
We pick an element z € T; such that N;>12°Np, 0z~ * only consists of the identity element. Assume
that szz_l is normalized by Np, o. Denote by Wy := ZMQP,()}L X f’p’O’EP\J’L = Spf(soo)rig X

. N
ZnMg,0.L X T o5\

Lemma 5.7. There exists an admissible covering of Wy by open affinoids Sp(B1) C Sp(Bz2) C -+ C
Sp(Bp) C - -+ and for any h > 1, there exist
— an orthonormalizable Banach Bj,-module Vy,,
— a compact Bp-map zp @ Vi, — Vy,, continuous By-maps oy, : Vi, — Viy1®p, , Br and By :
Vh+1®Bh+1Bh — Vi, such that z, = B, o ap and oy, © By, = 2p41 ® 1, and
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— an isomorphism of topological D(ZMQP 05 L)®p D¥p\/—an (TmeO, L)-modules

((Hggw%ﬁ ® Latg, (\))

such that the action of the operator 7, induced by the Hecke action of z on the left hand side coincides with
the action of (z1)hen on the right hand side.
We can summarize the datum in the following commutative diagram:

Ep\J—an,Uq, 0 ! .
~ l[m Vh
h

~ 3p\J—an,U, ! B
an,Ng, .0 P »YQp,0 N n
((H‘X’ TR LMQp ()‘J)l) ) = Ve 2 Vh+1®Bh+1Bh — Vi
wzl Zh+1 Zh+1 ® 1B, f Zn
- 2, \J—an,U, ! B
an,Ng, .0 P 'UQyp.0 - n
((H00 " ® Lg, ()\J)’) ) = 0 — Va1 > Voi®p, By — W

Proof. We have Hoo|gp ~ C(ﬁp,L)m and T30 = T[S~ —an ~ Cl?*(I;Tp,L)m by [[17, Prop. 3.8]. Since
H,=Ng,0x Mg, x Ng, 0, we have
(5.8) 20 ~ (cla(NQp’m L)&.C"(Mq, 0, L)®1C™(Ng, o, L)) .
Thus
an, N, A/ ~ 0/ T m
e = (C(N, 0, L)B1.C"(Mg,.0. 1))
By the twisting lemma ([32, Lem. 2.19]), we have an isomorphism of Mpro-representations
(5.9) C*(Mq,.0,L) ® L, M) Iz, 0 = C™(Mgq, 0, L)™
fev= (g flg)gv)

for m' = dimy, Lg, (XJ)’. Hence

an, N, P ~ a/ ~ arTr ~ m
o0 © Lagy, (M) =~ (cl (N, 0, L)®LC™(Mq, o, L) ®1, LMQP(AJ)’)

m

¢

(Cla(NQp,o,L)@’L (Cla(MQp,oaL)) )
= (€ (N, 0, DIELC* Farg, 00 DBLC™ (M 0 1))
where » = mm’. Then

® Latg, (As)' = lim (c(h> (Nap0, L)BLCM (Zaty, 0, L)BLC™ (MY, o, L)) .
h

Hence by [40, Prop. 1.1.41], we get

an,NQp,o

Heo

an,N ~ 3p\J—an
(Hoo Qp,0 ®LMQP ()\J)/)

=lim (C(h)(ﬁQp,o, L)®Lc(h)(ZMQP,07 L)@)LCE"\J*an’(h)(Mép,o’ L))
h

:hgc(h)(NQp,O7L)T®Lc(h)(ZMQp,O7L)@LCZP\J_an,(h) (UQP,OyL)
h

@Lch\J—an,(h) (Tép,()vL)(@LCZP\J_an’(h)(UQP,OvL)~

Thus

N ~ Ep\J—an,Uq,,
(HiovNQp,O ®LMQP ()\J)/) P Qp,0

= hﬂc(h) (Ng,.0. L) ®C™ (ZMQP 0, D)BLCTN (T g o, L)@ 7N () (T4, 0. L)-
h
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We let W), = (CW(Ng, 0, L)@, CZ\ —2n()(Tg o, L))/. By [40, Prop. 1.1.22, Prop. 1.1.32], we get

an, N, ~ Ep\,]fan,Upro !
(127 g ) ™)

/

i Wiy, (€ (Zag, 0, DYELCH V=00 (1 o 1))

h
(5.10) - %nwh®LD<w,L (Zntg, 0, L)@LDiz\_{;an (T oL,

Set By, = D)y, (ZMQP,m L)@)LDEL\};FM(TC’QP,O, L) and Vj, := W}, & By, which is an orthonormalizable

Banach Bj-module by definition [19, §2]. Then
— ~ _ T ~ N ’
Vi, = ((C(h)(NQ,,,o,L)®LCZ"\Jfan’(h)(UQ,,,o, L)) ®LC(h+1)(ZMQp,07L)®chp\Jfan’(h+1)(Tc/;)p,m L))

® Sp\J—an (T L)Bh'

D_ —rnia (ZMQp,oyL)®LD<p,,,,h+l 0p.0°

As the map
Wi11®1D Z L&D N (T, L) = Wa®LD_ - (Z L&D\ =1 L)
h1®LD p=riia (Zig,, 0, LD~y L@, 00 hQLD p=rn (L1, 0, D=, Qp,05
an,Ngq, 0 ~ ZP\J*aanQp,O !
factors through V},, we conclude that ((HOO’ " ® Lg, ()\J)’> = lim, Vj..

We now track the action of the element z. The action of z sends (Hoo)%) to (HOO)Z'}; _, Where (Hoo)%)
is the subspace of II2S defined in [26 IV.D]. By [16, Lem. 5.2 & proof of Lem. 5.3], the action of z on I1%}
(h)
sends (HOO)HP to
"I (Ng, .0, L) 8" (Ug, .0, L)BLCM (Zhsg, 0, L)ELCM(Th, o, L)BLC™ (U, 0, L)@C™(Ng, 0, L)
in term of the isomorphism (3.8).
We assume that an homeomorphism Z;; ~ Mg, ¢ is chosen so that the matrix coefficients of elements

in Mg, o are overconvergent analytic functions on Z,; (for example, we can choose coordinates of Uq, o
and U, o as a product of root groups where each is identified with some OF, and coordinates of T}, o as
products of some 1+ w}g Op, with t large enough. Then the matrix coefficients are in the ring generated by
polynomials and functions of the form exp(w}. x), z € OF,). Since the action of g and g lonlL Mo, (X 7)),

for g € Mg, 0, are given by polynomial functions on the matrix coefficients of g, g~ ! compositing with

embeddings in X, the matrix coefficients of the twisting isomorphism @) in the basis given by one of
that of Lz, (As)" are overconvergent analytic functions on Z;. By a similar argument as in Lemma
below, for any h large enough (which we may assume from now on), there is an isomorphism

(002 © Latg, () = € (N, 0, L) B2 (Zatg, 0 LB (M, . L)
and similarly the isomorphism (3.9) sends
"V (Ng,.0, L) 8"V (Uq, .0, )BLCM (Zar,, 0, L)ELCM(TY, o, L)&1C™(Ug, 0, L)Ly, (As)'
to
C I (Ng,0, L) @™ V(Tq,.0, O™ (Zrtg, 0, )ELCM (TG, o, L)EC (Uq, 0, L)-

Ng,, -
Hence the action of z on ((Hw)g)> ot ® LMQp (M)’ sends, after (5.9),

CM(Ng,.0,L)"®LC™ (Znsg, 0, L)BLCM (MG, o, L)

to
cth=b (NQP7O’ Ly@LC(h_l) (UQP70’ L)@)Lc(h) (EMQP ,05 L)®Lc(h) (TCIQ;nOv L)®Cla(UQp:07 L)'
. . an,NQ 0 ~ ZP\J—an,Upro
Finally, we conclude that the Hecke action of z, denoted by 7., on (Hoo PR L Mg, Ay )

induces a map sending
(C(h) (Ng, .0, L)@,CZN 7T g, L)) &M (ZMQP 0, L&z ) (Tg, 0 L)
to

(D Na 0 LYBLCN 0D (T, 0. 1)) BLCM (Zatg, 0 )ELLHN 0 (T, . 1),
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Taking the dual of the above map we see that 7, induces a morphism «y,_1 : Vj,_1 — Vi® B, Bn—1. We
also have a morphism 5, = 3, ® 1p, : Vh+1<§)BhHBh — V}, where (3, is induced by the dual of the
compact map

C(h) (NQP,O,L)T@)LCZP\J_MI’(}L)(UQP,O,L) N C(h-i—l)(ﬁ@p’()’ L)r@LCEP\J_an’(h-H)(UQP,O, L).
Hence 3, is a compact map of Banach Bj,-modules. We put zj, = Spoay. Then 2,41 ®1p, = apof,. O

Lemma 5.8. Assume that g is an overconvergent analytic function over Z,,. Then there exists C such that
forany h > C and f € C")(Z,, L), we have gf € C")(Z,, L).

Proof. By definition ([26| Def. IV.1]),

c"(z,, L) = {Z an (Z) | ngrfoo (vp(an) —rpn) = —|—oo}

neN
is a Banach space with valuation v(") (Ynenan(l)) = infy (vp(an) — ran). Let f = ZneN ()

C(Zp, L). We compute @ (3 ,,cnan(y)) = Xoenan®(y) = Xoenan ((N—i— 1) (,51) )
> on>1M(@n + an- 1)(%). We have

im (0 (n(an +an 1)) = run) = T min {(0p(an) = 7un) s (0p(an—1) = r(n = 1) = 71)} = +oc

and

00 S 0 () =it (0 0l + a-2)) = )

neN "
> i%fmin {(vp(an) = ran), (vp(an-1) —rn(n —1) —rp)}

> inf(vp(an) —rpn) — Ty = U(h)(f) —Th-

We get 2" f lies in C1")(Z,,, L) and v(® (2" f) > vM(f) — ryn for any n. Since g is analytic, we can
assume g = Y., v b,z™. Then v (b,2™ f) > v (f) + (vy(by) — rn). Since g is overconvergent and
r, — 0 if h — oo, for h large enough, we have lim,,_, ;o v") (f) + (vp(bn) — rn) = 4o00. Hence
gf = ,cn bz f converges in the Banach space c"(Z,, L). O

We denote by Wy, := Spf(S YHie x ZMQ 0,1 % (TQp,O 1), where (TQ 0.2), is the fiber of TQ 0.L
over \; via the map fép,07L (t)* =% (tg,.,)*- There is an isomorphism Wy — Wy, @ & x>

where zXJ is the character of T}, o on L Mo, (XJ)U%O in Lemma The restriction of characters from 7},
to T, induces a morphism wx (x) + Xp(p)(\;) — Wy, . The eigenvariety machinery in [19] and [21]
leads to the following basic result on the partial eigenvariety.

Proposition 5.9. The partial eigenvariety X, (p)(N'}) is equidimensional and for any point in X, (p)(X}),
there exists an open affinoid neighborhood U such that there exists an affinoid open subset W of W/,
satisfying that the restriction of wx () to any irreducible component of U is finite and surjective onto W.
Moreover, the image of an irreducible component of X, (p)(X) is a Zariski open subset of Wy, .

Proof. The result can be proved by a slight modification of the proofs in [17, §3.3] replacing Jp, (I132)
(resp. W) in loc. cit. with the module JBQp (HomU(m/Q ) (LMQp (XJ), JQP(Hgg))) (resp. W) using
Lemmal|5.4|and Lemrna and then applying Lemmato obtain the results for X, (p)(\;) and Wy, . [

5.5. Density of classical points. We prove the density of de Rham points on the partial eigenvariety which
will be the input for the application of the partial eigenvariety in next subsection.

Suppose = = (y,d) € X,(p) C Spf(Rs)"& x prL is a point such that A = wt(§) is in (Z")*» and is
dominant with respect to b. “The U(g)-module U(g) ®p () A (and its quotient U(g) @ (q) L.s(A) in
admits a unique irreducible quotient L(\), and hence

F&r (Hom (U(e) @uq) Lo, L) 18l )

) Zsm

as well as ]-'g" (0), admits a locally Q,-algebraic quotient ]—'g’” ( (A), 0smdp ) which is isomorphic to

) =sm

fg: (L()\)/, (Ind%iésmégj)sm) ~L(\)® (Ind ”5%5 )Sm (cf. [17} §3.5]). We say that z is a classical
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point if
Homg, (L()\) (1A% 805" Tac [y " @1y k(x))¢o.

Remark 5.10. Our definition of classical points differs from [[17, Def. 3.15] because we will consider points
that are crystabelline rather than only crystalline.

Proposition 5.11. The subset of classical points in X,(p)(N}) is Zariski dense. Moreover, for any point
z = (y,0) € Xp(p)(N}) such that ¢ is locally algebraic and any irreducible component X of X,(p)(\)
such that x € X, there is an affinoid open subset U of X containing x such that the subset of classical
points is Zariski-dense in U.

Proof. The proof follows that of [17, Thm. 3.19] and [32, Thm. 3.12]. For each v € S,,1 <7 < n, we let
~z,; be the element diag(ws, - - - ,wg, 1,- -+ ,1) € GLy, (Fy) where wy is a fixed umformlzer of F.
—_———

By Proposition[5.9] we can pick a covering by open affinoids of any irreducible component of X, (p)(X’;)
such that wx () sends such open affinoids surjectively and finitely onto open affinoids of W, . For any
r = (y,9) € X »(P)(N}) with ¢ locally algebraic, we pick a such affinoids U C X,(p)(\;) and let
W =wx) (U). We prove that the subset of classical points is Zariski dense in U.

Since U is affinoid, the rigid analytic functions (y,d) — 4,05 (% 1) are bounded on U and thus there
exists a constant C' > 0 such that C < |g,, 5 (% i)|p over U for : anyv € Sp,i =1,--- ,n where | - |, is
the p-adic absolute value such that |p|, =

If§ € (pr,o,L)Aj, = EMQWQL X (fbp,O,L)/\f; and A = wt(d), then for any v € S, 7 € J,,, we have
Mo iti = Mdostitl = Argoits — Ardoitiit = 0for1 <5 < guipr —land0 < i <t, —1. We
p1ck a constant C’ > 0 such that C|7(cwwg)|, '~ ¢ > 1forany v € Sp,7 € X,. Then the set of points in

(TQP,O,L)A& with integral dominant weights (i.e. A € (Z")*r and A\, ; > Arj, VT € Xy, ¢ < j) satisfying
the following conditions

(5.11) Ai—Ariv1 >C Vie{l,-- ,n—1} ifve S, 7¢J,
(512) )\T,i - A‘r,i-l—l > CI,Vi € {av,la e 75’0,%—1} ifve Sva € J’U

accumulates ([[L7, Def. 2.2]) at locally algebraic characters in (pr,o, L) X, -

Let Z be the subset of W consisting of points such that the images in (T, 0, ) via the map W C
Wy, = Spf(Seo )" x (pr,O,L)Af] — (fQP’O’L),\/J are locally algebraic and satisfy (5.11)) and . Note
that the last map is smooth, hence open. Since U contains a point with locally algebraic character, so is .

Hence Z is Zariski dense in W.
We claim that the set of dominant points in U satisfying the conditions || and l- (ie. wy X( N (2))

is Zariski dense in U. Otherwise, by the irreducibility of U, the Zariski closure of wX( A )( ) in U has
J

dimension strictly less than that of U. But the image of the closure of wy ( N )( ) in W is a closed subset
containing Z, which must equal to W and hence shares the same dimension with U. This contradicts the
assertion on the dimension of the Zariski closure of w, ( 3 (Z). Hence the claim holds (this is the argument
in the proof of [[17, Thm. 3.19]).

We will show that any point in w;(} ) (Z) is classical which allows us to conclude that the set of classical
points is Zariski-dense in U. The Zariski density of the classical points in the whole X, (p)(\’;) then follows
from the fact that the set of locally algebraic characters is Zariski dense in (pr,Q L) x, and the last assertion
in Proposition[5.9]

Now we assume that z = (y,8) € U C X,(p)(\;) C Spf(Reo)"® x fp’L is a point such that the weight
A of ¢ is integral dominant and satisﬁes and (5.12). We prove that x is a classical point.

Remark that the conditions and (5.12)) are some “small slope” conditions and the proof of the
classicality will be essentially the same w1th the usual case (i.e., for points on X, () as in [17, Thm. 3.19]).
However, we cannot directly cite the proof of [17, Thm. 3.19]. This is because that under the restriction of
the weights on the partial eigenvariety X, (p)()\’;), the points that satisfy the full “small slope” condition as
in [I7, (3.11)] can not be Zariski dense. The condition (5.11) and (5.12)) here is only some weaker “small
slope” condition. To prove the classicality, one will need furthermore to use the fact that x is “partially
classical”, i.e., x lies in the partial eigenvariety X, (5)()’;). Ding has already proved such results in special
cases in [28]] and [32]]. Since a direct reference is not available for our situation, we would like to write
down the details of the proof below.
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Without loss of generality, we assume that the residue field of « is L. By Proposition [5.6] there is a
non-zero morphism

—oo

T, (Hom (U(9) @uq) Ls(N), L)" 7§sm5§i> > Too [my ™.

By definition (see §5.3)),

U(g) @uq) Li(A) = (Qves, res\ 2, U(87) Quo,) Ar) @ (Quves, res, U(87) ®u(qr) Lmg, .. (Ar)) -
Hence the irreducible subquotients of U(g) ®(q) L () are L(wwy - A) = @z, L(wrwr o - A;) where
w = (wr)rex,,wo = (Wro)rex, such thatif 7 € J,, then L(w,w, o-Ar) is a subquotient of U (g, )@y (q,)
L, . (Ar). In particular, the weight w,w; o - A+ is mg,, --dominant (with respect to bgy, ) by [50, Prop.
9.3(e)]. We fix one such w as above and assume Homg,, (.ng (f(fwwo A),0imlp ) [my]an) # 0.
We need prove w = wy.

For each v € S, let P, , = Mp, ,Np, , be the standard parabolic subgroup of upper-triangular block
matrices in GL,, /5 With the standard Lev1 decomposmon such that P, ,, is maximal for w,w, ¢ - A (i.e the

opposite Pw}v is the maximal parabolic subgroup such that L( WyWy,0 * Ay) € OPw, »). We also use the
same notation P, , = Mp, ,Np, , for the associated p-adic Lie groups and let P, ;, = Hv s, Py, v, etc..
Any irreducible constituent of
Gp T — G T w,p —1\sm
For <L(—ww0 ), ésméBpl) ~ For (L(—wwo ) (Y 5,051 )

has the form ]—'E” (f(—wwo “A), TMp, p) for some irreducible constituent 7y, ) of the smooth in-
w.p : :

duction (Indf“’ Zvr 5 mégi)sm (cf. [I5l Thm 2.3(ii)(iii), (2.6)]). The central character of mpr,, ~ is

§5m5§p- Smce at least one of such irreducible constituents appears in I [m,], by [15| Cor. 3.5], we get
that zwwO'AQSmégi () € O for any z lies Z]J[IP where Zyy,,,  is the center of Mp, ,. Equivalently, for
any v € S, ’

(513) Zwvwv,()')\vé‘

=v, 511’16 ( ) 6 OL
for any z € Z]tjp
Firstly assume that there exist v € S,, 7 € £, \ J, such that w, # w,o. Then P, , # G,. By (the

proof of) [[17, Prop. 5.4], there exists i, € {1,--- ,n} such that 5 ,; € Z}QP and |7w7w7 0Ar ’\T\

p =
|7(wz) ;1_mini()‘”_/\““). Since for any 7' € X, A;s+p, s strictly dominant and w,/w,s g- A — A =
L ru ’ A 1= )\ !
W wer o(Arr + prr) — (Arr 4 prr), we have |75 “. wrl,0 |, > 1. Hence by (5.11) we get
v Wao, >\v v Wy, )\ _>\v —1—min. L .

Vo™ 8y O (Vi) = Vg 8,05 (V.0 lp > Ol ()], 1 ~mmiGri=Aniss) 5
which contradicts (3.13).

Now we assume w, = w; for every 7 ¢ J. Then for any v € S,,, Py D Qy. Assume w, # wr
for some v € S,, 7 € J,. By (the proof of) [32, Lem. 3.18], there exists i, € {@v1, - ,%,f,v_l} such

WrWr 0 Ar—Ar —1- mmz(/\'rﬁv,,;*)‘n%‘ﬁrl)

that vz ,;, € ZJT/IP and |7~

Vyiy
(3-12), we have

lp > |7(@%)]p . As in the previous step, by

v,0° Ay v Wy, 0" Ay — Ay —1—min;(A; g, ; —Ar.g, ;+1)
Vo 8y s, (Vi )lp = g 8,05, (1,,)|p = Clr (@)l o T s
which also contradicts (5.13).
Therefore we conclude w = wq and the point is classical. (]

Proposition 5.12. If (y,9) = ((p5)ves, 2,8) € Xp(p) C X5, x (Xpr x Uy) x T,.1, is a classical point,
then py is de Rham for any v € S,

Proof. This is the local-global compatibility result of [20, Lemma. 4.31]. Since z is classical, after possibly
enlarging L, there is an injection L(\) ® mgm — IIoo[m,], where m,, is the corresponding maximal ideal
of R [ ] and gy, is some smooth representation of G,. Let € be the Bernstein component containing
Tsms (J, )\ém) be a semisimple Bushnell-Kutzko type for €2, where J is compact open subgroup of G}, and
Asm 18 an irreducible smooth representation of J, and 7 = (73)¢ s, be the corresponding inertia type ([20,
§3.3, §3.4]). After possibly enlarging L, we assume that \gy, is defined over L and then by the type theory,
there is a J-injection L(\) ® Agm > L(A) @ Tgm — Iloo[m,] (for the rationality problem, cf. [20] §3.13],
especially (3.15) in loc. cit.). We fix a J-stable O -lattice A° of L(\) ® Agm, then Hom 5 (A°, IIoo [m,]) # 0.
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Thus Hom ;(A°, II [m,]) # O here m, is viewed as an ideal of R, that doesn’t contain p and II2  is the
unit ball of IT.,. By the Schikhof duality ([20, §1.8]), we get that m,, is in the support of M, (A°) where
Mo (X°) := Hom‘égghm (Moo, (A°)") is finite free over So, (cf. [20, Lem. 4.30]), thus finite over Ro
The methods in the proof of [20, Lem. 4.17 (1)] together with the classical local-global compatibility
when £ = p show that the action of Ro, on M (A°) factors through Roo ®g esy Bl Bves, lei’ﬁ where

Rﬁ”” is the framed potentially semi-stable deformation ring of Kisin ([57, Thm. 2 7.6]) of inertia type
Ty and Hodge-Tate weights hy associated with \,. This implies that py is potentially semi-stable for any
vES,. |

5.6. Partially de Rham trianguline (¢, T')-modules. In this subsection, we use the density of de Rham
points on the partial eigenvariety and the global triangulation to prove that points on the partial eigenvariety
are “partially de Rham”.

Let @ = ((pups t002): 7)) = (0 00(000)) e, 20 ) € ¢ (Toes, Xuni(7n)) X (Xn x Uy) be a
point in X, (p) (for notation see , and assume that 9, is locally algebraic and 4., € 7., Vv € S,
(Definition or t(d,) is generic). Then p, 7 is an almost de Rham representation of Gg, (cf. .
The global triangulation (on Xy,i(p,,)) implies that the (¢, g, )-module My 5 = Diig(ps5)[3] over
Ri(a), F~[%] is equipped with a unique triangulation of parameter J, , ([18, Prop. 3.7.1]), denoted by
{0} = Ma:,ﬁ,o ,C«_ e g_ Ma:f),n = Mw,ﬁ- Then for 7 € X, Dde,T(WdR (Mw,ﬁ)) is eqUipped with
a filtration Dpar,» (War(My 5.e)) of vector spaces over k(z) together with a nilpotent linear operator
V..~ which keeps the filtration. Recall that Mg, is the group of diagonal block matrices of the form
GLg, ,/p, ¥ --- %X GLg, , /p,. Fori € {1,--- ,t,}, welet v, . ; be the action of v, , on

Dypar,r (War(Ma5.4,.)) /Dpar,r (War(Ma5,6,.,-1)) -

Recall @, is a standard parabolic subgroup of GL,, /. We denote by Q- := Q, ®F, » L. Then v, »; =0
foralli = {1,--- ,t,} if and only if p, 7 with the filtration M, 7 o is QQ,-de Rham (Definition 3.10).

Proposition 5.13. Let x be a point as above. If x is in X,(p)(N}) C X, (p), then p, 5 with the filtration
My 5. is Qr-de Rham for any T € J,,v € S,

Proof. We fixi € {1,--- ,t,},v € S,,7 € J,. Consider the closed immersion X,,(p)(\;) — X, (p)
in Let Diig(p “m") be the (¢, I'r,)-module over Ry (5),r, associated with the universal Galois
representatlon pgn“’ of G, ([60, Def. 2.12]). By Lemma below and [17, Thm. 3.19], there is a
birational proper morphism f : X’ — X,(p), a (¢,'r,)-module M’ over Rx/ r, such that for any
'€ X' with 6, € U’}O (we use the same notation J,,, etc. with different subscripts to denote the pull
back of the character §,, etc. from X (pp)), an isomorphism of (¢, I'r.)-module over Ri(ar), Fs [%] :
M3 ~ My 54,/ M 5q,. . Wwhere My 5 o denotes the unique filtration of Diyig(pyr 5)[+] of pa-

rameter Oy .1, , 0z vn. We know X' is reduced. Since the Sen polynomial varies analytically and
the set of strictly trianguline points is Zariski dense, we get that the 7-Sen polynomial of M, is equal to
Hg;jﬂjv (T =Wt (047,0,5)) for any 2’ € X'. Let X" be the preimage of X,,(p)()\);) under f. Then

flx» is still proper ([13] §9.6.2]). Let MY, be the pullback of M’ to X" and let Mé(,,(@}}, " &v) =
M. SRy g RX"F; (5;(,1,’1}7(1 ). Thus for any 2/ € X", the 7-Sen weights of M/, (5_," _):

z’/v,qy

(Wt‘r((sf’;/vvaav,ifl +1) - WtT(dxlv'Uaav)7 T 7Wt7—(6xlav7au.'i—1+QU,i) - Wt‘r((sx/av7§v))
= (Ot = Goio1) = Oy = G + 1)+ ,0)

are all certain fixed integers (see §5.4). Applying Proposition [A.T0]in Appendix [A] we conclude that the
subset of points 2’ € X" such that M/,[+](5.,", - ) is 7-de Rham, the points such that the nilpotent operator

z’,0,qy

vanishes on Dydg, - (WdR(M (6 )[1])) is Zariski closed in X”. We denote this subset by Y. Then

z’/v,qy

f(Y") is an analytic closed subset of X,(p)(\’;) ([L13| Prop. 9.6.3/3]).

We pick an affinoid U of X,,(p)(\;) containing z as in Proposition so that the classical points
is Zariski dense in U. By shrinking U and its image in W,/ suitably, we can assume that for any
point ' € U, 0., € T, (this is possible since 7,7, is Zariski open in the space of characters of
(FX)™). Suppose that 2’ is a point in U such that &, , is locally algebraic and 2" € f~!(2’). We have
Mo 5.3, /Mot 53,1 ki) k(@) = Moz, ./ Mo 5, Since War (Riar),p; (00 0,7,)[7]) s
trivial ([18} Lem. 3.3.7]) and the functor Wyg (—) is tensor functorial, we get that M,/ ,U7qm//\/ll TG i1
is 7-de Rham if and only if (M 5g, ,/Maw 54,..) (6., = ) is 7-de Rham if and only if 2’ € f(Y).

z’,v,qy
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Then by Proposition|5.12] f(Y) N U contains a Zariski dense subset of U (classical points in U). Further-
more, f(Y)NU is Zariski closed in U ([13, Prop. 9.5.3/2]). Thus U C f(Y). Hence M, 55, .,/ Mz 5, .
is 7-de Rham. (]

Lemma 5.14. Let X be a reduced analytic rigid space over L and M is a (¢,T i )-module over Rx i
of rank n where K is a local field over Q,. We assume that there exists a Zariski dense subset X,i5 of
X such that M is densely pointwise strictly trianguline ([54, Def. 6.3.2]) with respect to a parameter

Ox 1, ,0xn: KX = T(X,0x)* and the subset X 5. We assume furthermore that if v € Xaig, then
0y € Trog (see . Then for any 0 < a < b < n, there exists a birational proper map  : X' —
X and a (¢,T'k)-module M’ over Rx: i such that, let 6x: 1, ,0x/ n, be the pull back of characters
0x,1, " ,0x n, the following statements hold.

(1) The set of points x € X' such that M}, ~ fil,((f*M).)/fila((f* M)z ), where file((f*M).) is the
unique strictly trianguline filtration on (f*M), of parameter 8,1, -+ , 0z n, contains f~1(Xag) and is

Zariski open dense in X'

(2) Suppose x € X' such that §,, € TJ". Assume that A is a finite-dimensional local L-algebra with
residue field k(z) and a map Sp(A) — X' with image x, then the pull back (f*M) (%] is trianguline
with a unique triangulation fily((f*M)a[7]) of parameter 641, 64 in the sense of More-
over there is an isomorphism M [1] ~ fil,((f*M[3])a)/flo((f*M[3]) ) and M/y[}] has a parameter

t
6A,a+17 e 7614,1)'

Proof. By [54, Cor. 6.3.10], after replacing X (resp. X,1z) by some X (resp. f~!(Xalg)), Wwe may assume
that M admits a filtration file M of (¢, Tk )-modules over R x x satisfying the requirement (1) and (2) in
loc. cit.. The uniqueness of the triangulation of given parameter in (2) is by [[18, Lem. 3.4.3 & Prop. 3.4.6].

If a = 0, we can take the submodule M’ := fil, M of M. Then (1) of the Lemma is satisfied by the
choice. The existence of a triangulation of M A[%] in (2) follows from (2) in [54, Cor. 6.3.10] which is of
parameter 4.1, - - ,04,, and it is by our choice that M, [1] ~ fil,(M4[1]).

By replacing M with fil,M, we may assume b = n. We need roughly pick a “quotient” (p, 'k )-
modules of M (on some X') rather than a submodule as in the previous step. For a (¢, 'k)-module
My over Ry, for a rigid space Y, we let My := Homg, , (M, Ry k) be the dual (¢, I x)-module
of M. The dual functor (-) — (-)V of (p, 'k )-modules commutes with base change, is exact on short
exact sequences of (¢, ' )-modules and sends Ry i () to Ry x (6~ !) for any continuous character § :
K* — T(Y,Oy)* (cf. [54, Con. 6.2.4]). Then the (¢, I'x)-module M"Y over R x f is densely pointwise
strictly trianguline with respect to parameters 5;(’171, e ,5)}711 by the assumption and [54, Prop. 6.2.8]. By
[54, Cor. 6.3.10], after replacing X (resp. Xaig) by some X' (resp. f~!(Xay)), we may assume that
MV admits a filtration file MY of (¢, ' )-modules over R x x such that for any point z in a Zariski open
dense subset Z containing X, (file M), is a strictly triangulation of M, with parameters 6, %, -+ , & 1

z,n’ s Yx,1

and each (fil;M" /fil;_; M")[4] is isomorphic to Rx x(5,",,)[3] up to a line bundle. We set M’ =
(fil,,—qMY)V. Then for z € Z, M|, ~ M, /fil, M, is trianguline of parameter 0, q+1 - , 0z n. Forz € X
1

and A satisfying the condition in (2) of the lemma, we get by the construction that (fil,_o M) 4[] is

trianguline of parameter 6" .-+, 6, .| and MY [}] is trianguline of parameter 67," ,---,d7,";. Taking
dual, we get that M 4[1] is trianguline of parameters 64,1, - ,8.4,, and M/, [1] is trianguline of parameters
6A,a+17 e 7614,77,' O

Then we immediately get the main result of this section.

Theorem 5.15. Let = = ((pp.0),2) € Xp(p) C ¢ (X (p,)) X (X5 x Uy) be a point such that § is
locally algebraic and generic. Let A = wt(8) and d,, be the smooth part of §. Let y be the image of x in
Xoo. If for some v € Sy, T € Xy, Ay is mg, -dominant (with respect to bg, ) and we have

Home, (F (Z(=N), 805" ) T2 m,) @4y b)) #0,
then py with the unique triangulation on Diig(p7) [%] of parameter 0,1, - - , 0y p is Q--de Rham.
Proof. We take J = {7} C X,,. The irreducible U(g)-module L(\) of the highest weight A is the unique

quotient of U(g) ®y(q) Ls(A) (for the notation, see §5.3) by [50, §9.4]. Thus by the functoriality of

G
fE:(f, —), we get

Homg, (]—'g: (Hom (U(8) ®uq) Ls(N), L) ,ésmagpl) I my ™ ©rey) k(x)> 40,
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Hence by Proposition[5.6} 2 € X,,(p)(X). By Proposition[5.13] pi with the triangulation is Q)--de Rham.
O

5.7. Conjectures on partial classicality and locally analytic socle. We state a conjecture on partial clas-
sicality of almost de Rham Galois representations and discuss its relationship with the locally analytic socle
conjecture. We only state the conjecture for the patched eigenvariety where the local model is available
since in this special case the conjecture is more accessible and the converse of the conjecture is known to
some extent (Theorem [5.15). We also give some partial results.

We use the notation before Theorem Letz = ((pp,9),2) € Xp(p)(L) C ¢ (Xeri(p,)) X (Xpr x V)
be a generic point with integral weights. Let h be the Hodge-Tate weights of p,, and ) be the weight of 4.
We assume that A+ p is dominant (with respect to b). There are the companion points z,, = ((pp,d,,), %) €
(X5, % fp’ L) X (X x U9) for w € Wg, where §,, is defined in the end of Let 7, be the image
of z in X, and m, be the corresponding maximal ideal of ROO[%}. For v € Sp, as 1,;1(0,) € TV,
M := Dyig(ps)[2] is trianguline with a unique triangulation Mg o of parameter ¢, *(,,). Let @, = [ Qo
be a standard parabolic subgroup of G, as in §5.1] and let @, be the base change to L of the standard
parabolic subgroup of GL,,/p, via 7 : F; — Lforall 7 € ¥,,v € S,. Recall that Jg (IIc[m, [*")
is a locally analytic representation of Mg ,. Take a non-empty subset J C ¥, and let J, = J N %, for
all v € S,,. Following [28] §6.1], a vector v € Jg, (IToo[m,,|*") is called J-classical if there is a finite-
dimensional algebraic mq, s-module V' and a mq, j-equivariant map V' — Jg, (Ilso[m,, ]*") such that
the image of the map contains v.

We say that the Hodge-Tate weights h are regular if h,; # h, j forall 7 € 3,1 # j. We now state the
conjecture on partial classicality.

Conjecture 5.16. Assume that h is regular and the pair (p3, My o) as above is Q--de Rham for all T €
Jv,v € Sy (Definition , then Jg, (Il [m,, |*") contains non-zero J-classical vectors.

Remark 5.17. The assumption that h is regular is necessary: if p, is de Rham with non-regular Hodge-Tate
weights, @, = G, and J = X, then there exists no non-zero locally algebraic vector in ITo, [m,. |*" by the
local-global compatibility or [33].

Next, we formulate a weak version of the locally analytic socle conjecture for the point x. Recall
that Spf(R,, A, ) is isomorphic to X Py, zpar, UP to formally smooth morphisms where X p, is the variety
defined in §2| with respect to the standard parabolic subgroup P, determined by h or X of the algebraic
group Hvesp Resr, /g, (GLy/F,) Xq, L asin ~ and 2pdr = (Tpdr,7)ves, iS a pointon X p, associated
with (pp, Me) = (p5, M5,e)uves, asin By , Spec(R,, m.) C Spec(R,, ) is a union of cycles of
the form 3, for w € Wg, /Wp,. Moreover, 3., # () if and only if ,qr € Zp, . Letw, € Wg, /Wp, be
the element as before parameterizing the relative position between the Hodge filtration and the trianguline
filtration. Then by discussions in 3w # 0 only if w > w, in Wg, /Wp,. In general, there exists
w > w, such that 3,, = @ (for example, if h is regular and pp is not de Rham, then 3, = 0).

Conjecture 5.18. If 3., # (), then
Homg, (Fo* (L(=wwo - X), 8,05 ) ,aomy, 1) 0.

Remark 5.19. This is only a weak form of the locally analytic socle conjecture as we explain below.
For simplicity, we assume that h is regular and z is in the smooth locus of Xz» x UY. As in the proof of
(18, Thm. 5.3.3] or Proposition 4.7} the dual of

Homy (g) (L(wwp - A), IT22) 7 [m3][m5° ]

is amodule over Ox__ .. via the map Spec(@xp(ﬁ)wwowxw) < Spec(Ox.. . ) (remark that Spec(@xp (Bwwg- s )
can be empty), denoted by L(wwg - ) in [18] (5.22)]. Abusing the notation, let [£(wwq - A)] be the set-
theoretic support of L(wwg - A) in Spec(@xw“). For w" € Wg,, we let 3], C Spec(@xm“) be the
preimage of the closed subset 3, in Spec(R, ) via the formally smooth morphism Spec(@xwrm) —
Spec(R,,). Now let €, be the union of 3 ,,, w” € Wg, such that @, .~ > 1 where @, ., is the coef-
ficient appeared in [18] (2.16)] (with respect to the algebraic group [, €s, Resr, /o, (GLy ;) %q, L) so
that €,/ is the underlying set of the Kazhdan-Lusztig cycle appeared in [18}, (5.24)] with the same notation.
Then 3/,, C €, and 3/,,, C €, only if w’ > w” in We;, ([I8, Thm. 2.4.7(iii)]).

In the spirit of the analogue between the subsets (or even real cycles) [L(wwy - A)] and &,,, Conjecture
[5.18]expects 3/, C [L£(wwo-A)]. In general, it is possible that there exists some w’ > w such that 3/, C €,
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(18, Rem. 2.4.5]). Hence we also expect that 3/, C [£(w'wo - A)] and thus if 3], # (), we expect that
Homg, (fg: (f(—w'wo : )\),Qsmégi) oo [m,«x]"m) #0.

But now it may happen that 3/, = () (this will not happen if p,, is de Rham, see (2.4)). Hence Conjecture
[5.18]should not predict all the possible companion constituents in general.

However, Theorem [4.4|imposes some restriction for elements w’ € W, such that 3, C [£(wwq - \)]
just as the restriction for the characteristic cycles in Proposition [2.28]

Remark 5.20. The weak conjecture on locally analytic socles (Conjecture [5.18) still implies the existence
of the companion points on the eigenvariety: since we have 3,,, # () by definition, we get z,,, € X,(p) if
Conjecture is true, which implies that z,, € X, (p) for all w > w, in Wg,/Wp, by [16, Thm. 5.5].

Proposition 5.21. Conjecture[5.18|implies Conjecture[5.16]
Proof. Now h is regular. Let B, = erzp B, be the standard Borel subgroup of upper-triangular matrices
in Hvesp Resp, /g, (GLyn/F,) Xq, L. Since (p3, Mz o) is Q,-de Rham for 7 € J,, v € Sy, by definition,

we have zpqr € Z@p,Pp where ép = 1,e;Qr HT%] B, and Z@p,Pp is defined in ~ By Corollary
, there exists w € W, such that z,qr € Zp, . and Zp,, ., C Z@ 5. - Take one such w, then 3., # 0.

By Theorem , wwg - A is a dominant weight for the Lie algebra of the standard Levi subgroup of @p. In
particular, L(wwy - A) is the irreducible quotient of U (g) ®y/(q) L. (wwo - ) where L j(wwyg - A) is defined

via (5.3). The statement of Conjecture [5.18|and the exactness of the functor fgp imply that

GP u= - an
Home, (57 (Hom (U(9) @u(q) Ls(wwo- N L) 885! ) Taclm,, ™) #0.
By the beginning part of the proof of Proposition [5.3] we get
HomU(me) (LJ(wwo . )\), JQp (HOO [mrm]an)) 75 0.

Then the non-zero image of any non-zero U(mg, )-equivariant map L j(wwg - ) — Jo,(Hso[m,,]*")
gives rise to non-zero .J-classical vectors since Lz, (Ay)in lb is a finite-dimensional representation of
mq,,J- ]

Corollary 5.22. Conjecture[5.16|is true if py is crystalline for every v € S),.

Proof. By [18| Thm. 5.3.3], Conjecture [5.18]is true for crystalline points. Hence Conjecture [5.16]is true
for such points by Proposition[5.21] O

Remark 5.23. The method in the proof of Proposition f.7] based on Theorem [#.4] can be used to give non-
trivial evidence for Conjecture [5.18|beyond de Rham cases. To convince the reader, we sketch an example
here. Let’s keep the notation and assumptions in Conjecture [5.18] and Remark [5.19]and assume w, = e is
the identity in W¢, . Hence 3/, # (). By the (dual of) exact sequences as [18} (5.21)] writing M (wowp - A)
as a successive extension of subquotients L(wwp - A),w € Wg,, we get an equality of topological spaces

inside Spec(@xw” ):

SpeC(OXp(ﬁ)wowo-Aon) = Supp(M ®OXP(F) OXp(ﬁ)wOwo.x,l‘wO) = U [£(wwq - A)].
wEWGp

On the other hand, by the theory of the local model @) we have
Spec(OX, Bugugnng) = U 3

wEWGp
Hence we get
U Lwwe-N]= |J 30
weWeg,, weWg,

A priori, in the above equality, we know only 3. 5£~ (). As h is antidominant, we see that any irre-

ducible component of 3/, is not contained ~in Spec(Rg:” . ) for any standard parabolic subgroup @p of
[L,es, Resr, /g, (GLy)p;) Xq, L unless @y, is the Borel subgroup by Theorem But for any w # e,

the cycle [L(wwy - )] is contained in Spec(Rpr‘f M, ) for some non-Borel @p by Theorem Hence any
component of 3. is not contained in [L(wwy - A)] for any w # e. Since 3. is equidimensional with the
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same dimension as Spec(@Xp(p)wowO.A,xwo ), we must have 3/, C [L(wg - A)]. Hence [L(wq - A)] # ) which
implies that

Homg, (fg: (f(—wo A);0imlp ) [mrz]an> #£0.
Then z, € X,(p). By [16, Thm. 5.5], z, € X,,(p) forallw € Wg,.

Remark 5.24. Theorem[.10]only concerns the existence of all companion constituents that can be seen via
the local models. In general, there exist companion points 2’ = ((pp,8'),2) € X,(p) C ¢ (Xui(p,)) %
(Xz» x U9) of  such that § ~16' is not an algebraic character. In the situation of Theorem a’ is one
of points (( Pps QR,7w,), z) for some other choice of refinements R'. The existence of all companion points
of all refinements on X, () for regular crystalline points is obtained by the existence of locally algebraic

constituents of the form L(\) ® (Ind%” Qsmégi)sm in Tl [m, |*" and the intertwining between smooth

principal series (see the beginning of [1 8p, §5.3] for details). In the non-regular crystalline cases, there exist
no such locally algebraic constituents in the socle of IT,[m,., ]*". Still, in some special cases, one can obtain
the existence of some companion points of other refinements using the locally algebraic representations of
Mg, that appear in Jg, (Il [m,,]*") (cf. [32 Prop. 2.14]).

APPENDIX A. FAMILIES OF ALMOST DE RHAM (¢, 'k )-MODULES

We show that the method of Berger-Colmez in [6] to construct de Rham families for Galois representa-
tions can be generalized to construct partially almost de Rham families for (¢, 'k )-modules.

A.1. Preliminary. Let K be a finite extension of @, with a uniformizer wg, K be an algebraic closure
of K and C be the completion of K. Let K, be the maximal unramified (over Qp) subfield of K. Let
K be the extension of K by adding all p-th power roots of unity, K,,, = K(u,m) for m > 1. We set

= Gal(Kw/K), Tk, = Gal(Ks/Ky) and Hg = Gal(K/K.). Lete : g — Z,) be the
cyclotomic character.

Let A be an affinoid algebra over Q,,. We keep the notation of the Robba rings and (¢, I' k- )-modules in
Recall we have Robba rings Ry - which is denoted by R’ (7 ) in [S4, Def. 2.2.2] for any 7 > 0
less than certain constant.

Recall a p-module over R f is a finite projective module M" over R/; ;- equipped with an isomor-

m

phism @*M"™ 5 M"/P = M" Ry RA/Z;( where ¢ : RYy x — ’RA/K and a p-module over R 4,k is the
base change of a ¢o-module over some R’X’K ([54, Def. 2.2.6]). A (p,I'k)-module over R 4 x is the base
change of a p-module equipped with a commuting semi-linear continuous action of I'c over some R"? A K
([54] Def. 2.2.12)).

We recall some constructions from (¢, I' i )-modules.

Suppose that D 4 is a (¢, I')-module over R4 x of rank n. By definition, D 4 is the base change of
a (¢,I')-module DY over R}, = Ry x®q,A ([40, Prop. 1.1.29]) for some 7y small enough. For
any 7, let m(r) be the minimal integer such that p"(")~'[K (11s0) : Ko(teo)]” > 1. Then there exists a
continuous I i -equivariant injection ¢y, ;) : Rbp’K — K [[t]] (e.g. [4, §1.2]). Asin [6, §4.3], we define
ARq, Km[[t] == Jim, A®q, (K [[t]]/t*) for any m > m(ro) and we will always assume m > m(ro) in
the remaining part of this appendix.

Let DT (Da) == ABK,,[[t] ®u, Ry, D be the “localization” if m = m(r) and r < 19
where D, = D ®rro, Rl k- Then Dé(ig”’Jr(DA) is a finite projective A®K,,[[t]]-module with a
semi-linear continuous action of I'x. Here the continuity means that for each s > 1 the action of 'y
on Djf;"”+(DA)/tSD£(ig"’+(DA) is continuous. In particular, for any = € Ddlg" T (Dy)/t* DX St (Da),
lim,ery ~—1v(z) =  in the finite A-Banach module

D§;7L>+(DA)/téD£%n7+(DA)
Write Dy (Da) := Déff (DA}
Let DEm(Dy) = Ddlf (DA)/tDéf;”"Jr(DA). Then ¢ induces I' i-equivariant isomorphisms (cf.

Sen

[60, §2.3])
DEm(Da) ®k,, Kmar 3 Dt (Da),

~ Ko
DEr (D a) @k, 1) Kms1llt] = Dy "+ (Da).
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If B is an affinoid algebra with a morphism A — B, denote by D := M® 4B the (¢, T' i )-module over
R B,k . Then by the construction, there is a natural isomorphism D m’+(DB) ~ Dgfm’Jr(DA)@@AB. Ifx
is apoint on Sp(A4), welet D, = D4 ®4 k(x) be the (¢, 'k )- module over Ry, (z), k- The following lemma
is not essential.

Lemma A.1. There exists a finite admissible covering {Sp(A;)} of Sp(A) such that each D7 (Da,)
(resp. D& (Da,)) is a free A;®q, Km[[t]-module (resp. A; ®q, K,-module).

Proof. We have A®q, Km|[t]] = lim, ARq, (Kn[[t])/t*) = lim, (ARq, Kn)[[t]]/t" = K g, Allt]
(cf [40, Prop. 1.2.5]) is t-adically complete Thus the finite projective module DK’"’+(D A)@ AA; over
A;®q, K. [[ ]] is free if and only if D& (Da)®4A; over A; ®qg, Ky is free. Therefore we only need
work for DEm(D.4).

Let m be a maximal ideal of A corresponding to a point € Sp(A). Since D7 is free over RZ(z), K
(14, Prop. 1.1.1]), D& (D,) is free over k(z) ® Q, Km. As DEm(Da) ®a An is finite projective over
Am ®q, Ky and m ®q, K, is contained in the Jacobson radical of Ay, ®g, K, DSe’I’; (Da) @4 An
is free over Ay, ®q, K, by Nakayama’s lemma. We choose a morphism (4 ® K,,)" Dge’;l‘ (Da)

of A ®q, K,,-modules (after possibly shrinking Spec(A)) such that it induces an isomorph1sm (Am ®q,

K,,)" — Dé(e;'; (Da) ®A Am of Ay ®q,, Krm-modules after tensoring Ay,. Let Cy (resp. C2) be the kernel
(resp. cokernel) of this morphism. Then C; ® 4 Ay, = C3 ® 4 A = 0. Since A is Noetherian, we can pick
a finite set {z;} of generators of Cy and Cs over A. For any z;. there exists an element a; € A such that
a;x; = 0and a; ¢ m. Let Ag be the localization of A by inverting all a;. Then C1®4 As = Co®4 Ag = 0.
Thus the morphism (As ®q, Kyn)" — Dé(eq (Da) ®a Ag of Ag ®q, Kp-modules is an isomorphism.
Now since Zariski open subsets are admissible open and every Zariski covering is admissible ([12, §5.1
Cor. 9]) and Spec(A) is quasi-compact, we can find a finite covering of Sp(A) by affinoid subdomains
Sp(A;) such that DE™ (D 4) @4 A, is free. O

Thus from now on we assume that Dy Km(ro) (D4) is a free A ®q, Km(ro)-module. Since the action of
'k on DS 7 (D4) is continuous, there exists my > m(ro) such that [|[M, —I|| < 1 forany v € T'g,,
where M., denotes the matrix of v on Dy "‘(m) (D) with coefficients in A ®q, K (r,) With respect to

some basis and the operator norm || — || of operators on the finite Banach A-module DSe’n”(”’) (Dy4) is

equivalent to the matrix norm given by norms of coefficients (cf. [54, Prop. 2.2.14], [40, Prop. 1.2.4]).
Then for any v € I'k,, , the Sen operator V : log( )/ log(e(y)) = — log(i(’y)) pya (1;7)1 on Dé(eﬁl (Da)

converges and acts A ®@ K,,,-linearly on Dy 7”1 (D 4). The characteristic polynomial of the Sen operator
lies in (A ®q, K, [T])'* = A®q, K[T] (cf [41], Prop. 2.5] or [54, Def. 6.2.11]). We take mo > my
such that for any v € T, , |[log(e(7)) V]| < |lp||77. Then for any m > mg,y € Ik, the action
of the A ®q, K,-linear operator ~ on Déi’;‘ (Da) = K, ®xk

v =exp (log(e(7))V) = Yo, M . Later, we will need to take m > my to deduce the final result

Dg. Km(ro) (D4) can be recovered by

m(rg)

on K. We remark that the same formula for v € I'k,, may not hold on DK"“+ (D4) in general.
From now on, we assume that A is moreover an L-algebra where L is a finite extension of Q, that
splits K. We denote by X the set of all embeddings of K in L. For 7 € 3, we set DScn ~(Da) =

DSen (Da) ®Agg, K 107 A (resp. DK’”’JF(DA) = Dﬁ;’“Jr(DA) ® Ay, K107 A) which is a free A Qg

dif, 7
K,,-module (resp. A® x K, [[t]]-module) and is stable under the action of ' since I'x commutes with
A®q, K.

A.2. Almost de Rham representations. We start with the cases when A is a finite L-algebra. We will
give certain characteristic properties of almost de Rham Bgg-representations on the level of DK"“+(D A)
(Proposition[A.3)) as is done for de Rham representations in [6, Prop. 5.2.1].

Recall that the ring Bpqr = Bar[log(t)] is equipped with a Byg-derivation vpqg (log(t)) = —1. We
pick a topological generator vk € I'k (and vk, € T'k,,). Then vi (log(t)) = log(t) + log(e(yk)). Let
V be the operator 1og(’yf;)/ log(e(fyf;)) for s large enough acting on Dgg"”L(DA) in the sense of [41}
Prop. 3.7]. Then V acts K,,-linearly, V(¢*) = at® for any ¢ € Z and V(az) = aV(z) + V(a)x for any
a € K((t)). Formally let V(log(t)®) = alog(t)?~!,Va € N as in [41] §3.8]. The following lemma will
be useful.
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Lemma A.2. Let B € {K,,((t)), K((t))} and W be a continuous semi-linear B-representation of T k.
Then (W ®p Bllog(t)])V=" can be identified with WY ~™IL, the space of elements x € W such that ¥V acts
nilpotently on x. The identification restricts to a bijection between (W @ g Blog(t)])'% and W (vx =1 —nil
the space of elements x € W such that vix — 1 acts nilpotently on x. Moreover, under the identification,
the action of the B-derivation v,qr on (W ®@p Bllog(t)])'¥ is the action of V on W (vx—=1)=nil

Proof. Assume Y~ a;log(t)’ € (W @5 Bllog(t)])V=° where a; € W. Then

N .
=V <Z a; log(t)’)
i=0

N

= V(ao) + Z (V(a;)log(t)" + ia; log(t)' ")

i=1

N-1
= V(ayx)log(t)" + Z i+ 1ai + V(a;))log(t)'.
i=0

Hence a; = (—1)"§V*(ag) and V¥*!(ag) = 0. The map (W@ p Bllog(t)]) V=" — WYV . SN ailog
ag is then a bijection with the inverse map a — 3 ¢ Z}) Vi(ag) log(t)! if VN*t1(a) = 0.

Now assume Zi:o a;log(t)! € (W @p Bllog(t)])"*=! where a; € W and ay # 0. Then

Zazlog Z’YK a;) (log(t) + log(e(7x)))’

N

= > (Z)Wx(aj) log(e(yk))’™" | log(t)".

i=0 \ j=i

Thus a; = Z] . () log(e(vk))? 'y (a;j) for each i. We get ay = v (an). We now prove (yx —
1)’an—_i+1 = 0 by descending induction. Assume this is true for all i > ig. Then

N

(o = )i, = i) = a5y =) = 3 () toe(er) ()
N .
=— 7 ) log(e j—io a;).
= () toxtetrm)y ()

By the induction hypothesis, (yx — 1)V "k (a;) = vx (v — 1)V~ (a;) = 0 for any j > ig. Thus

(v — 1)N~%+1g, = 0 which finishes the induction step. Hence yx — 1 acts nilpotently on a.

Conversely, assume we are given ag such that (yx — 1)V*'ag = 0. Then VV*!(ag) = 0 since
V = log(vg)/log(e(yfg)) = log(yk)/log(e(vk)) = —Zil % on ag where s is any large
integer (since V is defined using [41, Prop. 3.7], the equality should be verified modulo ¢* for all s and

N (=1)?

notice that N is independent of s). We now verify that z = >, “=-V'(ag) log(t)" is fixed by . Since
i commutes with V, vx — 1 and V act nilpotently on each V*(ag) as well as log(t)? and V¥(ag) log(t)*

(since (11 — 1) (alog(t)?) = (e —1)(a) log(t)!+ =1} (%) log(e(c))*vc(a) log(£)9). Thus ~xc (z) =
exp(log(e(vx))V)z = (1 + 302, M) x = x where the first two identities come from the

formal calculation using V = log(vx)/log(e(vx)) on = and the last identity comes from that V(z) = 0
by V¥ *1(ag) = 0 and the computation in first step.
The last assertion follows from that

N i L1y . .
Voo (Z v 1og<t>i> =Y Elviweogey

=0

if VN+1(z) = 0. O

The following proposition generalizes [[6, Prop. 5.2.1] using essentially the same technique in loc. cit.
and will be applied for m > my.

(1) =
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Proposition A.3. Assume that D(If}"’Jr is a continuous semilinear K,, [[ |]-representation of Tk, of rank
nand DY = Ddlg"’"r[ |. Assume that each eigenvalue of yx,, on DEm = Ddlgl’+/thlg"’+ is equal to

e(vk,, ) for some integer c € [a, b] where a,b € Z. Then the following statements hold.

(1) There exists a Tk, -invariant K., [[t]]-lattice N inside DX such that (yk,, — 1)'N C tN for
some | > 1. And we have t*“D§F’+ CNC t’bD(Ififm’Jr.
(2) Dde = (DX @k, Knlog(t)]) ' =m is an n-dimensional K,,-space.

Moreover, the number | can be taken to be (b — a + 1)n.

Proof. We firstly prove that (1) implies (2). Consider operators «, := HZ 1 fi(vk,,) for k > 1 where we
take polynomials f;(T) = (T —1)'h;(T)+1 = (e(yx,,) ~*T—1)!g;(T) fori > 1 thanks to Lemma-be-
low. Since (g, —1)!is trivial on N/tN, a is the identity on N/tN. We set ag(z) = z. We now prove by
induction that (yg,, —1)!a(z) € t*+1N and oy (2) — gy 1(z) € t*+H1IN forany x € Nand k > 0. If k =

0, the result is easy. Assume that the result is true for k. We have (51 — D(tFHe) = thtlyg (z)—

t" e = 54 (yx,, —1)(2) forany z € Dflfi%”- Then (vr,, —1)!apt1(2) = frs1(vx,) (Vr,, —1) an(z) =

s (v, ) e —1)' (1 Qg 08Dy — gy (e, )t (s, —1)! (sl ¢ g2y
l

since g, (t**2N) C t*+2N and we have (yg,, — 1) (W) € tN by the induction hypoth-

esis and the assumption. Then ayy1(z) — agpre(®) = hire(Vx,,)(Vx,, — Dlags1(z) € t*+2N which
finishes the induction. Hence when k — o0, the sequence aj(x) converges to an element in N de-
noted by a(z). Moreover (v, — 1)!a(x) = 0 and the K,,-map o : N — N is the identity modulo
t. Hence the image of «, denoted by Npqgr, has K,,-dimension at least dim N/tN = n. Applying

Lemma for I'k, ., the space Npqr can be viewed as a subspace of Dﬁ{ﬁ. Assume that NI’)dR is
a I'k, -invariant finite-dimensional K, -subspace of (Dg;”)('“(m*”’n“ that is stable under I'k,, and
contains Npqr. Then the K, [[t]]-lattice N' generated by N/ ,g has full rank n, stable under the ac-
tion of T',, and satisfies (vx, — 1)" N’ C tN’ for some I’ > 1. Repeat the previous argument of
N, for N',I’, we find there exists a K,,-map o : N’ — N’ which is the identity over N'/tN' and
Nygr- One can also prove that o/(tN’) = 0 by showing that o (tN') C tF*I N’ for any k (since
Frr1 (v, ) EHINT) = g (i, ) (e — D (FFINY) € t5F 1 (9, — DY N € 742 N7). Thus
Npr = @ (Npgr) = o/ (N'/tN') has K,-dimension n. Hence the dimension of Dfdrﬁ is no more than n
(this also follows from general theory, cf. [41, Thm. 3.22(ii) & Prop. 2.1]). Thus Dlﬁ’ﬁ is identified with
Npar via Lemma[A.2] This finishes the proof of (2).
To prove (1), we have the following claim.

Claim A.4. Under our assumption, there exists | such that H% “(vk,, —€(VK,, )i)nggn e hmatt Dfig” s

Proof of Claim[A4] Let Fj,(T) = Hft’f +,C(T — €(vk,,)")™. The characteristic polynomial of yr,, on

the K,,-space t* DXt /i +1 DKot — ¢k DXt divides Fy,(T) for any k € N by the assumption. In

Sen

particular, Fk('me)tkngf + tkHD(Ifi;"’Jr Hence Fy_o(vk,.) - Fo(yk,, ) Dot c tr=-e1DEm T
We take | = (b—a+ 1)n. Then Fy_o(T) - - - Fo(T) divides [[72.“(T — e(vk,,)?)". Hence [[2.% (Vx,, —
(VK ))lDé{lf Tt aHD(Iiff ™ -

Now we prove (1). We let N be the sub-K,,[[t]]-lattice generated by t~* [Lica20—ap g3 (VK
e(vk, )z for all z € D(Iiff " and k € [a,b. Then N C ¢~ DK "+ by definition and g, (N) C
N. We have t*N D {[Licia20—ap (13 (VKo 6(7Km) Vo | z € Ddl’f”"+,l<: € [a,b]}. The image of

{Hie[a 2b—a]\{k} (v, —€(vk,,)) 'z |z € DGhlc k€ [a,b]}in Dé{en is equal to {Hl6 (0,25 a]\{k}(’YK —
e(vr,))'z | € DEm k € [a,b]}. By our assumption the characteristic polynomial of f, on
DEm is of the form [Licpy(@ — €(vk,,)")™ for some n; > 0. The polynomials [Licaop ey (T —

e(vk,,))', k € [a,b] share no common zero and generate the constant polynomial 1 by Hilbert’s Null-
stellensatz. Hence {[];c(, o\ (k) (Vi — e(vk,,) ) | x € Déi’;l‘,k € [a,b]} generates Dsc*g as a K-
space. Moreover, we have assumed that (T" — (7, )?) is prime to the characteristic polynomial of vy,
on Dé(c“g ifi ¢ [a,b]. Thus Hie[bJrl ov—a) (VEm — €YK, )¥)! is a bijection on DK”” Hence the image of

{ILic20—ap (5 (VK — €(VK,)" V| x € DE Tk € [a,b]} in DE™ generates DX which implies
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that t* N D D(Iﬁf " by Nakayama’s lemma. Finally,

_ iNE K, - NI LY
(v =Dt T Ok — e )V D5 =75 T (v — elv)) DT
i€[a,2b—al\{k} i€[a,2b—a]

tb a+1— kDgfgan (ClalmIE[)
c tb+1_kN
CtN

for any k € [a,b]. Since (yk,, — 1)'tN C tN and N/tN is generated under K,, by the image of
t=F Hie[a,zb—a]\{k}(VKm —e(vk,,)" )ngf "+ k € [a, D], we conclude that (yx, — 1)'N C tN. O

Lemma A.5. For any k € Z \ {0}, there exists a polynomial fi,(T) € KIT| such that f,(T) = (T —
D hp(T) + 1 and fo(T) = (e(vk,, )T — 1)!gy(T) for some polynomials hy,(T), g(T) € K[T).

Proof. The ideal ((T — 1), (e(vx,,)*T — 1)) = (1) by Hilbert’s Nullstellensatz since ¢(yg, )* # 1 for
k # 0. Hence we can find hy(T), gr(T) € K[T] such that (e(vg,,) *T — 1)!gi(T) — (T — 1)!hi(T) =
1. (]

Lemma A.6. Assume that A is a finite extension of L and all the Sen weights (the roots of the Sen polyno-
mial) of D 4 are in Z and m > myg. Then we have

1N
(Dl (Da) ©xc,, Knllog(t)]) * = Dypar(War(Da)),

m

'k
(Dg?(DA)@K K [log(t )]) = Ky @k Dpar(War(Da)).

Proof. By definition, W;R(DA) = D" Qrr dR (the m here is large enough since @*DT ~ D/ /p

Qp K>
cf. [4, Prop. 2.2.6(2)]) is a free A ®q, BdR module of rank n. The map BdR QK111 P dlf (DA)
Wi (Da) induced by the injection K,,[[t]] < B is a Gx-equivariant isomorphism and we have a
similar statement for D5="(D4) = Ko ®k,, D:{lfK (D4). Now let X be the K [[t]]-module as-
sociated with the BIR-representation Wik (D) in [41l Thm. 3.6]. Then X contains Dgf“”Jr(D 4) by
loc. cit. (our convention on 'y differs from that in [41], however the results in loc. cit. apply if we
firstly replace K by some finite extension in K, and then descent if needed). Modulo ¢ and by definition,
X/t = ((Wi(Da)/t)x) s = ((C @k, DSen (DA))Hx) s, where C @k DSen (D4) is a semi-linear
C-representation of G- on which Gr¢ acts on D& (D 4) via Tk and ((C @y, DSen (D4))Hx) s denotes
the union of all finite- dlmensmnal K -subspace that is stable under I'x of C® g DSen (D4) as in [41] Thm.
2.4]. Thus ((C @, DE>(D4))"%); contains DL (D) and has the same K -rank with D& (D 4).
Hence X/t is identified with D& (D .4) in Wiy, (D 4)/t. Then the inclusion D Koot (Da) < X isasur-
jection. Hence Xy = D" (D4) in Wi (D) and Aqr(War(Da)) = D5z (Da) = D3 (Da)[}]
in the notation of [41, Thm. 3.12].

Now by the assumption on Sen weights, the A ®q, Bar-representation War (D) is almost de Rham.
We have

Dyar (War(Da)) = (Wan(D.a) @8, Barog()))7 = ((War(Da) @5, Barllog(t)))""™)

'

If a € D5 (Da) such that VV(a) = 0 for some N, then the sub-K ,.-space spanned by V(a) is finite-
dimensional and stable under V. Thus (D (D) @5, Koo[log(t)])V=" = Dyr,co(War (D)) by [41
Prop. 3.25]. Since Wyr(D.4) is almost de Rham, Dyr oo (War(Da)) = Koo @k Dpar (War(Da)) by
[41, §3.6]. The identification

K V=0
(A1) Ko @k Dpar(War(Da)) = (Ddi?(DA) ®k . Koo [10g(t)])

of K o-subspaces in (Wyr(Da) ®BdR Bag [log(t)])* is T x-equivariant. Since m > my, eigenvalues of
vk, = exp(log(e(vk,,))V) on DE7 (D 4) are of the form e(vx,, )* for i € Z. By Proposition the di-

F m
mension of (D(Iﬁgn (Da) ®k,, Km [log(t)}) " over K, is equal to n[A : Q,]. By Hilbert 90, the dimen-

r
sion of the K-space (ng;” (D) ®k,, Km [log(t)]) “is equal to n[A : Qp]. Taking I x-invariants on the
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r
two sides of 1| and counting dimensions, we get Dpar (War(Da)) = (Dfig" (Da) @K, Koo [IOg(t)]) K
I'ik

(Pl (Da) @xc,, Knnllog®)]) O

We may consider some more general cases. Suppose that A is a local Artinian L-algebra with residue
field L' finite over L. We assume that all the 7-Sen weights of Dy are integers for a fixed 7 € ¥ which
means that we do not require other Sen weights to be integers. As a (¢, I'x )-module over Ry, k, the 7-Sen
weights of D 4 are all integers since D 4 is a successive extension of Dy /. Recall

Dpar,r(War(Da)) := Dpar(War(Da)) ®agq, k107 A
Thus

Dy r(War (D)) = (D5 (Da) @ ava 167 A) O Kecllog(t)])

K e
— (Dfz (Da) @1 Kucllog(t)])
as both the actions of A and K commute with I' . By Proposition[A.3]and Hilbert 90, we get

Dyarnr (War (D)) = (DL (D) O, Knnllos(0)])

has L-rank n dimz, (A) if m > mg. An argument of [18| Lem. 3.1.4] shows that Dpar - (War(D4)) is flat
over A and thus free of rank n over A.

A.3. A family of almost de Rham (p, ' )-modules. We assume that A is an affinoid algebra over L and
show that Dpar (War(Dy)), « € Sp(A) form a family under certain condition.

We take m > mg and fix 7 € 3. After possibly shrinking A, we assume that Dfig‘:r(D A) is a free
A® g K, [[t]]-module of rank n with a continuous semilinear action of I'x-. We assume that for any point
x € Sp(A), the 7-Sen weights, by definition the eigenvalues of V on Déi’;;ﬁ(Dw), are integers and lie in
[a, b] where a,b € Z is independent of x. If A is a finite-dimensional local L-algebra with a morphism
A — Ay, then Dpgr,r(War(Da4,)) is a finite free Ag-module of rank n equipped with an Ag-linear
nilpotent operator v 4, by discussions in the end of last subsection.

Lemma A.7. [fthe T-Sen polynomial of D& (D) is [Lic/ (T —a;)" € Z[T] where a; are integers and

a; # aj ifi # j, then we have [ ], (vk,, — e('me)ai)”inifff(DA) C tD(IE;':T’Jr(DA).

Proof. By the Cayley-Hamilton theorem, [[,(V — a;)™ = 0 on D?e’;;’T(D 4). Since the polynomials

(T — a;)™,i € I are prime to each other in Q[T], we can focus on each generalized eigenspace after
possibly shrinking Spec(A) and reduce to the case when V is nilpotent on Dé(e*g,T(D 4),1ie. V* = 0on

D& (D). Since m > mo, i, = exp (log(e(vic,,))V) = Y52 Ll on DI (D). We

Sen,T Sen,T

get that (yx, — 1)” =0 on DE™ (D). O

Sen,T

Lemma A.8. There exists an integer lo such that [ ;¢ (, ,(Vk,, —€(Vk., )i)loDé(i;"T’Jr (Da) C th{iZ"’T”L (Dy).

Proof. Let J be the nilradical of A. We have Dﬁg”f(D A)g) = Djfg”f(DA) /J D(IEFT’JF(DA). The
(¢, )-module D4, satisfies the condition in Lemma at least on each connected component of
Spec(A/J). Thus there exists an integer I’ such that

1T (k.. — €(vre, )V DSt (Da) € tDEp " (Da) + IDS T (D).
i€la,b]

Since A is Noetherian, .J is finitely generated and there is an integer N such that J~ = 0. Then we can
take [ = NU'. |

Lemma A.9. Let A be a Noetherian ring over Q,, and J be its nilradical. If P(T) € A[T)] is a polynomial
such that the image of P(T') in A/ J[T) is in Qp[T'] and has no factor (T — 1) in Q,[T), then for any 1 > 1,
there exist G1(T), Go(T) € A[T) such that 1 = G1(T)P(T) + G2(T)(T — 1)! in A[T).

Proof. Denote by P(T) the image of P(T) in Q,(T) C A/J[T]. By Hilbert’s Nullstellensatz, there exist
G'(T),GL(T) € Qp[T)suchthat 1 = G (T)P(T)+G4H(T)(T—1)". Thus G{(T)P(T)+GH(T)(T—-1)! =
1 — H(T) where H(T) € J[T). There exists N such that H(T)Y = 0. Hence 1 — H(T) is invertible in
A[T). Welet G;(T) = Gi(T)(1 — H(T)) ! fori =1,2. O
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The proof of the following proposition follows that of [6, Thm. 5.3.2].

Proposition A.10. Assume that for every x € Sp(A), all the roots of the T-Sen polynomial of D,, are in
Z N [a,b]. Then there exists a finite projective A-module Dyar.-(War(Da)) of rank n equipped with a
nilpotent A-linear operator v 5 such that there is a natural isomorphism of pairs

(Dpar,+(War(Da)) ®a Ao,va ®a Ag) =~ (Dpar,r(War(Da,)), va,)
Sfor any finite-dimensional local L-algebra and map Sp(Ag) — Sp(A).
Proof. For k > 1, let

b—a+k b—a —6( )2 l
b= | T1 sown ] T (Mgl

j=b—a+1 i=a—b,i#0 1 =0k, )’

where f;(T) is chosen by Lemma and ! = (b— a+ 1)l is determined by Lemma Since m > my,
by Lemma[A-§and the argument for Claim [A.4}

b—a+k

3 - KTI],7+ - K’In7+
H (Vi — €(vi, ) )t Dy (Da) C 7 2Dgir (D a)
i=a—>b

for k > 0. Since (T — €(vx, )’ V) | fo_ari(T) for any i > 1, we get that if z € t=°DEr ™+ (D),
then (vk,, — 1)'B(x) € t**1=eDIr*(Dy4). Hence if z € t=* D" (Da). Bi(x) — Brga(x) €
tk“’“Dﬁ:‘f (D 4) by the condition in Lemma Thus 8 := hﬂk’—w,-oo 0. defines an A ® i Ky, -linear
map 75*Z’D(I§;"T’Jr (Da) — t*bD(lfi;”T’Jr(DA). Let M %™ be the image of 3. Then M %™ is stable under the

N

action of Iy and (v, — 1)!M45™ = 0. Since the map (Hf;s_bv#o %) is an isomorphism
on M5 and fo_ark(v,,) = (Vi,, — 1) ho—arr(7k,,) + 1 is the identity on M ™ for k > 1, B induces
an automorphism of M %™ . The image of the characteristic polynomial of v, = exp (log(e(vk,,))V) on
t*kDéf;"’f (DA)/t”““Déf;“T’+ (D) in A*4[T is prime to (T' — 1)" if k ¢ [a, b] (the roots have the form
(7K, )"~ for some i € [a, b]). Thus by Lemma we know there exists no non-zero (g, —1)-nilpotent
element in t*kDé{ig’:T’Jr(DA)/t*k“Dg;:‘T’JF(DA) for any k ¢ [a,b]. Hence M5 N tI*“D(ﬁH‘T’JF(DA) =
{0}. We get that the natural A ® ¢ K,,-module morphism MAx™ — t’ngg”f (DA)/t*a“Déf;'fT’+ (Da)
is an injection. The decomposition

ﬁ . Mi(m N t—bDCIg%?;+(DA)/t—a+1Dcll(m,+<DA> £> Mfm

if, 7

implies that M ff is a finite projective A ® ¢ K,,-module as a direct summand of a finite free A QR
K,,-module. For any finite-dimensional local Artinian L-algebra Ay with Sp(4g) — Sp(A4), S also
acts on t D (Dy,) = t7 DT (D) ®a Ag by extending the scalars since D" (Da,) =
Dg;‘f (Da) ®a Ag satisfies the same result as A for the same [y in Lemma We have that 3 is also an
automorphism on M fo ™ which is defined to be the (v, — 1)-nilpotent elements in D (D, ) (which is
contained in t*ngg’j’f (D 4,) by Proposition . The image of 3 on fng?fT(DAo) is ME™ @4 Ag.
Hence M fm ®4 Ao contains and thus is equal to M fﬂm since M ff"” ®a A is (yk,, — 1)-nilpotent.

The A @ K,,-linear action of V = log(yk,,)/ log(e(yxk,,)) on M ™ is defined since v, — 1 is

F m

nilpotent on M ™. We now set Drﬁ"ﬁ’T(WdR(DA)) = (Mf’” ®K,, Km [log(t)]) " which is equipped

with an A @ K ,-linear nilpotent operator 1/1[4(*" via Vpgr in the usual way. By the same method in the
proof of Lemma[A-2] there is an isomorphism

(DII)(C{RT(WdR(DA))’ Vf«(m) = (Mfm ’ V)

of A ® x K,,-modules with nilpotent operators which is nor compatible with the action of I'x /T'k, . For
each Ag as before, via the identification in Lemma M ffo’" is identified with

I'k,,

FKm
(Ml @, Knllog(®)]) " = (D (Day) @1, Kallog®)]) " = Dparr (War(Day)) € Kom
by Lemma [A.6]since m > m. Hence

(D;{((fﬁ,r(WdR(DA)) @4 Ao, V™ @4 Ap) = (Dpar,»(War(Da,)) @k Kmyva, @k K
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which is compatible with the action of I' .
Now the result follows from the descent in [[6, Prop. 2.2.1] by setting

(Dpar,+(War(Da)),va) = ( lﬁﬁ;(WdR(DA))FK/FKm7fo’”\Dde,,,(wdR(DA»)

which is also isomorphic to (( M ffm ) =1)—nil, V) by the same arguments in Lemma O
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